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TO Tiffl STODMTi 



This text is witten for you. It is not just a collection of protlams, 
and it is not quite the sme as other texts that you use. It is witten bq 
that. yQ^ may study and le^^ algebra vitlfout tao much outside helpj it is 
called a programed text.- It presents mathematics in" am orderly way^ asking 
questions along the way to be sure that you ere following. 

Mathematics is a pmcil «id p^er subject^ and as you raad mathematlea 
you should be prepared to work out dataii^.and^waa^es-to ^aid yeu-tn^^mdw^ ^ 
stajiding. With this text^ response sheets are provided for each section 
exc^t for some of the review sections* In addition to the appropriate 
res^onss^ sheet for the section on which you are working^ provide yourself 
with paper fpr the pm^se of doing necessary figuring as you go along. 

For each ±tem^ you will, record yoiir response In the space provided on 
the response sheet, and then verify it* " Most of the correct responses are 
In the shaded zones on the pages of your text, ^ At some places^ however^ you 
will be told to :refer the toswer Kmy in the back of yoiir book ■for'the 
correc± answer* 

Y6u will probably flnd^lt helpful to cover Hhe shdded'zone vlth a piece 
of paper or cajr6._ >fhlle you make your response^ ^ Then you can check tp see 
whether ybu were colp-ect -or not. In .any case, you should write your response 
before you aompBTe ^ with that provided, if. you merely copy the glven^ 
response, you will not be feaklhg the best use or the -^ext, / 

Items which, call for responses are of three general types. Those which 
occur rest frequently ar-e c'bnstructed response items like Items 1, ^2, and 3 
below* . ' 



The sum of 5 ^d 



In some cases you will be given a clue to recoi-d the entire answer 
indicated by the underline, as shown below: ^ 
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KotiCe in Item 3 that a hex has been used to show that the numerator of 
tne fradtlofi la missingj. hut ^.t \% the. entire fraction should be recorded on 
your regijonste sh^^et. In Ttem underline is used to indicate ^hat your 

response ghoiild include " eyerythiriM ubuve the line* 

/i jffecond type of item is a miiltiple choice question like Items k md 5* 
For each of these you will eii'cle on the response sheet the letter of the 
respci\s^ that you choose^ arxd then read the appropriate psLrt ,.tn the shaded 
zonfi waich follows the item. In some cases^ the shaded 'zone includes only 
a single discussion for all choices ^ as^. in k below* 



lu wliich of the following is there iai error in addition? 
Al ■ 5 + 7 + 13 - ^ 



f 



j.a + 1 + .7 ^ ^ -Q 



In [0]^ 3*2 + 1 ^ ,*T writtes 3*2 + 1,6 > 6* ifiii^;-: 

egtialB ^4^*9, th3.s contains an error* [A] ^ad fS] boiital^: * 
no errors^ so [Cj is th# correct chDic0« 

In othtr caseSj there js a ^separate discussion for each choice as in 5 below. 



Ln-?^. owing is the multiplication done correctly? 
.1 .3X./1.6 



i^! 63 K 15 9^5 

: . , 1 V 



[ C 



[A] .3 X /2 could be written ^ K which equals ™g, or 
.06. ttia Is not .6. 

[B] Tea J this is done correctly ,^ 

2 1 2X1 . ^ . 

[C] ^ X s s — ; ^ s ^ so the multiplication was not done 

3 7 3 K T 21 ' ' - 
correctly, ■ ' ■ 



I i' u arc n 0 1 r e al J. y 5 li re wh y a c e r t a 1 n c ho ice is c o t- r e c t j y o u will find 
t wcrth while to read the di cuss ions for the other i^esponses* 



other items are found in the form of prac^tlce sets of exercises. For 
these, spaces are provided on the response sheet, ^ile the connect an^^- 
are given in the Answer Key at the back of each foliune! 

In most chapters, t^ie final section includes a set of review prot^ioms. 
Some of these problems will serve to provide you with mrm practi :© on^the 
topics of th^ chapter, .Others have been written to challenge you wi±^ the - 
^portunity of applying what you have learned to new situations ./in some 
cases review problems have u.n designed to help you begin thl^Vng about 
what' is to come In suceeefi^ng chapters. Respoa^e sheets have beek provided 
for those review sets which are in programed form^ For others, ^swers wil^l, 
be found in^ the Answer Key. - , ■ ^ 

Items marked with m asterisk(*) ye considered optional- ^either they ^e 
mdre difficult, or they consist of material at a somewhat TOre^ advanced level, 
^tting. thesiT items, will not interrupt the continuity of what is to follow. 
However,- if you are having no difficulty with the regular work of the text, 
yoi^will find thatjthe starred items provide better understanding apd a , 
sound background for further work in mathematics. 

Your mathematical growth and the satisfaction and enjoyment you derive 
Crom your study of algebra will depend large^'on reading and following 
directions carefully. You have a new and enriching experience ahead of you. 
We hope that you will mafti^'the most of i*f 
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mGQEBTEB RM^ERENCES 

^fne following list of rererences is offered if you wish additional 
reading material on some of the topics mentioned in 'the text. The list draws 
[Ofi the volumes of the NEW MAmEMATICAL LIBRABY (NTC) , whlcji is a serie£^ of 
Ponographs written f or ^^sicondary school students and -published by the achooi 
Mathematics Study Group. The references are by no means coinplete , but we 
hope that they wilT be helpful In direeting your attention to available lit^ 
erature at the appropriate level. In the teachers « cormnentary is aji -additional 
list of references. These^cover topics which are not necessarily includ^ in 
this covirse but which may be of interest to you. 
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.Chapter 1 

'sets and tie kuoter line 



1-1. Seta and Subsetg 



Hfe often wish to refer to collectisons of things ^ ^such as a herd ol" cows^ 
a flock of sheep ^ band of thieyes^ a aet of dlshe^f,^ the collq^ction of 
numbei'S 1, 2, 3 .» 5*- Each (>f .these Gollec^-ions is an "B^alr^le of a se^t. 
The, things in a sfet we will qall member s w elenients of the set". We chh say, 
that the elements of a set belong %q the set^, ^ • , 



We shall use the word 



f when^ 



ever Ke wish to 



taljc about a golleatlon of things. 



^e 



of states of the United State.a has "-^U 



members* 

The " set { 1 J 3 J 5 J 7 ] has f ou^^ _ ^ _ , or memhe r e 

{2j^j61 is the -'.A of even counting numbers 
"less than 7^ 



Above ^ we have introduced the use of braces^, { i] ^ to indicate that we are 
forming or displaying a set^ such as {1, 3^ 5^ 7). In this met)pod. of 
indicating a set^ the order in which the elements are listed is not import ant, 
and. no element is listed, more th^i once. Notice that we use conmas to 
separate the elements listed, within the braces'". 



Use braces to write the set consisting of the last 
three letters of the alpheitH-'h , 

1^2,3 is a list of nuiiiberB, but (1,2,3] is a 
which has three members* 



Often the elements of ■ a given set share some eharacteristic . If they do, 
we may be able to use this C'hai"'acterlstlc to deGcribe the set In words* On 
the other hafid, we are free to form Bets wiiose members have no single relation 
to one another. An exair^)le might be the set, [a staj", a pair of eyeglasses j 
a penny ^ the number 6] , , • 



1 



1=1 



hn MJalifornia, Colorado, Connecticut) the elemehts 

a2;e ..qtateR whose naines btnin witri the letter i 

— — ' 

In ^Monday, S^iesday, WedjieBdHy) the 
ilays Oi the^^^eek. ^ 

. ^ - " I ' ■ ' ' ,) 

In (a,,b,c,d,ej the elements are jthe ffrst £ive 
o:" tlic- alphabet. 



I 



^ Altlioiigh a set be described, in words, lt"ls< sometimeB easier to use 
la-ac^n Rnl to list all the elements of a set: — ^ 
1 

^ "{ I II: simpler than ^'the set of countlnH" 

^ numbers lesa than five^\ - ^ ' . : ' ' ^ ^ 

^ On the other ha^id , ''the set of nL|s^.^ all citizens of the. United States'' is 
^rimpler than aji actual, listine of all najnes. 

A >-apitaI letter is usually used to name a' set. For exajTiple , we can 

- U.y.^^j^M" or "F is the-^et of a|_l counting nimibers less than 



• We have re.f erred several times to counting numbers. Tli 
niunbers is tiio set of all the niunbero you i^uld use in eoimting 



-fortli 



llius, 1 ,Oj7,\3l8 



hK , set uf counting 

Ij 2, '3, and 
7" 



not. oin 
wT ire 11. 



tht; set of 



5 is an ex.ample of a countlxig nwiherj but 15^ is 
01 counting uiumhers cannot be listed complet-elyj we might 
Hei^e we have written the set with enough elements to 
uiow tne pattern and then have^used the tlhree dots to meaa "and so forth'*, 
u: we ^;ee here, sometimes we do list elements of a set "in some chosen order 

sfiow a p^ittern that we jiave in mind. imis, ( 1, 3 ,5 , 7 , . , . ) indicates the 
;e!. oi' odd ;-ountinf: niunbers, 



iC 







" 7 


/ 








or til' 


J rnj lowing IS "the set o 


i" all counting numbers gi 


'eater 






:ix"? 


























fBj (8,10,12, 


j 










Ic] (7,8,9^ ,,.) 

— - — ■ 









[A] 
IB) 



Is 6 greater tb^ six? !fo. 

{8^10,12^ is the B€t of all ^yen eouating nmberti ^,reat<i^:r 

thMi 6^ but'nat of aU com^ting niMbers greater thm^^U.^ 
Yes^ (7,8j9^ la another way of witl^ '^th^ set of 

oottntiB^ niimb^re gm^t^r aix'',^ It might read>^%h^'^art 
whose el^n^tg axe S 9^ ^ forth.'' 

-1 ^ 
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1=1 



Another name that 1b uBed in referring ^to the counting numbers is 1 ^le 
natural ^^umbers. If we use the letter N to name this set^ then 

^ . * ' N . {i,2;3, ..J ; • ^ ' 

If we include the nmnber 0 together with the counting (or nhtural.) numhers^ 
we obtain a new set, tht set of whole number a . If w/ u^e \the letter W to 
name tMs set, then ^ ' , ^ ; , ,^ 



11 

12 

13 

Ik 

lb 



Wliat number is an element of the E^et of whole nuiT> 

hers, but not ^of the set of natural^ niimbers?. 

a\s 



} , then A 



the st't of countings 



numbers T^hic^ are greater than 3 an& leas than 

Is ' every element of N also an element^ of W7 

^"^^^d^ ' ( ye s , no) 

Write the set B ^::onslsting of all two=cjif^it whole 
numbers each of Iwhose units digit is twice its tens 
\digit. B ^ [12, , , . ] . 

^If G is the set, of numbers less than 10. which ttre 
the squai^es of whole numbers ^ then C ^ 



> - . 

c ^ {0,1,4,9} 



An interesting question now arises. How shall we describe the set of 
Whole numbers which are greater than 9 but less than 10? You may not. wish 
to call this a set^ since it has no elements. However, in mathematics we say 
that a set which contains ho elements is' the ^ empty set or' null set. We\ise 
the special symbol 0 to denote the empty set. (Not^ no braces are used 
wh e n wr i 1 1 ng t h e e rrrp ty s e t. , 0 , ) 



16 
17 
l8 
19 



How many elementD does each oi' the following set^ 
contain? 

(0,1, 2j -> 



A symbol foi' the sot of whole numbei-s between 

and T= 1 n 

' h — 



I 

X 
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1^1 

21 

22 



'VYiv .set of whe-)lL' riuiriben:: lesB thaii 1 i: 



The jet or countino niiniberL; less thaii I Ic 

Ar^c [0] and 0 naiTieG ror' the aajiie net? ( It^ you ai'e 
in ioubt , look- back at Itemn In- 19,) 



17 



ec , no J 



i03 



Wlien ^ t hi^*^' lomentc ot a L-ot can be counted wrth the counting' coming to an 
end^^tho'set l^; catted a tlnite Get. It will hot always be^e^zirable to list ' 
the elementy bt a ttnlte set; The citizehn. of 1|he United Staten form a finite 
Get, but J t would bo quite a' Job to lirvt them. Hie nurab^'s from 1 to . 
1,000,000 rorm a lUnlte i^et, too; o^^airu, it would be quAe a job to 34st tliese. 

'Wlien desci-ibing iMrrlte . Gets , iX. its aleo convenient to use three dots. ' 
For .exaniple^ the set. of countlno nvunber;;,. les:; ^tlmn .10 could be written 
"^1; :t 9). This iG read^ "tlie Get conGi£^tin£ "of one j two^ three ^ and 

GO bort^h, up to and iriclnd inr , nine^" . Noteythe -UGO of' the conma al'ter the ' 
'three dote. 



How would we wpe: K- is the yet ot even nmnberG between I) and 20 ? 

' - ' [A] E (6,8, 10, 12,1^^, 16, i3j * 

[B] K - (6,3,10, 13) 

^ 10] i: .- [e,a/10; . . . , 20] 



Either [A] or [B] is a correct selectl^; the three d.ots in [Bj 
enable us to omit some members or the set^ [C] is incoi^ect because 
20 is not between 5 and £0, ' . ^ 





h 01 


the to] 


1 ow 1. ny 


rep.re:.;eift tlie 


Gfcijne Get or numbers? 






M - ( 


:u : , [ 


11, j- 


, Vj, 17, iy,^2l,-2j) 






H, _( 


U ii. 




5. Vj, 1, 1?; 9, 19) 






' P ( 








[Ai 


M ' 


OJld P 


only 






[El 


M 


anti N 


only 






Id 


al L 


tlu'ee 









^lae correct selection is [C] , I'he three dots in set (jp) indicate 
that all the odd numbers from 7 through 21 are to be included. 
Set (N) is the Bajne set with the elements listed in different 



13 



rr Lt is not pfflnstbla to .'ount, (evonif we had unlimited time), all the 
elernentc oi' n oe't wLtfi the t;o.lntl»c cominc to an end, the sat is cal/ed an 
intinlte :;et. A« we me,ition.-:d eai'liw, a comploteUi^ti^ig of the counting ' 
numbers ir. r.ot poccxbln. B:,n,,we oay that the det Of counting. number 5 is an 



irii' 


ini te 


-ft,, ' 






ir 




— ^ — 1 --^ — 

(o,i,x, .;r;ioo) - . 












and 




nimiberii^f^whLcjh of"' these lu^g infinite sets? 




\A] 


li -ar-id n \ . [B] 


^ only [C] S arid T - ^ ^ 






Th& correct choice is 


[C]; both. S and T-^^e infinite sets, ■ ■ 




« 


{0,l,g^ , , is a 


finl^te set having, 101 "members* ' , 




V 

'GIVQU 


the" r;ot, (o/s.i^.o 


and ^ the set L (0,3,6,9], we can now 


ioVm 


Li net 


' or nimiber:^ whic:h 


arc elemnntn of ci tlicr M or L or both. 




Q - 


(0,2, :/^,n,6,;j . Note 


that aJthou(5h 0 and 6 -xre elements of 


both 


M ari'i each 1.:: linted 


only ■once In Q. Given two se-^s . A and B, 



'^n^^ ^^io-^^ memberj use element:.^ of e.ithei' A. orv' b/ or both A and B,- 

'-^^-Ll^-^ ^^be union Of A -and B. lliu:^/ in oio; exaniple above, Q Is the 

union or M and i^it symbol lor the union of setc ic " U ''^ For exainple, 

we wiM te ''Q My L'^ , . .. ' ^ ^ 



■27 



Give the i^et, of nujnbers whLcli are j^leh&ntv. of eithei' 

■ .^^Jf'^-10,If ,£0,^j] or or /the ret of multlplos of 10 which 

ar-e if-r:^ than. fO, or oV both ^ and 'f" ^ 

[li] (0,iO,POJ 



1 



[A]^ lE the correct selectionr [B] listed only the ouinWe Jiieh, 
are eiements both of^ S . ( 0,5 .10,15. £0, ^ J of T, the aet 

of multiples of .10 which are less than 50. [GJ is not a 
proper 'choice because no aleraent shouia be repaated. in the 
listing, . - ' 



1^1 



^8 



If M {1,2, .*,,19^ aiid {l7,l8^^i9V =^T730l, thc^n which of the 

following is the union of M aiid N ? - "- 

[A] ( 17,1.8, 19 )■ - ■ . ' 

■ [Bl (1,2,^, .,.,30] 
[C] (jO,29,p8, 



Either tB] or [C] is a coTrect choice. 



If M . 




,3. ...,19), ' N - [17,18/ 






..,301, - 


then which 


of the following is ti'ue? 








-[A] 


■ 


$>ri^ the set who?.e Tnemhers i\t^ 


element/^ 


of' either M 


or 




N 


or hoth M (ind N. 




















■ [B] 


^ R 


Is the unpon of M . and K, 








[cf 


R 


^ MU N. ^ = 


— — u — ^. 
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Ml three choice f; gire 'correfrt. 



if n (0^,2/3^^0^ .and T - (0,2,^1), then every element of^^ 1^ is 
h1 no Tin elemerit oi I^. In thin c-nne.we nriy that T is a suhset Qf R. 



Def ini tiori . If eveiy element of a ^-et ll belongs tp :i Eet " 
XA'i^ni ..A Li: 'I cuhcet of ^ ■ 

^ There it; ono tlilnf^ about tiie set 0 which is importtLiit to remember: 
0 ' ii.; a nub^:::et of every set/ i'or exrimple, suppose A (1,2,3/0 • Now 
consider the r-et 0. Is tliere an element of 0 whicti does not "belong to A ? 
Uihce 0 does not have miy elenients, tito /i-n^;wer is "no", 11m d , 0 is a 
nubcet of A. . ■ , ' 



10 

-J ' 



If P { 0, 1 , ; ,7 J ^ deteiM::ine whether each of the 
fuilowLaf^ acts Is a subset, of I-U 



s;et 

T - (o,/,n} 

^0 

P 



Is it a subset of P? 



yes 
-no 
no 
yee 
yes 



Sj 



i 



1^1 



Noti.f;f5 that P li^ M ;.Ujl:;yt, of P^^ nlnce every e I enient of P aurely 
leloncr to f% in r^.-r; every : ::f;t, .ir.- ?l Subnet of' Itself. 



Oivnn the fo 


ilowin(: ye tin 






■t he r.ni ofv ;j J v.^iioie niunberrj ^^^^e-iter th'.i? 
ihoi'i . . 




Y; 


the ;^ct or v/ho le luimben^ leer than iO. 






■ * 




Vmicn or the 


I'oiPowinf ■:t:itei;;entL; ie not true? 




rA'i X 


'Hid Z :\_Te the nmne r^ei., 

1 

1 C f I hijh'set or both Y ;u"id' 

J' 

i:^ a HUbfjet ^ol' , X, ^ ''^ 
1 a yet. ol' X, 




■ ■ t 

^ "Ttie correct selection ic^fC]: you were agkecl for the 
which is ^not tpje. Notice that the same set may he 


statement 
5a scribe fl 



in mjmy ways , - ^ 

, ■ ' 

item 35 ribove tuitm-ir i^e::; four points: thh^t had been mentioned previously. 
Uhere Hi^e aii follow; : ' ■ 

i'j A r^-t rrtiy be dejauohed In ■?]L'n;/ viiy:'* 

(X'j X '1 nui ::et o:^ Y Ij^ every eien:ef:i: of X Ir; element of Y. 

( ■< '-^id Y are the laute net, then Y II. a L;ub::et of ^ and 

Y- ir M f^iibret oi' 

(-0 A ret in a.iv\^yn a ;;ul-a;et oi^ Itrelf, Y^ 



iCoV 


let^r ^jee 


how^^'maa;,- 


i i r'l'ei'ent cubsetLj : 


L certain th.alte set har. 




If 




the 


[Y-r-fit fa;!'^:;etu oi' 


Y. i i .::ted CLre ■ 






i a; 


10), (a 


^ : ^ . f -i 1 . 0 








[31 


ail , 1 : 









The correct selectior. la [A], Sinee [0,1) and [1,0] are two 
wayE of listing the aame set these are not different subsets 
of ' ^ ' 



4 



1^1 



'Itie ronowiriG utia^red items are optional, ay expl,:ilned .irrthe Trefaee. 



MY 



0 has onty one ^ubnet. W?iat ir- this subnet? 
(0) hriD two nubaeto; 0 tirid 



[0,1) has four sub;ioto; {0,1], (0), fl) und 

(0,1, P) has ■;;^* suboetB. N" 

( how mtiny ) 

'VhcQQ eight subnets are: 

{0,1,2], [0,1], (0,2) , [ ^ ], {□}, T_2. f-i' 

(0;],2,j) has ^ . . subsets? 
_ ( how mrtuy ) -- 




16 



Here we have the st;irt.of a pattern for discbvering 'the number of subsets 
in a finite set with any given ntimber of elementn^ 



''h^j. See if you uan coinpilete thfc folloi^ing table and discover a rule for 
finding the number of subset s in Dsiy finite set- 



nujnbei' of 
elements 


1 






k ■ 




6 




n, a Grunting 
nujnber 


number of 
subsets 




h 


3 












in exponent 
form 


-A 




2^ 













1 „ ? "'^ 
'^atSQ written=-^r- -- 2, 2 - ? ^ 2"' 2-2^2, etc. 

When you finish, comp^u'e youi' t^fble with the one on pa£;e i. 



8 



In this Gection we ohall make a connection between nujnberG and points 
on a line. You. have already had some experience with this idea when you used. 

'rulern, therjTiometero , etc, Tlie scnles on thene instruinents associate nmnbers 
with certain points on a line, - ' 

> I/et us begin by drawing a line. ^' . 



On thic line chooGe :! ijoint and label this point 



Wext choose a second point to ^ the right of the first and label it 1. 



• Using the distance between these two points as a unit of meaoure, mark 
off another point wliicii is one unit to the rLgnt of the point labeled 1, 
babel this point :a 



li" we were to contaniie tjils process by marKing off 
three more poiiits, our- line >/ouid look like 



0 1 1 S 4 i 



We cnn think oi this process tls continuing without end, even though 
cannot ^sliow t!!e nj^o-^efa^ ceyonti t.],.. nru-gin of^ the p^^-e. 



^- J f __L 



'-'^ three" MT/ts at ta- right oi' tfie line Indicntes tliat the 
process r^.n be -onUnued witnArt cruf. This endless process associntes eacb 
whole number with^ s point. A niatching of jKjints n.nd numbers Pike thi:: 



M bir" 



^' ->a-npie of ^ 's;rf-e::;pondef;>-e . ^^^'-^ l^be sot. of whole numbers is an 
^"^■'■'^■^^ -'^^-^ rorrf-7'ondenr^e fnake[; it cienr thstsUiere ■i.re iiifiniteiy 

many, points on the 1 ino. 



4- 



1-2 



Retiirfi now to the ' .! irie^, ;or.e of vho^e pointf; we iKjve J abeled" V^ith the 
whole nuniber*;': 'Imp i aheied points divide the part o.t' the line to the right 
ol' the point ].'iheled by 0 Iriio vntervii] of luiit lencithi 

1 I ^ ■ I ^ 

0 1 2 ^ 3 

Bv dl^/idif; - ■ ■ Intei'val:: into halveL;, thii^di^, i'ourthc, etc . , ' we can 
Lahei- Qthor noinL: , :;=:d;inf u;;e of ntun&i: other than id ^ ^ ... . 



0 ] 2-3- 

0^1 1 A ± A s. 1 

2 2 2 2 2 a 2 2 



0 1 2 ' 3 ^ 

1 ^ f # * i # I I I /? 



u I I > i - 1 L 



■ i ■■■_J_ -_ L= 



O 1 . 2 3 

4 4444444^ -* 44 444 



Here ^i^viln we nre to iinti{:ine triat Ih 1 r: ]jrO!^-r-r of divicion Mid l;.dje'ljrir 

iiLT-r: ro ohL.'iit'ied nnd put, 
:^:e!cd by the ramie nurnher 



ia continued without end, how^if^ Wf; ta;;e -j 1 i na 



them toretlter on orie .line in :aich a way tarii rear 
fjoiriclde. we hcive r. ;h:l-^eJ.inr tjait iooh;: \ \\rj\ ^:u\\ 



0 
2 



0 
4 



1 2 

I f i f 

4 1 4 I I ^§ 



7 
3 



11 

4" 



3 

f 

§ 
1 



I 



10 



Tlie use of thr^e uuty, below the .dia^rcuii in£]1.c-,teH an end.icLjn ]jroocnn. 
In the preceding figure you will notice timt muny dirrererit mmG::- hdvc 
been u^ed to label the nmne point. 



Notice thnt the point 


whli:li coi'resppntJu to 2 huu 


many lubelc: 




n 


6" a 






B i m 1 1 cLj- 1 y , t he p o i n t < 


iiii-.oiriatfeci with J , hur, ttie 1 nbe 1 











6 8 



12 



,A11 the nameo which label a nlven point nre different namen for tht 

t 

eajTie^ nuinber , 



Najnec- Guch an ^ oj-e cal 1 ed" l^raction: 



Definition : We nhnll menii by u tract ion a najne ui- a nyrnbol which 
indi eaten the division of one nnml^ei^ by a necond' nunibei^ 
(different iTom zero) where the najne of the f i rnt number is 
wiutten above a horizonial bca-, mid tlie name of' the necoiy:] 
in written below. Ibe upper nnrie is cn.lled the numerator 
and t!ie lower nmne^ the denoininntor . 



Thu Innintence in the definition thnt the necond number must be di : 
from zero come-j from the f^act that diviDion by nero U;. not defined. 



Wliich ol' 


tlie f ol 1 owinn nre 


fi'act I on;; ? 














>'ffJ 
















- 










-j 










ru'id 




[B] a 


~j 

and 










) 














and 





[DJ is the correet choice. In^[A], ^ is an abbreviation of 
8 + - and is not written in the form of an lndic.:ited division 
of one number by another. I^ie symbol which is in the 

pi^oper form, has been omlttea In [ B] . [C] not only included 

which should not have be©n Includad, it has omitted 
vhlch meets the definition. 5 



el. 



v. 



A nurnbei:' which can be representee] by a rractlon indicating the quotient 
of two whole numbern, excluding "divinion by zero, called a rationaj number 



10 

11 

12 

13 
1^> 



16 



p. 



e nurnber l;) ic a whole number. 

□ 



It may be wi-itten -~= 



is a I'lM.iction indicating the fjuotlent oV two 



Therel'o*^e^ the wiiole number Iz :x 



number 



In a Bimilar way^, each whole nuinbei- can be wi^itten nv.' 
an indicated quotient of itself and . ' 



Thus, every whole number is a 



nurriber , 



A number which can bo repre^iented by ri 
indicating the f]U0tient on two wltcie number[^ 
excluding diviE;iorLby i:erOj is cja.^i.ed a ^ 



1^ rational numbeia 

(is^'ic noi ) 

6- is fi rational niunber cincc it can be written :ig 

the fraction 

ftrue , f 1 ntFf. , 

.nl may be written fl- ; hence, 

.61 a. rat.ion_ai number . 

■ Tin ^ ii^ not7 

=-7^ m ay I ) e wr 1- 1 " t f ; 1 1 1 1 : \ ; ii o n c e ^ 



- (is,l-y not.) 



a ratlonaJ mimbei^ 



whole 



rational 

1 

rational ^ 

fra'ctidn 

^ ratl^al number 
is ^_ 

true 

f 

100 ^ 



Took iirjxin ftt- thn lin^ 



'I Mil l I Mill I Mill 



o 

f i 

i i i 



i I 
i 4 i 



1 1 I 

2 3 

i I f I 

§ * I f f 



2 : 



U2 



19 

20 
S-1 



*he "nuiiiuer no^es" thnt label a given point on the" line 



riTm different najikc lor the sg 



ni^Tibpr . 



Every poirrt. which we have labeled'^cn'respond g to 
rationoJ. niHnDerCs). '* 



(one J many) 

Eve r y numb e r wh i c c an b e r ep re k e nte d 4 s ^ t he in d 1 c ate d 
quotient, of twg/Vliole nimibers corresrirsnris to one 
on the line. 



ThuHj we have a correspondence between 
line and rational 



rational 



point^ 
points 



_ ' 1 ' 

Notice^ that, as e^^ected, ^ and | a^e labels for the saine point. 



Similarly J . if'Ve had made more divisions Qrr"""'"ihe linej 

wiDuld be labels f or the _ stmie point. H" the hiJmierator qdA denominator of 
is multiplied by the sajne nunber (other th^m ' O), then the resulting fraction 
is a name for i. 



In which uf the following sets may all of " the numbers be used uis labels 
for tlie sajne point? 



[A] 



■2 h 6 9 , 



9' b' 

it i A 

b-' 9' IP 



[CI 
[D] 



X 1 



"5 P V 



3 xiU, 3x2^ 3x3' 3 

0 Pxl 2 X P P 



3x0' 3x1^ 



and fC] are correct seleetlons. In fA], ^ 4oes not ^long 



in the list. In iD], g . does not be 



We shall call a lint^ on which we aEsociate points with numbers as we did 
above, a number line. • ^ ' 

The number corresponding to a given point in called the coqrdihate of 
the point. 



2li 



At the beginning of this section when we constructed 

_____ line, the first point which we chose was 
assigned the coordinate 0. 

The second =point which we chose was assif,7ned 
hhe 1 . ^ 



13 



nu&ber 



ic :? aiia tht- pal Hi wlK.n;M i-uor.i InMl'i j i^-' ^ hct.- I lit" 



2o 



3^ 



^lic: nuinbci' 



point, with t.;yorJinat.ij oi) ' 



or ih!.' point VLlh ruur^iiiiaic 



Urv.'() = it; _ 
'OOrcJ Inat^c 



tluiU 



whODe cooi-c] Lniite in ' 

1 2 



litT; to the 



])Oint who;.e 

01" t'i'- poi-iii 



is greater 
right 



less 



4ne number lu rxOcxUjv %ha:i the nuisbcr 'pi'"" aiui 
!";;■; them thc-niu?iber i'-; thL-roror e ,^ i lie point with 

t rrtt u _ liOM Let vet :i, the i^e i : . t ^- ' wi tr 1 

■ 'Ooi'h i nut e^; 



'und 



63 
52 



Til.; nui;ieer 1 uie ^jtj-on^^ly i ntluif lee on r w;:iy oi' thinkln/; about nimibGrs," 
wouL>i ho t be ununual. ror-^^atheinul leiun to u:-e eueh larurua^rc , 
.nve Iw-y^.-a^ -,2 and 3d''. mum he taLi#L^ JlKend^ue he a^^Boelateio pointy 
on ih^• nimtu^r ifn- po vioLely wU^^e eoordinuten of the pqintn that'he doen 
not em i attem ion to thic dlG/inetiGi] ^very time. In tlu^ Gajue way, ror 

exaiitple, whrn wu nay, "the pc^nt h'\ we me^^lM^^point )i th coordincite-" 
.Uippone we ar^^ nive^two poXntre/vlioye eooi'dinateD aru rational 
'^^^^'^'^-rr.. (Pi.^ture them a.^ ^'Jo\to^rethKr an. you pJea:;e.) Can we rinfi a 
tnii-.i point ee-tween tho i wo ylven poInTn? Uf^jny the Idea of' ucsoeiatinp nui 
j/^^^' Puinte, we ehall try to answer t}ii.> -|Ue:.itLon by workint: witl^ 
r^i. in. eopi: ^ by ^'on.o do rlnn; the murd'GrL^ = and i, * 




niTit.ur - ha;; mfaiy reant'n eu.-h an ^ 



□ 



, etc. 



nnj-!l"..T — aJ.rC' re.t.. many Liiuii''-:^ ?jun}i an 

1 ^ ■ . t □ , 
r> ^' 1 * 

^''■liu: thn n^uo' — ^ tor the nnjnter i and — 
i ' d 1^ 

nunibof it .1:^ now eany to n^-e that U;-re in a 

number t^etween — raid " ~. 

■ I- . J. 'iJ 



i"or the 



6 

T5 



1-2 



i. 



■2k 



35 



36 



For 'exan^ji'r 



is one such number. 



Since the number ^ is greater th^ i and less than 

1 . 5 - ^ 

■^y the. point — must lie ^^^^ the points with 

- 1 1 

coordinates ^ and "g' ^ ' " 

The answer to our question^ "Can we find a third 

point between the two given points?" is for 

(yes, no) 

the pDints whoie coordinatpi are — and 4. 



5 

H 



ye 6 



The pi'ocess for finding a number between — and ^ and locating the 
point on a number line whicb has this coordinate is illustrated, below. 



— — 


M 




H 


1 


0 ' 


1 i 

3 




1 


1 










2 




i 






6 ^ 


r 


6 





4 5 6 

d n rf 



Although we have used a special case by closing | and a similar 

process can be used with any two rational numbers. Using- this process we 
can show that between any two points with rational coordinates there is a 
third point* , 



ho 



l*wu rational numbers bct.vvtjpn ' ^mrl - - 

' j , 000 ^1 , 000 

and 



l^j , 000 



IS, 000 ' 



Reiufn tcj our exrjjnplc uoini;; 4 -^r^'-^ ^ 



Now that :ye havo round il 

, 1 ^ 
and =j let un i itv.l x 

Another n/jjnrj for i ; .■ 
anolhe^* iiarrie Vor ~ 



number 



12 



between 



mt -. r V-etwecn 



□ 



and 



Ct^'talnly, 
It 



is betwoen 



1 o 



( is^is" not^ 



pussiblc; to continue thlc prouCDc b;/ 



finciin^;i; a niiml^.ci^ t^ttwc':ni 



an* 



15,^' 15V 



000 



8 

m 

10 



EKLC 



1-2 



k2 



Since the above process can be eontinued Indef Initelyj 

there are points 

fa finite nimber of ^infinitely many) 

between the points with /Coordinates i Bnd , ii. 



f^om this eXairple we shoiild see that, in g^neral^ between two pointe 
.having ratldngLl numbers sEs coordinates there are infinitely m^y polntB, 

We have a process for associating rational numbers' with points on the 
number line. Does our process assign a rational number to evmxy point to the 
right of the point with coordinate zero?.; ^Surprlsinglyj the- answer is no* 
Later^ in this course we shall prove this to you. Meanwhile, we assime that 
dpvery point to the right of the point with coordinate 0 has a number 
I coordinate, although some of these niambers are not rational* 
\ In Chapters 1 through 5^ we shall be concerned with the set of numbers 
,consi sting of the number 0 and the numbers co.sresponding to all points to 
the right of the point 0* When we speak of ' 'nuinbers of arithmetic " we 
shall mean numbers of this set. 



43 



kk 



46 



The following statement^ \ 

The set of numbers of ^ithmetlc contains 
elements which are rational numbers and 
Iso elements which are not rational numbers, 

is a statement. 



(true, false ; 
Evpry number of 



may be BBBOciated either with 



the point on the numbei" line whose coordinate is 0 
or with a point to the of the point with 

coordinate 0. 

Every point of a number line to the right of the point 
whose coordinate is zero may be associated with 
a of 



true 

.^ithmetic 
riabt 



niimber of 
^Ithmetic 



Nuw til l' we "have the mimber line, let us show a use of it which will 
fc ' TO t ! 1 u b lx ^- ... l; 1^ o r many i mpo r t an t app 1 i c a t i o n n 1 at e r o n . 



23 



16 



U2 



■U9 



!>0 



Concider the set of whole number c between "J' 'and 

I^t us call the set , Then^ E ^ [ ^ ^ . ] , 

fie can' aseoeiate every element of F wfth a 

o#i a dumber line. ^ 



^aeh element of F is the 
point. 



of exactly one 



Examine the- number line: 1 I ^ i . I ^ ^ ^ ^ 

0 I E 3 4 5' 6* 7 



We have marked the points whose coordinateo are 
^} ^ _ j ^ with heavy ^ 



d©t s% 



■point, '-.'"'^■'^'■-^-'i 
ooorainate 



The set of points 'with coordinates 5 , 6^ -and 7 is called the 

graph ol ,the set of niiinbersj [k^ 5^ 6^ 7], Indicatirio the points of. the graph 
of a set by means of heavy dots as we have done above will be called "drawing 
the graph of the set" or "graphing the set". 



Draw the graph 


of the 


set 


(0,3,1,2]^ 






The graph of a 


set B 


has 


been d2"awn as 


follows r 






1 1 


■ 1 


i 






0 


1 2 


3 


4 6 6 7 


8 




B - [ , ) . 










3 



The folluwlng f igui^t? appears on yoi^"- response sheet. 



0 12 14 5 678 



1 I 



I 



6 



8 



On tlie upper line we have drawn the graph of the set^ 
of numbers (natural numbers). 

In your response sheet on the lower linej -dr'aw t^ie 
graph of the set, ¥, oT whole niimbers* 

Compare the graphs of set N and set W. For every 

heavy dot on the upper line there a 

( is , is ^ not ) 

heavy dot directly below on the lower line* 



counting 



n i k u i \ 1 



IT 



1-2 



56 
57 

58 

59 



Thus, ^vBry point- in the graph -of the set 
is also In the gj-aph of the set 

the two sets , , H> . W/ Jwe^^^ can see that 
Is a subset of ' ' ■ , 



60 



61 



63 



Given S^^ ,j,li,7] >and { 0,2-,4,6,8,lD) , 

The responee for each of the follo\/lng appears directly below the iten 
Draw the graph of set S. ' ■■ - % 



^— i — h — k — 1 4 i 



^aw the graph o^' set 



t \ i i t i I I i h n, I, 



ft-aw the graph of the set, M = S U T. 



-A U 



4 I — i— 4. 



7 i t ib ir 



Dtmw the oraph of the Bet^ of 
anfd T, 



iiu'-b' rn belonging to both 



I t i * i 



As you did this prohlem did you notice h nchc imj lu'^ drawing the graphs 
Qi set M a^d set K? If you did^ you obsei-vrul * hui V' r every dot on the 
graph or (see p. 19 ) there Ic a dot dlrecily he l,f)w on one or both graphs 

of S and T. ^ 

You also observed that for every dot on the rTHpY^ 
directly above on both graphs gf G and T, 



K there is^ a dot 



Thm figure -below summarl^.eo- your nchome . 



'oraph of -M 



craph of S 



I — i — k » i I i — A I 

© I i4 3 4 5 i 7 i i io^ 

I I I* I ! 

craph ^ Of T .4 -J i i # i 4 ' ^ ' * 

9J i i 4 5 i ? i i lo 

craph of K -J L _ _ J J — ^ I — 4 I t \ L_ 

^ 0 I E 1 4 5 i 7 8 9 10 

' Given two sets A and Bj we carl^^orm a set consisting of all those 
elements which aro members of both A and B, This set which we have 
formed. fr(^ A- and B is called the intersection of A and \B,* ^ue 
In our example above K Is the intersection of S and TMssymbol 
for the intersection of sets^^is "H"* For example j we write K ^ sTT^* 



6h 



If M - 19) and N - {lT,l8,19, . , 30), then which of 

the following is the intersection of M and N? . 

[A] (17,19,19) " ^ ■ . . 

[Bi [1,2,L s.., 30) 
[C] (3Q,g9,g6, ..,,2,1] 



[aJ Is the correct choicej [b] and [cl are both U\J N*/' 



If M - (1,2,3, /../ai) and N - (17,18,19, 30) thenwhich^ 
of the following is M fj N? ' ^ ^ 

^[A] (17,18,19,20,21) 
[jB] (17,18,19] ' ■ 

[C] (1,2,3, 30) 



[A] is correct* Althou^ each element in ^b] Is. a member of 
both M and N, these are not all the eleiaents of both M and 
the set [C] is the ui^on, not the Intersaction of M and N* 



If M' is the s^t of all elements each of which belongs 
to both set S and set T, then M is the- 
____ of S and T . 



.irrt-prsaatidn 



67 
• * 

■ 68 

69 
70 



If S •= a,Z,k,8,0), T - (0,r,2,5;7,83, and 
M = (1,2,81, then M - S_ T. 

if S = (1,2,1*3 and ■ (0,1,3),' thfen the 
union, of S and T fB'J_ ]'. 

If € a',,{l,S,'t] and T = (0,1,3), then 
S n T - ( .. } . . ^ 

If S = (1,2, it, 8, 9) and T . {0,1,2,5,7,8], 
then i n T = i 1 'J . 



(0,i,2,3,l») 

(1) 

J 



71 



73 



7H 



Consider the sets A ^ {0,2,5) and B ^ 

a-aw two numbers lines, one below the otherj and 

on theae lines draw the graphs of A and B. 

IT set C is the set of nujnbers which g^re 
elements of both A and what can you say 

about set C from looking at the graphs of A 
and^B? 



Wha^ IS the usual symbol for the set C? 



A * ' * ' > 

o I 1 1 4 i 



d I IS 4 i 



76 
77 

78 
79 



Given - rfl te set A ^ (a,b^c,d,e} and the finite 

set B jjj^^5)i eacb having _ , elements 

( how manyj 

We e an \ pai r off ^ o rie = t a - o ne j ' t he e 1 erne nt s o f A 
and' B \^ many ways , 

For example- 1, 2, 3, 5 

■ t } I I i 

, d, 



and 



^'j 5 

t 1 t t 



The lettt^rs of th^^ alphabet, in their usual order, can 

be paired with th^ first countine numbers 

( how many ) 
in their usual ordfer as follows: 



1. 



t J 



£0 



32 



It h^s no ale- 
^infnts^ or It li 
the empty flat » 



26 , : 



ERIC 



1-2 



to 



01 

32 



5L 



Consider £^ .r.,j^,t^uj. and ^ C ^ (r,s]r. .B: ^^nd C, 
,are both of '"h. ' - - ^^ " ^ 

Hawever^ C doBs. not contain all the efements of 
B, C Is s& id to be a proper subset of B. 

G - (1,2,^) is a 



S - (2>,6,S, J is a 



subset of H 



(0,1.2.3) 



of 



0. 



If we start ^witH a- finite set S, then a proper 
subset must have i^ewer ; than the original set. 



"We cannot pair off/ one-to-one, the el^ 
finite set 3 vith the elements of a _ 
of S. ^ ' ^ , ^ 



g.nts of a 



subsets 



prDper 



proper subset 



eleiTients^' or 
, members 



proper subset 



3? 



Th^ fbllowin^ starred Itenis are optional. 



A ^itartlin^: development occurs if we consider an 
original 3Qt which is an infinite set ... 

- t'-^^?^^**^ ^. J is an iniinite 

- l,2,U,^,:>^ ...j 15 also an - ' , and 

^it ii3 a^f%i^oj. er 

By j-ioans o:'^ the nlu-rariL 



of ^M. 



r I r f' r f 



. * » ^ . s 



the :fio::;l. epL:; oi' 

nomlorj .1' a : ro:-ji- jul set n. 



atet 



i:^r 



Inflnite^yfe^t 
subset 



one- to-one 



=^^' -^-'Ij -^i-i' ra^i.or ^'ll/^.c ■ i'.'cu/riy^.ion of an irudr;ite :;et nan now 



■1.0=011';. wiidi Li;!;' eien^ento oi' a 



3.; 



8S 
90 



*91 
♦?2 



The set of inultlplei of ; is an Infinite . 

elncB (0,10,20,30, ,,.) la a pEOFor of 

(0,5,10^15^ ...) and we ca#i.pair the elements of * ' 
these tvQ sets one-to-one as telov» 

0 ^ 10 l! £C . ^ 

t t 1 t t 



0 10 20 JC; 40 



5'0 



Classify the follovinc sets as finite or infinite. 

All rational nurnters tetveen 1 and 2 whose 
numerators are whole numlers .and whose denoniinators 
are whole nurnters lerween mnd^ 10. 

All" rational n;Ln:lers I'etween i ana ^. 

-- - % 

All rational niu^ilers letween 1 ana. 0 wl^ose / 
n^eratorg__are letween ^ aiia . 1.0. _ 



set 

subset 



finite 
infinite 

infinite 



For the whole numlehs> 0^ , 2, .... we -not ice that alitor eacl: i/h;i^ 
nmcer there is a next whole nur:ber. For exa:?:ple, the oext whole nurnter 
after ^zj ig ^ ^ .and' *'^6U is callaa the 3u;-e^aor r^y ^ . 



^Ea^h^Wiiole nur:cer iz r'ol loved t;\^ its _ 
T}-;e successor of 5^7 is 

The of the nviriber si:-: hundrea seventeen is 

the numter six hundred elrh::Gen. 

Tj :nnd tnc successor of an;/ v;roLe mentor, vh^^ 
niunber i^ arldea cc the vrhole nucirer. il;c 

-1 Lz 



successor o:- - 
Cf chose, t]-.Q C-C3cst 



;e nuclei' 



Trie clcsest 



.-c nu:-lor IclLovi-,- si::other Is ice 



successor 

568 

successor 



successor 



Let^s look at the rationa; nucuGrs witl: the icea of £:.;G::ossor in rclnl 



V/culd adding 1 say^ — ^ ^jlv- 

Is tiiere a ratlonai- nviCilei^ c:^.onoi' 



xc ra:;icna.- nucuer after 1? 



100 



Hoy ihould you complete the following: ^tmtAient? 
, ^ere -_, _ a next ratloRrfl.'nmrfber aft 
''[A] Vis • . , • ■ ' 

_ [B] is not 



er tha. number 2. 



&OTose there mrs a next rational nuateer emer L letween 
•iSat nunter and £ we know we c«n find a thft-a nUbar. (mia 
proGMS is shown .in Xtrnm- 38-36.) Ohia third nuBtr Is' closer 
to 2- than the syraofied Vext'^ number. Hiui ng rational 
m^mx eCn-ho next to 2^ ind.the correct aaaweE ±6 ■.'ISi. 



101 


Since there is no "next" rational number following 
number^ the given rational does not have a | , 


a given rational 




' [A'] numerator ' ! 


- W :-d 




[B] denominator 






iC] successor ^ 






CC] Is the Gorrect aelection, = . . 





1-3^ Addition and ^hltipllcation on t|^ Number Line 

We have seen how to graph sets of numbers on the number line, Now let 
us use the number line to visualize addition and multiplication of numbers. 

At the beginning we recall that 

5+3 

is a sjn^ol for the number^ obtained by addijng j to 5, namely, 8,- l^ls 
can be interpreted as moving from the point 0 to the point 5 and -then 
moving from this point three ^nlts to the right, thereby locating a point 
with coordinate 5 + or 8 



5 3 



-i 



' -i — L — i 1 I u 

i 1 4 a § 7 1 



9 i 



' — — ^ 

As *a "different exariple/ aet us \ find 

i ^ 3 ■ 



on the number 11' 



We move f'rom tj.^ 



with coordinate 0 to the 
" -, and then move/ 5- units 



point with coordinate 

to the i therehj^ locating the point with 

■ (right, left) 



TlmB ; 



3 4. 5 



i I / > t ' I I ■ i ^ 
0 111 45 6 7 8 9 



'*,^.Lthc.Ji the Indicated additions "5 +3' ^ -^^^ ^ 

: - ^ on the numter line are different , we ^ee by 
■ J f!iat;rarns that^they terminate at the same point, 

Tiiis e::iu-a3i;ies the fact that 5 + j and j + 5 are 
diffore.it Jvml:Ql3 for the' same number^ namely, 



point 

3 

right 



^Toti^'e that al.thour:}i the nunibor Line continues Indefinitely, here^ for 
convenience j v;e have oniittccL the three dots to the ri^rht oi' the line in 
the .:rar.h with an : ;!:deri; tanain^j that the Line eontinues . 



In .i^.ate each oi' the i'oliowin^; sumo on thg nLunl'Ci- liney pruvicied on 
the re^L'jnS'j si:cet. 



n^u\/ijrs i;e 



wixw le shuv,"ii on t: 



4 5 



Lu:;i er ; irk- a.; Vc \ L..;^?n : 

45+23 

— A 2 3 — 



0 12 3 4 



—I 
' I ' 



44 



46 



66 67 66 6S 



■fh iii'i 1 catL 



a; ad^IM: 



o\\ the nnnil 1. L; 



■rijVidei'i tht 



3: 



We may wonder whctlisr addition on the nufriber line ia al wayu, possib l.e . 
. In other wordsj io the" sum or any tv/o rationaJ nuniTTcrG alwaya a ratlonaf 
nuinber? ^is. questiori needs earel'ui thoucht,. We shaii return to this 
quoi^tlon r( and to similar onea ) in Later chaj/torG , i 

I^ok, at the exarnfle 5 + 3 : 5, rioti-c that v/o oan find a rational \ 

raimber uo.that^when wo add this nurntor to ,5, the rocuLt wiil te ii;' sWq»^. 

can also find a rationa L number so that v/hcn wo add* this' to the 

reGu.it will htf 6. Recall that/ In. lookinc i"or tlie anuwer to the quentlon^ 
» 

What number added to 5 is 8 

we find this %mhmT by subtraction.^ That ic^ the .same number^ j, is the 
answer to each of the questions 

5 v/hat number ^ 6 ? " 
and - Wliat number ^ o - ^; ? 

Closely tied to this, is the procodure for indicating the subtraction of 
numbers on the nujnber line. Tiiis procedure is not difficult. 

5 ' 3 may interpreted as a symbol for the nu_mber obtair 
subtracting: j from 5. This may be shown on the number line as^ 

5-3 



- J- 



0 12 3 4 5 6 7 

Notiec that v/e Hioveri trom the ] oiiit v/ith coordinate 0 bo tlie- point 

with coordinate f ^^^d then ifioved ; units to the Loit^ thereby Locating 

the point wirh coordinate - : \ th-it is, iiotlco that the ■joordLnute 

!: ^ ^ is i since lT is . 



h: - ' 


number 


line to iuaicate 


the to ;. ! owirp; : 










f 

/ 




i 




iO. ^ - 

'- -i 














to an 


d fiXQ gn pn^^e^ i 


; '-u.r:we2' to-^iO is* ui'; pii^:e ii. 







ihe^ ri-oecdurQ-'for visuaUzinc the multiplication of tv/o '--juctln/^ cuiiiho: 
is similar to that of additXon ij' ve recail that, i*or e>:afnofj^ 



i-3 



3 X £ 

is a symbol for the number obtained by aading throe 
Tlvus 

" ' lis 



t 1 < i i I 1 i 1 J 
0 1il4S'i7ii 



/ 



LI 



As a different' example consider 2X3, 

d K ^ is a Gymbol^ for Zhc number obtained by adding 

____ . ^ 

^ Thov; many) - 



2X3 



Thus 



■I'll''' 
0 j i 3 4 a 6 7 



\ 



ALthcugh the indicated muitipliuations K 2" and 

■'2 X on the number Line are different j we see. by 
the diagrams *that they terminate at the same point. 

This emrhasizes the i'ast that 3 ^ 2 and K : are 

diiTorent symbols I'or the same number/ name:-y^ 

i 

Show the tirocesG of muLtipiiuation on the number line 
for each of th^ foliowin^. 

h X 2 . ' 



Answers to 



are on lare i 1 



V*e may visualise the multipli jation rational 
MiiJTirers as r:Klows: Consi-ier '-^^K is 
::yr!;bo . represent i nc two-thir:is of 

.■Lure we arc .'l "U ^^r^rnon with tnircis^ u; th^; number liur 
we (livid';? the luterVHl from 0 to ^ iuto thi-ee 
e pia ! interval ^ * , . 



three- fo 



33 



' -y ' '"vc- =.'.r ].:J..!^t ^0 lo the ri£:ht 

cr i^;^ ^^KJSL.lDr intervals: 



3 i * 



i M - 1 



-I — h 



■! 'qv.-J.!!,; on t.hr nuHitgr lino: 



I 

0. , 

Ansv/or:: to i :^a^ ar- on ]-af:c 11?" 



two 



You v/ili havc.notiJc<i tliat when vc acid or muLtlpiy two- whole numbers we= 
B^lMyc. oltain a vho ' r- numVor, further, in all our examples usinc the nurnber 
Mno, wo end at a iciiit \mH:h In either at the: point 0 or is to the right 
or that joint, LV v/c trice/ to apj Ly our method of indlcatln£^ ''subtraction'' 

^ i"^ '-^G v;ould ouri^c l.voG riovinc to the j^'ft or the point with 

coordinate 0, *d:e^^ ( a:^ yet) ue liave not Laholcd an^ noints. We shall 
icarn atout the pc^^ibiiity oi" Lalelin^= oUch points in Chapter 6..* 



^:upj;cije KC start with tiic :;et T - {i^L}. If we 
decinc to add to^othei^ two n!-r:;ents OJ' T, we find 
tiiat ti:4rc are thi-ee :osDil;de sunis^ namniy^ 



TIiul; tne L:et wiiuso e l-t;:nefit:j are all posnitLe 

.,^:::unu^ d; two -.d-::;cuti: oP 1', i;:. d - [ , , } , 

(iG,i;j not) 

Lot; V hc^. th- set^;o:" a: I : o.'iil d: suias op tv/u 
elements oi" V ^" (l,d^^,jd]. 

Tlien i! ~ j ]. 

U Contains elernentc, 
Oiow manv ) 

^ __=__^ ^ .:-'-HU.;ot 0.1' V, 
_ i LdA^ notj 



(2,3, 
la not 



{2.3. ^,516,?, 8] 



7 



Is not 



,•1 



I;et u^s consider Q - (O^J.]. 

If we fotm a new sot <whose element;: conclfst 
of all p o s s i b J 0 prociuc t c or f wo e Vom d n t u oi' Q ^ ' 
then P ^ [ ] . 

Notiue that F - a ^ubyet oi" Q* 

("is J is nut) 

'(Actually^ In tliis oano^ the? sot P ii) the uafu; 
set as Q. Our attention^ liowevei'^ in clli'cctor.l 
to thG fact that V ij a pubucl oi' Q: over^ 
eiement ot t is %n eLcnic?ht oi' Q.) 



Here-, is another example: 

Given the yet 01' wlioic nLiinbcr^j^ 



w 



The sum of two whole nymters is itoell" a 
nujnber . 

Hi e set 6 f- p a □ s 1 b 1 e sums ov t w o v; h i ^ 1 e n u rr 
a jubaet of V/. 



( is J is not ) 



We shall, say: ir the sum ol' any two rioments of 
a certain set is itself an element of the same 
•set/ then the set is cl osed under the operation 
of addition* 



The set of v/h 



no I e nurnncrn 



closed uridor 



is ^ is not ^ 



the 0{)erati^n oi' additioru 

'Hie GUin of two even v/hoLc numbers Is an even v/ho Le 
n.LiJnber . " , • ' 

Tlierefore^ the set oi' al l. even v/hole nijmbers IS 
c I o 5 e d and e r t h e op e rat i o n o i . 

On the other' hand^ the sun of two orld who Le nimibci's 



is 



_^ so the set oT ali. odd whole nuinboi'^: 



i even,, odd ) 

is not under tf;e orjcration of additiotu 



Is 



H - (0. 



:DScd liiider additicin? 



4:) . ^ 



1= 



- ■ lOyi ,11} , , , ■-i'-^f.Qd unclcr addition? 

li' Z I2 n. finite sen or ^;holG numbor:^ that 12: 
L'lo^iod under addition, thon d - 



yes 



(0} 

[This is the 
only pos Bible 
answer * ] 



-.do luut: re:;i unjD wm: u };arci oiio . Ir you anDv/.-red it curroGtly, or it"^ 
y.:-^ ncv nec ^i:af: (O) i:j td- on., an.:wer, vc^ hone you havo nalnod under" 
^^^mAI-i: vd whui; in mcuiii. ry u .jei: i oiny " d o::ea under the operaLion ot 
H'i U Mori. 



■n.:r:L: i.x^ m i it 



un'i.-r Id 



i. d;,i. 

a.-':1 n.ou, uu 1 ii . 



r . ' r u : 



luie :.n:n. i^. 

. ■ ■ nu;:ii 
: i ^Htd-u, 

\; niun; 



! ur^^ "do oniv 



in not 
iu 



■losed 



['Pile produet of 
two odd numbers 
lo odd. J 



d:. ; 'an.iuu uiy 
■r a : . P ; u ■u,: 



ERIC 



Q - (0,1) 

I - (0) 

i'/hicn oi" the ac'Dvo arc c;;oued undoi^ ■ rlie operation 

or addition? 

under ^:ho .^rerat^Ion Ji mul t'iid i on? 

uncirT uhc oirfailon Ji' JubtrajtionT 



I 



Qmpter 2 
NUNffiRALS AND VARIABLES 



2-1, Nuinerals ; and Numerical Hirasos 

The symbols 6,, VI, 5 +.1, and are all names for the name number. 

All of them- nffib the c oo rd i na t e o f the □ ame po i n t o n .the numb e r 1 i ne . 

Usually it. in more convenient to use the ruame 6 than .VI, 5 + i, or 

~, because 6 is simpler, "^le simplest, or ^nerally preferred, name of 

a n Limber is called 1^ common name, llie common niime for the numeral 3 K Y 
is 11k ' ' ' ^ 



^12 



1 

P 
J 



■X i^ 6 + 10 - 2 are alA names for the 

n u m b e r . Hi e e o mm o n n arri e o f t h i c n u m b o r 



is 



nmie for 



The c 



n name for 32 x 15 ir^ 



8 

1^80 



You are a p^son. You have a name. When peopl.e want to talk about you, 
they have to use your name ^ but you are not the same as your name. In the 
same way, the name of a number is not the same an the number. in an 

even number" is a shorthand way" of saying, "The number named by P is 
even . " * 

A symbol which names a number Id called a numeral . Ttiun, 8, 7 + 
~f and 653 - ^^7 are all numeraln. Wo use the word "numeral" when we 
want to. emphasize the fact that a certain nymbol namcD a number. In f^eneral, 
we shalL continue to use phranen like "the number p" inntead oV "the number 
named by P" v/hen thei'O In no good reunon Ito doin^ otherwise, 

■ Conn id or the statement ^- 7 - P X 6. Tliis use of the equal sifm 
lUuntraten its roneral. use with numt^raln: An equa s n Lun stand inr between 
two numerals annertn that ttio numeral;.; name tdie same number. ""^ + 7 --- P x f^" 
in an assertion whifdi in true, sinct- 5 -f 7 and P X C' are numerals whlrh 
retrenent. (or riame) thej naine number. On the other hand, "-; '( -f,^" 
in an annerti^.ri whi.d, in i a ! ng , siruje * 7 and j -j ,do not inuno the 

name numt'or. ^ , • 



a numeraL i'c^r the number we unually cal l 



jl M 



( h ^ 0 X ^ . K , 



X C. 



h 4- -iti 



- IT X 



ilitcrr ret;--: a- 



'j Mi. 





^' ■ --^ 'nv'LD^j -L.- :E;;;;;is.i- Ui wr 1 1 i nr , Vcr;/ orton wo have to 

^ ; 'i X - ) . 




4 
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An expreyaion nuch -I's, -'- - — — 
quotient o:' two nijjnl ori:^ , T?iu:j 



Kn-\i:Ti)tood to l:e an indicated 








, — ^ — * 

my,, jiu v/it-iiLn ^inoMior. Vor Qx;mi\c, what 


no vou nhlnr 










(((: ^ ^) X ) ^ .) X, V 






i f J ^ ' , =: ^ 


! i- : ' I. 







ITie correct choice 1g [cJ. ir you ehone [Cj and are 
^rtain or your raethod, you may i^klvi Itpntj Us-UB. 

— /' 



(((: ' ■) X,) - :) K , 



.'35 

i 



In this aentenee we have two tuwieralCj 2{ i ■> ?) and 2'-, - \ , 
connected by Ekch munei-al plays the, role of a jiliraoo^ in EntUlfch. 

When we vmnt to emphaaiiie this role of a numeral in a oentencs we ap&ak 
Of a numorical phraae ■ 2(^ + 7) and = j arc eKomplea oi numericti;^ 

phrases . 

Tne sentence ^ , ' 

7) - 2^ ^ J 

iy a true yentence^ aa you can readily chouk. 

Now consider the numerals, or nuincri-a. phra:;cs, (j + . i^). 

iU. We can make ot theni the sentence 

(; ^ ^) - 10. 

IMs happens to be a talse .^cntenco, (Q^ei-k to he sure J 

FaUe Gontences, ay we hi as true ones, will turn out to be irni^ortant; Ir 
your later vork . A numerical :^enter.ce can lo tinae or talue, Lut not both. 



50 
3f 



Iteterniinc which of the l o Llowinr sentences are 
true and which are I'al^-e. 



(5 + c)2 - 5 + -(2) 



20 ^ 
U^7 



(true^raiseT 



false 
true 
false 
false 

true 



Which or the foUowint: repreoent(s) j2 as an Indicated product? 



1£ X e 
30 + i;i 



[A] X and Y 
[Bj Y only 
[Gl Y ancr Z 



12 X g 4> 12 eontains an inciicated product, but the numeral is 
riot an. Indicated product.^ 30 ^ h2 is an indicated sum. Your 
choiee should have been [B] , 



55 



Which of the fullovltig correctly translates the numerical sentence 
3(5 7) - 36 into an English sentence? ^ 

[Aj Three times five plus seven is thirty-six. 

IB] Tliree times the sum of five and seven is thi;-^-'- -six* 



Th^ correct chpic-e is [bJ » ^Cholce [A] falls to show th^.^ ve 
first form the sum ot 5 and 7.^ It could mean (3 x J, + ;7 36^ 
which is a false sentence p 



} 



Which of the fGllowlnt: nunierical sentences are tru^;^ 
and which are I'al.se? 



5£ 
57 


(j + 7)ii 


53 


3(8 + 2) 




2(5 - i) 


60 


M . 1, _ 
2 


61. 


2J = 5(2) 


62 


' 7 

2 ' 



, erne , laist 



X 'J 



true 
false 
tnie 
true 

t'-ir 

false 
false 



Some of the Iniportant ideas of this section are reviewed in Items 63-73 



he low , 



63 

6k 

65 

66 

o7 

66 



The names of numbers^ as distinijuisheci ifo:n ni-initers 
themselves J are ealied 

In (3 !j ) X 7, the nui::Gral ^ " 5 is enclosed 
in . 

Ihe numeral 3 -i- ^, 1- an indicated 

whiJe 1^ X 7 ic an 



A numerioai sentonco may be true or I'aLse but 



not 



H:: ^ 7) (2 ^,::)(7 o) 



(truejfalcGT 



niuiiei^alf 



parentheses 



indicated 
product 

both 
true 



37 

4„ 



IriGert parentheses in each jf' the i'.;] 1 ov;.i:^f 
expressions so that the resuLtiiit: Denounce is 
ti*ue» Fc5r example: 

Given 
2 + 3 * ^ + 5 - 

2 + h ^ ^ 29 

2 3 + ^ --23 



We Write 

2 J ^ (U + 5) . 2v< 



3 + U ■ 6 + I - iij 



J + U ^ 6 I - £8 



7J I 3*5-^-7- j6 



J 



or 2+( 3* ^0-^=19 

(3+^) '6+1 ^ 43 
. % 

or (3+^*6)^1^28 
3*(5+7) - 36 



2-2. nome PropertieB of Addition and Multiplication 

Here Ip a problem: Find the common name for 0,8 + 7 + 3.2/ How 
wouLd you proceed? 

PerhapG you would think: 0.8 + 7 ^ ".6, and 7,8 + 7,2 - 11. Your 
work might bo written thin way: 

(0.8 7) 3>2 ^ 7.- j,2 ; . , 

or you mi^ht notice lir:3t that 7 - 10.2, In this case you would 

.think: ^ 

(7 + J. 2) ■ 0,/: + 10^2 -- 11, 
ni'jthudc lead to the name result . 
Let us eompare carelueLy the two niunera ■ n 



1^. 
1-5 



Both use only the niijnerals 0.8^ 7, and 

In 'both, the order of the nimierals is the same. 

Each involves only one kind of operation^ namely 

However, the two nLunerals differ as to the way in 
which 0.8 J 7^ and are grouped. 

The groupifig is shown by . 

But in spite of the different grouping, the two ~~] 
niimeraLs name the s.ame , 

We can use these two nuinerals to make a true 
sentence: 

(0.6 7) 3.2^^ 0.8 (7 3.2) 



I^t^s try some more examples of this 



5 - i) 



sort : 



rhus the sentence (5 i) A _ 5 ^ (4 4) 
i ^ ^ ^ t e nc e . 

llie sentence + r 2.6 ^ UP + + 2.6) 

^ sentence. v,o can check this by noting^ 

that 

(-1 ' i."^ - .j 2.6 



whi Le 



Trio .^on^-vri-e -^ -) 



in a 



and t:r;at: 



-i-'^- ^-^^ - ^- ^ verify this by shuwint: fdiat 



addition 



pareotbeaes 



number 



4 



true 

I 
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F^-'om the previous true contonceG^ it appear:] that we have cliscoverocl: 
If wo have any' three numberrj , the oiinuj 

{Viviit nutn]>ei- + fc^eeoncl nuinter) i:hiT!i numhar 
and / 

fir;^t nunibcr ^ (necond nuiube/ third nuinher) 

are^ equal . 



lb 

■'17 
IS 



We can nay this as To 1. lows: ^ 

"ir you add a seeond niunl'ei' to a I'lrnl nurnber, ancl 

then add- a third number to tlieir ^ tlie re::iil.t 

ds the ^jaiiie an il' you add the second and . ■ 
nuinbern and then add their sim to the ____ 
number." 



sum 

third 

rirst 



/ You have been eo:nputin{^ nuiruj lite 

1, .. ' . OS 1 

for ■ many " years . ' U:jua ] 1 ;/ ' you compute auch a sum in tv;o r^tcpG , You think 

' ■. 0.6 +.7 -i 3.2 - 7J.J - or O,-' + ? 3.2 - ^O.S -f iO.S 



i 



In nthei¥ wordu^ you usually add several, niuiibers in s Lej^B . At each step 
y oil ad .1 : t WO niiirib e r s . 

Addition is.- an exanip.l.e of what mathematicianG ca id a b Inary operation. 
Wlien we have a way of anBi^nin/: a oincle niuiibcr t :) each i^ai r oi' numbers we 
are dealing with a^^inary oj'eration. 



20 



Addition" IS a 



or^eratiouj because v/l^ -an find 



exactly, one number whicdi i the uuj:i cd^ two dlven 
numbers / 



Another binary' 



io mu 1 ti|= ! ieaU on j becaiise for 



two numl ^^Tn \7Ct can flue a number whi'd^ is their 
pro:-. ■ . 



binary 



. operation 



Now let us ua^d: . We t'onc 1 ucled: Xi' we have any three number n , the 
sum IndiL^ated by 

(idrst number Lie con J numbei') third nurat'Cr 

is tlie same as 

firct number ' (second uuiiibei' ^ thii'd riiuntier). 



no 



2-2 



We have discovered a relationslp Involving additio^n which holds for aU 
the niimbers of arithmetic. This kind of general statement about addition Is 
called a property of addition . (Tim u^e of the word "property'* here is 
similar to lbs use in the sentence' "Sweetness is a property of su^ar.'') 

The particular property of addition we have dlccoverecl is called the 
assQclatlve property of add it 

You w-ill discover that in all the algetjra which follows^ in both 
theory and applications, our main' concern wiil be with those properties 
which hold for all numbers with which we work. In these first few 
chapters, we will be considering; the set of numbers of arithmetic. Tliere- - 
forc^ we may omit the phrase "for numbers of arithmetic" when writ inn the 
properties , ^ 



2^; 



25 



2f. 



The word association -suf':r';ests some sort oi^ [^xoup , 
Tlie associatiye property of addition has to do with 
the [^rouvlnc of numbei-s in an indicated smn. 

- -M? 6) ■ (fi + [j) + iflustratcE the 



■:rfn?erty of addition. 



II lustrat.o the assofiativo prciperty ol' addition: 
{1-5 ici) + 2i ^ -+ i 4 ) 
' 4- p) _■ 



IliC prect'dlnp iteni^; ]a'i";'Vidcd ja'a.. .ice in a]3Tilyinn 
the associative riropci'ty op 

''^^ ^ (j -^D) (h r ::\) -f- in an "cxamidc 
a^ujoclative o:' 



the 



"(V 



-f; anolhor exam],do of 



(8 + 9) + 6 

agBociatlve 

15 + (l8 + 23) 
(9 + 25) 2 

addition 



proper by J 
addition 



agBOciative 
property j 
addition 



■rhc assvj>' lat. i \'c : r>p crl;- c- ' Liiilfiutcj tfi^ no':^d i^c any paruntlicses 1: a 



li'lnp does not. arfcct, the sum. 



■ / 

I 



28 



Which of the following sentences do you know to be true by using 
only the aiisociative property of addition? 



[A] 
[Bj 



Y. 

w 

a ! 



6 + U + 8 ^ (6 if) 8 - 6 
(6 ^ 4) + 8 3. 6 -M8 + if) 

(6 8) + U ^ 6 ^ (8 + iO 
(U 8) + 6 - 6 4- (8 4- 1^ 



..i Y only 
uV them 



[C] 
[D] 



(^4 + 8) 



and 
and 



Y 



2be only correct selection Is [A] . a© asaociative property , 
of addition doaa not allow us to otonge the order of the . ' 
numhen, as ia doae in (X) and (e)* 

Suppose you wished to find the ti\m (5 + |) Can the associative 

property of addition he used to make *"ho addition simpler? Yes^ you would 
certainly suggest writing 5 + =t) to represent the same, sum. 

t> 0 t h e re are c a. s e s ^ s u c h a s t h i s o n e ^ wl i e re r e g r o u pin g .by m o v 1 n g t h e 
parentheses in accordance with the assorM .l^; : ve property of addition will 
lead to a simpler way to find the ounu 



29 



Wiieh uf the following additions canno t be ne in a simpler way by 
using only J.he associative jsroperty rt a'id^.ion? 



lA! 

[Hi" 



tl only 
ij on L;/ 



LUl-^ 1 



h 



The correct choice Is 



:cj, 



by the asBOclative prop^ty of" additLDnj anri the new expression 
is not simpier than theMld, =In (g), ^ ^ is not a situation 
in which the aosociative^Jproperty of addition applies j since only 
two nujnbors are added, s,. 



If yuu ^jurn" ^ toiiay an.i p> toiriorrov/ ^ wi: 
tiiu s^uiuj ftrnuunt as yi)u wfjii ! d it yo\i r-aru ■ 
$j tjjniorrow? _ 



t.v'br. 



aiii! 



yea 



2=2 



'31 

32 
33 
3^ 



^Does walking 3 miles before lunch and 5 miles after 
lunch cove^the same distance as walking 5 miles 
before lunch and 3 miles after lunch? . 

If two numbers are added in different orders^ ~tRe sum 
Is the same* k + 9 - 13 and '9 + U = 



6 + 0^ 
6 + 0 ^ 



and 0 + 6 ^ 
+ 6 



Thus we s^el 



6, 6 

0 + 6 



The eSercises which Sou have Just completed suggest another property 
of addition; For any two numberB^ 

- ■ _ _ f 

first number + second number = second number + first number. 

This property of addition is called the commutative property of addition. 



35. 
36 

37 

38 



We can state the commutative property of addition 
as follows: 

If two numbers are added in different orders, the 
results are the - ^ 

The true sentence 9 + 8 - 8 + 



illustrates the commutative property of addition. 



5 + 6= 6+ 5 by the _ ^ _ property of addition. 

The associative property of addition is concerned 
with the group Inp^ of numbers , 

{% + 7) + h ^ 6 ^ i + ) illustrates the 
associative, property* 

On the other hand^ the commutative property of 
addition is concerned with the order in which we 
add two numbers . 

(6 + 1) k ^ h ^ (6 + 7) illustrates the ____ 
property of addition. 

It might help you to r'e member the word commutative 
and its meaning if you recall that a commuter goes 
back and forth. 



8 + 9 

goomitative , 
6 + (7 + k) 



coaumtative 



hi 



5. 



ERIC 



2-2 



-ho 



hi 



h9 



h3 



Let us review what we have Learned , 
Wf say that addition is a binary 



Two propertiea of addition are the aEsociatlvt 
and properties * . * - 

(h.^ 9) + 3 - 3 + (h + 9) is a true sentence which 

illustrates the property . (Did you notice 

how we used (^^ + 9)?) 

h ^ (9 + 3) - (U + 9) + 3 illustrates the 

property ol' addition^ ' * 

(If f 9) + 3 ^ (9 + ii) -H 
property of addition. 



i 1 lustrates th 



operation 



coinmutatlve 



coniinutatlve 



asaoGlative 



cormnutativ% 



MultipLication is also a tlnary operation. It might occur to you at 
this point to ask whether mu Itipl ication also has the aGsociative and 
c ommu t a t i ve p r op e i' 1 1 e s . Ma k e a guess* Tli e n go o n . 



^5 

he 



hi 



*50 



Let us uon^iider the indicated product 

7 K (S X 3). 
7xJHx3) is the product of 7 and 
The cornmon name for 7 x (6 ^ 3) is 



If we are interested in Beeing whether or not 
muJtiplication has the associative property, we 
can compare the indicated products 7 ^ (6 x l) 
and ( X ) X j , 

(7 X a) X X 



We have round that 

(7 X b) 
is a nontonco. 



i X 



Another true sentence ill.ustratinn Lhe same pattern i^ 

(■) X 3) X 7 . g X ( X ) . 

Tlipse and sln^ilar exajnpLofl 
mu 1 tip 1 if-atlon "has the 
add it. ion. 



;^<cst to i:s that 
pronerty , as cU 



2k^ or 8 X 3 

168 



(7 X 8) X 3 

56 X 3 
168 

tinje 

5. ^ (3 >< 7) 
associative 



it' 



The associative. property of multiplication may ^e state/ as follow? 
Given any three numbers, the products 

(first mnnber x second number)^ ^ third nu;-r^--^ 



first numbei-' x ( second. .riumber X third number) 
are equal. 



33 



5^ 

55 

57 



Hius multiplication, like addition, is an 



speration 



that has th^ 



r^'Crert'. 



We could describe it by saying: 

If you multiply a second number by a first number, 
and then multiply a third nu/nber by their 
the .result is the sain^ as if you multiply the 
third numbor by the number tod the 

multiply their pr^^luct by the 



in 

nunber 



Tlv 



le meaninr - r 7 H ^ x 3 clear, gifn :^ the 

way the thrf-^^- niJinbersi are 6-" \ •- 

matter* ^ 



Now let us ask whether or not muj Mrl Icatlo:., lik^ ^Idit] 
the . .epmmutative property . 



60 
Sl 



X ^ - i{ X 5, since? 5 X U - 20 and U 
i X U =: h X 
^ J X 2Ul^ since 2^+1. x - - 



2k ]_ X 



and ;^ X Qh 



i 



and 7 X f are both 



Ihe indicated r rouur^ts x 

h 

namr^s for 

If two number.; ar.^ :nu : tird icci in dUfer.Mit orders, the 
reEJultn ara the sa: , r'-.r oxarnflp, v . _ 
^ X ii 



produet 

^jenbnd 
L'^lrat 

f ^ ^j':ped 

go ' 

k X 3 

123 \ 
723 



1 



J5. 



5;- 



ERIC 



^Th^ pattern illustrates thii;; t-t^^ei 



Given two numbers^ ' ' - ^ 

first nuicber x second number = second hun^ber X fii'st nujnter* 

ThiB property of multiplication is called, of co\.v£ej the comrniita:tlve 
property of multiplication . 

We cap sunmwrize the results of this aection: Mditlon and multipli' 
cation are two different binary, operations both or which ha%^e the 
associative and conmutative -^properties * Lsterj we cha^l see that no^all 
binary operations have these properties^* * 



61* 

65 



67 
68 



For each of the folluwing tru'S sentences, teil what 
property of numbers is illustratfd. 



70 
71 



(1^3)^1,3^(3,1) 
I X (§ X |) M| X i) X i 



221+ (17+19) ^ (221 + 17) + 1^: 



6 + (8 ^ U) - 6 + * 8) 



(31X 13) X17 - 31X (13 X 17) 



(31 X13) X 1?^ 17 X (3IX 13; 



property of 



r^vo^ erty of 



property of 



propei'ty ol 



propei'ty of 



pi'Dperty of 



The following example shows how pi^opei'ties of multi- 
plication a n be used to o 1 mp 1 if y a e ompi 1 1 a t i o n , 
Te 1 1 what p r o p e r t y o 1 ' m u 1 1 1 p L 1 c a t i o n is 1 1 1 \. i n t r a t e d 
by each step * 

^x(£6x5)-^x(^x 2tv) € 

- (r X ^) X 26 

-J — — 

- 1 X 26 fsince r x - 1 



asaoclative j 
addition 

associatii 

mu 1 1 ipl i c attdi " 

associative j 
addition 

conffnutative^ 
addition. 

associative^ 
mult iplic aMo n 

commutative^ 
multlpil c ation 



commutative 
associative 



1*6 



s-3 



tn the exan^lSj the work was made easier by\ rearranging and regrouping 
tems, We^ could do this because of the' conmiutatlve and associative 
properties of multiplication... 



73 
7^ 

75 
l6 



In each exerciser you are to find the common name. 
Look for the easiest methodj rearrange and regroup 
the numbers if it is helpful, 

^ x -7 X 25 ^ 



.1 23 

73 + 62 + 27 ^ 
(3 X ^) X (7 X 



700 

1 



aioo 



Here is a true setitence, 

15(7) + 15(3) - 15(7 + 3). 

Does it 11 lust rate any property we have studied? 'Tlilnk a moment; then reac 
on. 

The sentence does not illustrate a property of this section. An easy 
way to see this is to recognise that it Involves both addition and multl= 
plication^ which leads us to suspect that there" may be number properties 
other than those in this section. 



.^strlbutl ve Proporty 



Protl'^:. : Guppose there wei'* 
7 Britifih ::ta:n: j 
stajTiTjs woro I ro".,r[ 



joyu in a atamr; cjlul and each brought 
Freiich stamps to an exhibit. How man\ 



121 orier to ilrid hey 



stampB wore Iroucht:, you 

f British stanr'S wore 



, French r^tarnj^o wore Ir-^'^rht. 



105 



3, h5 



17 



5 



7 
8 

9 

10 



11 



_ ■ T .. 

f^r the total ni^ber of stamps, we find f 

1.1' ' .Igt 15( ^ ) = 105+1+5 



the other hand^, you might solve this -problem 
-in a l^fferent way* You might think: 

The total nujTiher of boys was 
ea>ch brought 7 + stamps . 

ThuB the total number of. stamps which were brought 
can be written: Ig C + ) ^ 15 ^ 



Since fl5(T) + 15(3) - ^ 
and. 15(7 + 3) . 

we see that we obtain the same result ^ whether we 
use the first method or the second. 



15(7) + 15(3) ^ 15 ( + ') 



7,3 
150 



15 

7 + 3 ^ 

(7 + 3)/ 10 

150 . 

150 
150 



15(7 + 3) 



TV - j-.roblem we ^have just discussed can be solved in two dirferent ways. Let 
ns Ic-'ik at another example^ which will illustrate the same pattern, 

rr=-. ]^m' A candy ^tore sells 150 boxes of can^TT^each containing i 
pound ol' choeoiates and j pound of caramels How many 
pounds of candy are sold? 



Try to 11. nd two ways to do the problem above ^ followinn the pattern 
used in Iteins l-ll. Test to see whether or not the ' two methods lead to the 
same resi. ' Than i:heck your work t;/ loiny Items '12=2P. 

/ 



One methodr Tlie number 01' ijouncls in each Lo:-: 1g 



1. 



;ere are 



ner ■ ar'^' 



[ ^) LOundLj in all, 



)( . ) voundu of chocolatoo 



Henc-, 



jre are ;\;U 



J' 6 



I50(|) 



i50(=) 



U J 



17 



Since 150(4) ' 150(4) 



and , 150(*i + i) l^^gC ) 



we obBerve that -the two methods give the same resuit, 
ThuB j MB see that tlie nentence 



150(iy L50(.i} - L50(i + i) 

^ J i- j 



is a 



sontence , 



The gentencQ 

is also a t r u e , ^ e r 1 1 e nc o ♦ 



i 



75 
125 

150(|) 

125 ' 



true 



have found that * 

150 (-) 4 i50(t) "and 150(i + ~) 

are two nanies for the Game nimibei'. How wouid wei write the number 

+ Y^) in a s e c o nd way Vol 1. o wi n z t he pa 1 1 e r n Of t hi i a cU g c 1 \ a @ i 0 n ? 

[A] 12(f) 4 L2(i) 



[EJ (4 + t^)l£ 



In both cases, the numeral names the same nujnher as ^^C-j + ^) * 
However^ [A] 13 the correct choice, since this follows the 
pattern of the discussion. 



^2. 



ERIC 



^oblemi te> Jones owns a city lot of r^^angular shape, 150 feet deep^ 
. Vlth a front of 162,5 feet. Adjacent to his lot, and separated 

^ ; from it by a fence^ is another lot with the samm depthV but with 

a frpflt or only 3?,5 f&^t . 



V2 



T" 

.37.5' 



162.5' 



I*- 



Mr, Jones, 
first lot 



150* 



What are the areas ^ in square feet, r^f eacli nf these two lots a^id 
what is the sujn of their areas? 



27 



The area of Mr* Jones' lot in ^square i^^zX is 150(162*5), 

or ' The total ai-ea of the jeyarate lots, 

in square feet^ can be written as 

^ 150(162.5) + 150( _ ) * 



150(162.5) 150(37.5) - 2^^,375 + 



The total area of the two separate lots tr 
square i'eet . 



2**. 375 
373 

30^ 000 
30,000 



Guppuse that Nt* Jones buys the second* lot and rr^moves the fence* 
Wiat is the area of the entire lot ^1r. Jones new owrio? 



6 J 



50 



Artor Joneb buys the nciohborino Ldt^ t.he arc-u or 
>irD propOTt^j^ in :;quare IV-ct, can be v/rittcn as 

■ ■ . ■ i50(iO;'.5 + j7.5) - L50( ) 

1^0(200) = • 

l^icrorort: the are^a [oT the entire lot Mr. Jones now 
owns in " S(|uare Teot. 



-- 1 



Cait resuitc Lead us to concljj.de that 

150(1X2.5*^ J7.5) - 15 0( * ) + 150(_ 
i-: a aentonuo. . ■' 



J 

37.5 V, 

200 
30 J 000 

30^000 

i62.5. 3? 
true 



II" wo examine the d lai;ram' Ghowinr the iotSj we <an see that 

ijO{lA.u'.[j oY.';) the ru-unber of cquare Jeet in the aroa 

or the ' aivx^lv rel'tan^: I o . 

i;jU(:(^,^) uiM :^.u(;7.t;) are^ rgu pec tl ve 1 y ^ the nimibcr ol" 
.^.luurc i'ect In the areao or the two 
rwriaMcr rcetanrloj. 

. .-un'.-o the i^irreut reotannJe is ^■pninosecl oV the two smalLcr 0110. , 
nur:ler-vr s r-are I'cct in the area ol' the iur^^o^^t also eorrespondy t- 
!vU(l^;j.^) ' !VO(;,Y,^)., lliuc, each 01" tlie nuiiierals 1^0(l6;;^.^ ^ ^7*t) 
l:;U( \' f ;'..^f\")) rejjreL^eritrj thu euniber oi" square leet in the same 
area, u:i^i w:th-nt -e:-;r ut Inc - we r:;uy rij.;.. j^v. M-he truUi or the ^entenc- 



■ nA.: iy U.:i:. y (-Jj ^ 



true 



1075 
1000 

1 075 



h3 



r.^giae which ..I'^.t-ie foli-'„.ng Sbnteneap ara true and 
.tfisfi ire faisti. 



13(19 + 1) = 13(1_^) + lj(L) 
3(2,5) + 3(1.5) ^ 3(S.5 + l.J 



(true, false) P 



4 ' 2 + If 



^•7 



3(2)^ + 6(3) - 9(6)^ 



kk 15 • £ ^ 7 ' 2 + S ' 2 
^ - * - - 



true 

true 

false 
true 



The items above reveal number pattern which can be stated as foil 



Llowg 



Given my three nujabers of ariti-jnetic , 

first numbef X (second number + third number) 
and 

(first number x second number) + (first number x third mmiber) 
^re equal . ^ 

l^iis property of num^-rs is called the distributive prcperty of 
multiplication uver addition, ur, as m shall frequently ^ay, the 
digtributive property . 



^5 



The diotrlbutive property can be described by saying;: 
If the sum of the second and third of three numbers is 

_ _ by the first nmnber, the result is tiie sa:ne as 

if the . of the first and thiru is adaed to the 

product of the first a;id _ 



multiplied 
product 
second 



50 



Complete each of the fol Igwinr 1 1 i us trat iuns of th^ 
distributive property: 



20(i) * 20(i) 
10(2 + 0) 



(2 ^ ky- 



2-3 



51 
52 

53 



^ ) - 30(i) + 30(1} 



1 ) ' (|) 



5^ 



55 
57 



58 



59 



Thm true sentence 

13(19 +1) - 13(19) + 13( ) 
llluitratee^the distributive property. 
Of course 

13(19) + 13(1) = 13(19 +' 1) 
also illustrates the ______ property. 

"^^^ * 1^ is an Indlbated product of two numbers, 
13 and _ + , 

13(19) ^ 13(1) is an Indicated of two 

nuiTibers , 13(l9) and - ( ) ^ > 

In the sentence 

13(19) + 13(1) -= 13(19 + 1) 

the same number - v - 

..ujfiuer, _ _j has been expressed in two 

ways: as an indicated sum and as an indicated 



61 



If you are asked compute 13(19) + 13(1} you may, 
if you wish, compute 13 ( ) instead. Since ' 

13(20) is easier to compute than 13(19) + l^(l) 
■^^^ ~_ property heips^us here to simpliry a 
computation* 



0(162.5 37.5) 



Wliich is ea^dier to compute, 
150(162,5) + 150(37.5)? 

150(162,5 37.5) U an Indicated 
ir we compare I2(f -r ^) ^^^,1 |p(^ 
note that both name the same number. Tlie 
name for this nuJTiber is 



or 



omjnori 



It 15 easier to compute this common namo 
the indicated , j.;:(£,) -f i2(^) ^ 



dlgtributlye 



19+1 



sum 
13(1) 



260 



20 



diatributlve 



150(162,5+37*5; 
product 

17 
sum 



6\ 



66 



67 



68 



Remenfcer, the 



property tells us Bomething 



about a certaiti indicated sxm and a certain 
Indicated product, 

distributive property is the basic number 



property that' involveE 



operations _y 



, how many J 
'addition and multlplieation * 



Which of the following statements Is correct by use of the distributive 
property of multiplication over addition? (Try to answer without any 
computation , so that ^ou can see whether or not you recognize the 
pattern, ) 

[A] 15 + (12 K 7) - (15 + 12) x(-L5 + 7) ._ 

[B] 4(2,5 + ^^5) - ^(2.5) + 4^5 ' 



mm sentence 15 + (12 X T) - (l5 + 13) K + T) is »lae, 
which prDves that addition is not distributive ovw multipli- 
cation* mm sentence k(B.3 ^ ^S) ^ + ^3 ^l^o 
false J. application of the distributive property wDtild give the 
tfrue sentence + ^'5)^ - H^) ^ H^S)' correct 
choice is [C]* 



Look at the sentence 

(U ^ 3)8 ^ U(6) + 3(8) . 
It iii J Lear that thiB stintence is true, since (h + 3)8 - 56 and 
M-) ^ - ^^^^ 

Moreover, thi^ scntenc^:^ resemuLes in SQine roopecty those which we have 
i;]ujtrato tho di jtrilnitivG property. It does, in fact, state that 
u .jcrtain indicatud trodu;-t, ( - .;)-■:, and a certain indicated sum, 
^(^■) nanie the jan^e nurnLer, 

... ^.r'.'ar'- rvir .■•^:itr-:;.;'n v/ith one v;hi.:-h ilLustrateo the distrihutlve 

:^or.--: ,:)'^ ^ h(^i) :(H) 



Dis '-.r ! I ut I VK>^ nroter* ;/ 



8(ii) + b(3; 



2-3 



. I«Qk at the pall- of Bentences above. + 3)8 and8(C+3) are equal 
by the commutative prop&rty of multiplication, in the same way, ^8) ~ 8{h) 
and 3(8) - 8(3) Illustrate the commutative property of multiplication. 
ThuB Without any computation at all we could be sure" that i 

3)8 - U(8) + 3(8) " 
is^a true sentence. Oar concluBlon would-be baaed on the fact that this 
aentence can be obtained from an illustration of the distributive property 
by applyina the commutative property of multiplication three times. 



69 

10 
71 

72 

73 

n 

75' 



Here is another example. 



We are sure, without computingj that 

6(8 + 2) = 6(8) + 6(2) 
by the _ property , 

We ajfe also sure, without computing, that 

6(A + 2) = "(8 + S)_ 
/ 6(8) - 8(__) 
- S(6) 



All thepe equalities follow from the 
property of 



Hence, we can be sure that 

(8 + 2)6 = 8(6) + 2( ) 



dlatrlbutlve 



CDminutative' 
multiplioation 

8(6) +, 2(6) 



The two examples just completed suggest an alternate pattern for the 
distributive property. It can be stated as follows; For an^ three numbers 
of arithijietic^ the indicated product 

(first number + second number) x third numbesr 
names the same nujnber as the indicated 

(first number x third nuniber) ^ (seoond number X third number). 



76 



We now have several patterns. Compiete the folloyinn, 
to lilusti-ate the various patterns. 



We first observed this pattern: 

3(9 11) = 3(9) + ( ) 



/ 



3(11) 



55 



6' 



, 2-3 



78 
79 

80 



The fact that 3(9 + ll) and 3(9) + -Sdl) 'name the 
smie nuin'boE can aloo be written ^ 

Ho) 3(U) - 3( • ) • 

In the ientence i - . -. 

3(9 + 11)^ - 3(9) + 3(11) ■ 

we apply the ^property of .^multiplication 

to each of the indio|ted products 

to obtain (9 + ll-)3^^^ 9(3) + ( ) - 

And finally;, we also eee that 

9(3) ^ 11(3) - ( )3 . 



3(9 11) 



comHwtatlve 
(9 + 11)3 



ThQ four patterns are suimnarized below, . You will need to become 
familiar with all of them. 

3(9 + 11) = 3(9) + 3(11) ^ 
3(9) + 3(11) - 3(9 + -ll) 
(9 + 11)3 - 9(3) + 11(3) 
9(3) + 11(3) - (9 ^ 11)3 





Follow the 


pattern or any 


convenient form of the 




8i 


distributive property to 
12(3 + i+) - 12(_) + 12( 


cc^plete each example . 




82 


, 3( ) 


(7) - 3(5 + 7) 






8 3 


(3 + 11)2 


= ( ) + ( ) 






8U 




8 . (- + ) • 








£7(J) + 27 


(i) = 27( 

















3(5) ■+ 3(7) 
(3)2 + (11 )2 > 

s 

(7 + 6) . 8' 



Juot Ai:. thc^ assQoiative and cununutat i ve rro^ertleG ol addition and 
multiplication often maKO .^omputatioiu^ ;iir!;r.lcr, alkio the dlntrilutive 
rTOpei'ty Gometimco Ixohij un to 'jomputo ::;ore eatUl;.= , 




56 



Write .tin: ■: 



( you -fjil.'o L:.at , ^ ' . : ^ ' , .\ V ^ 



V-.; :i;av Iir:;t n-te that. 



(: 



Moiv Irnrornan! than ti.o.o aia:; t.o ::;eni-il :mn L : ; i ] on 

our aritllirietlc t..-h:.[iuo. K:>r .xai:;: i o , ■on.u.U.r t\., 
-u;::if-utat Ion -vr^tlu- ; r.Hi>;.a , 



X .. . 



K'i'- ^ art ■ Hr : 1 t 



i*, 13 ■ 

8(1,) ^ a(|) 



57 



(11 + 7) 



+ f{ l8) 



21 



3 

£0 + 3 

(so; 62 + (3)62 



;oo 
iOl 



i20)r.t 



(2:)>:,2 in niPi.i tl-K 



186 



A- y:;,-; uM.l t ana i/otl-ur th^ ntruatuj^-, the niunbur jy^tem^ as shovm 
Iv ; r^-^ortiu^Li o:' n':i:;l'^n'j , yju '/an c^O'j tho !.cloa:i behind the computational 



1 uy 



Iloro ai'-- iiuriK'i'i Ja : ;^:ranej. V;r:t" "iuj Cununon 

:u:j/o : ir: L-hii:: -ha; t,,,r I. :naia.: yn-.,r ahi acat.icau: oacy 



•(■•■) ;( 
;(V) ^ • 



£2 

£7 
70 
1£0 

2h 



EKLC 



■Lra = :-'.; vaa 
■ huiki ar at 



, t 1 : ■ I- 



a;:^^ -:oa'' 



ra^ Li:::'Lry imjior Lance 



Ail- 1 



ha;: an ^i-i-/'ifif,af :o "v-r I't 



P-y ^ f', unci divid- 



g(9 ^ 3) 



6 » ^ 

multiplv by. 

7(6 t- 2} 

dividt;- bi'_, 













■ri v: ji y 








2(3(7) 3) 


t.^. - . 











Th-- 



10 

I'l 

12 



Notioe that there ai*e 1 000 i;o:^ijlblc exercljo-:^ 
orif? ror dach ohoive ox' tin el.oniont ITo:n bht? r^^j'. G* 
Ii' v/e :^ta]::t: with the nuinl <.;r iTj v/hi-h in Li^ 
we haV'j ' 

Ins triict -tons Numeral 



Add 12 — 
Divide b^' j — - 



::(17) ^ 



Subtract H 



Here how wo mirht bind {.inj ^:ouuiX'Vi na:::o i'gr 



by ui;e oi' the ai Jtri bu tive pro: r;rtv^ 



(bV --H b) 



3(17)^ 
3(17)^-^ 12 

3 



3(17 ^ ^0 



17 



i'br Lb!;; exeruL.>.- Wu^ i t]:(: n.r-i- r \'i .:T ;:; J, Hi't.^-r 

luLbJwLri^: th^j i tiur:;.; ^ w-. ol:^:Mi:;^^d ;.ii.u];!- r rji' ^ -V. Wiiu!. Wuuia 

huvu har>i. oned ii^ v,\? mu "1 ;;eU-'JtL^u Jon;u ordiur :iu:;:i. -1' : J? Wou ] (i 0'.;r 

rei:u;t have b--r; / ■ >■ !;',;;M,er u.; :,bat v/ifii whi^'b ^.v- j t:.Lri.-.-d V un- va^^ 

LO J'irid ou*: W'OU ; J i i.- to ^:ei-^jt: eu>-h ::l^'^;b■JI' '^v' b i': \.'.vi\^ l.hu;^ v,-...i-l;ir., 
L Ob'!. J I >^o: ; , 

ir-r. K.i b :ub iNer an l-.-r way. lMb,i.=Lu: oi' W3^.::.i::;; a.^W!! th'-^ lai'ti 'i;.ai* 
n.):;d--r v,-.: ^ bjL u^ /u=;t reyr^•.u■^^ L by t.hrj .,:^:t;..r i^^, \::::''u [r< iJu: 
id L-cb- ! e L',-i'-%,;.b ' w-i^! 'hiunu e'.r" . 



! .0 



1000 



:;iu'. 111. Iv , ai: ; .iivi:ir.- 1;/ , and 

jur '.i-u ■ t, wQ v,-t-r'j ^ '■; Lh'ih wai;: no 

-t-j^-i* rr j:;; ;;u:, V'hl;i. 1.; (!, J = ODD j 



;:r;.a:;. 



domain 



/ ■■-L 1 ^.ori a:, or * 



Given the variable n whooi: dom/iin i:: (8,!;.^lfi], 
the only roc:;ibio vaLuei: .Vor tho riven open phraDua 



are : 



Va! 



6n 
n 



...TP, 



Find the po^jsible valuer o.:' Uheoe phfatjun ir the 
clornaln or n j u i::,^ ^ 10] . 

2(n._^ I) 



Ji). 



In ^ l)(n ^ ,) 



JB 



"Twice the Giim oi" t and 
which or thene ^:hrac}e;j : 



i-j indicated by 



cri -i or ■/( * t • ) ? 
In the p:ira:je t ^ j), v/e cal L ' 
Ito domain J;- undGrntood lo be the 



— > y^nee a domain wan not. oLherwiner ntated . 

It ^ 1- added to twice; n, and the num ir: 
^"^^^^'^^^^^^ ^"v J. the re:-uilt nMre:o.nne-| ]-y vhicri 
'"H^ tliO boilowin/; two r ::-ra;h;.; ; 



bn 



ilio demain ob the variat.ie in th^-- rliro: 
i]niior:jtood tc. ie the nLUnberi: ut 



0, i., 10 
48, 12, 108 



... .„ f 



3-' 3 11" 



3, 15 



2(t + 3) 

variable 
numbers of 



arltiir;"ieti^ 



A rhrano may .■ontain mort. then ono variable. In thic ::u:-v , tho nu„u.„r 
ror.ro sent 0:1 by th- phrftnt. herondn lu.on Lh, value auaLrmH to oanh variabio. 



2-k 







i i.; 1 


iC J: 


. ..... v:.:.,. 




( 


M ) = ::e 






'•A.I, 


( ' a = 












' :.71 ) ^ 

"f 







) 

\ 



EKLC 



rFiyrKUCt:: 



ana 



.;L-it-fu'e:: involve Mu- v-^- oT v.-rt-, Ir 
thv v.,-:- ,r/:nho!. " - " w!iiv:: ;::-:av:- ; o- 
may /lioO vv uv- j, l^, jr; v l ; j ar , w-;: 

Thu.; - ^ / ^ V ;.. a -t VV :v:,tVK • 



J^-u,-^'-- ' a v; o:' t 



a i Q\a^ we hnvc v^jod 
iCKv^ net. v-um!" or 



ralne 



— — 



'■• ^ ■< i . '.i X -.'-'i.- ■ Ti '^ : noli'.' I Mf 



•,:^Qni:Tiulative 



distrLbut.l¥t 




If you «j}iOse [A] you are ::orrcct; go to Itt>m 23 » Ii' you madD any 
othor choice J c-onllriu^ wit?i Item 17. 



ERIC 



^=1 



20 



^1 



prop'-r-i.;/ 



b lackboa:'d" J:; a iic-uitji — v ■o!:! alrilnr ninnl.x/r: , :t Li; 
:.u a ;Uin:v;rl' 'U I C^.'::Te:; 'l- It out;.: no'i :::aki; an 

'ill's I VI orno'/t '. • • i - , : i;: : l 1 a 



addit! on 



not 



"iiuv/ how \o ■■o::ipJ<.tr- 1 h^/ " :vi ai.c"-!::'. ; rr^, "A ;i:i::p-r 



ai :^'::n"t c-ib 



Ij\ i V/,. r L -a.i 



■ao i at i V..; aa 1 ■ i i ;:t. i- i ; u i ■ va ; = rapwrti^a; run be u. o;] 
■/ a:"-.' :"' aara: -; l:;,- a v-.-r';- :.;vai:jO I 



You L;hauld ravlew T+-inc 1-22 i2alL;;j3 you vhosc [ B] ^ v/hlc^h Ik the 



- ir iwV aa^ aav 
'.u. ; V/ 1 P;ua : ; 'li 



■.-'a];!at : (a. 




Ii" you ^^hOc;e I ' , or [ Bj you ura not thinklni: ccu^etully. You ^'aaiiot 
^iecida tha tjaith of the aaatance until ''h*-'' if Ldoal itie-a^ l^ie 
vfu^ labial -'x" may u&od la iraujii tha .:yjna way ni;. a jpronouri in 
En/aliah, [ C] fc -.urront. 



3-1 ^ f 

We say that yentenceL] such an 

and 



X ■- '( 



X + 5 / 5 

which contain variables, are open Bentencer;. The word '^open'' Ic sunRested by 
the fact that we cannot docicle whether they tu-c true clnce wc do not know what 
number x repreBents. 

In the same way, a^phrase like "^jx + 3" ^or "Tp + involving one or 

more variableE, is. called an open phrase ::ince wo do not know what nujnber is 
r e p r e s e n t e d b y s u c h a p h r a s e . 



The following is a list of sentem^es ajid phj^a.:cs. 
Identify whi^li aiH? open sentences, (OL:), open phi^asr-s ^ 
(OP), niUnerLca:] sentunues , (NS)^ or niunerical phrases, 
(NP), by|wrjtinc; Orb OP, NS or NP in the spaces 
provided I 



25 


7x ^ 12 


26 . 


-Y 1? 


£7 


^^x + > 2%^ 


28 


hy + q 


29 


s7 + 12 






31 






a + h ^ 7v 




Vi 


a + (b -f- 



jb 
^6 



In earl"! oi' t.hL^ i'oiJ.ov/ i or open sentences^ the I 'ii- ] i 
have ^^iven valissj. Toil yh^-Wj-v -a/b senteti'- b- 
tru" or itds'- ior tir ■ t:\vi-ji value:: of -Mi.; varbii'.i-s. 

7 ^ X - 12; Jot, V \r: e 



IT 



rue , .: ai 



"J 



7 K / 12; bb, 

y / i -l ; Je^ 
t- ^- ■ il; l-s! 



I e 



OS 
NS 
OS 
OP 
NP 
OS 
NS 

OP 
OB 



tsriie 

f also 
tinie 
ibil s^ 



/ 



YD ' 



=1 



ho 



\ 



'.;x : 2:\ :U't bo h 

airi y bo 



tX X be 



anti 



2a =. ; / (2a 4- U) ^ b; h^t a 

be and b be 

&a ^ \. / (?a f ^0 = b: let a 

be - and b bo 



faJ.se 
raise 



J-ji l^bs.' abov'.- [)robi':';;: it wai; eany to dovji.cio wbi-thei^ oi' not tl:- nentencje 
T wa:; in;.- :or i hv' r\-^'\\ vaLaer: oi^ the v-u'iab 1 r-- . 

%\ ^jupi . • we art: riv!;n aii open rentence aiuj the domain oT the vai-lable. 

How nhail we ^'lernuno tlie vuImo:-, ib^any^ of thie varMable that will mal^o the 
;:entcaVe M^ue? One wa;/ would :e to ?ajef;:^ variour nunibern until we hit on a 
"t.nttb" rrunlei'. However, art-er a IM ret ^njea;^; a bit oi' thlnk^Lnn eoulci j^ultie 
u e , 



CofiL^idJr Uie open L;onter-ic^ *'2x t 11 - 28.'^ Wo will 
* :'y U) ";:uO:e.:"' a vh.Iul: ot^ x 1 a;7- e enou/^h co tiiat 
;.'v J ; j o i:reatt-r than ?^ . ^ 

It we let X b^ 9, then ^x + 11 li: the iiaine a:: 
; ! , or^ 29. 



2( 0 - . 
be' 

ib't X, 



thaii 2d , li' we trv ^ 



(^■^I'eate [• ^ cmaLler j 

iJ i?- ibe tjajne a:v ^^(3) t 11^ or 27. 

■at^ ! na't - Is tc-o ^;ma! i , 



Tbv e--Xt :0"e w.n,:i e'.; to t r'y a auinner hetwe 



; ■ a ^ an f 



}y w^" :;a'/' • ' iv 



r 



si 



gS 

true 



3-1 



kB 



We can say that the open sentence ax + 11 ^. 28 ii 

true if X Is 

(what number) 



"1= 



4 



k9 


Do you- think 


there are 


other valiies ol' x which would make the open 




sentence gx 


+ 11 = s8 


true? 




[A] Yes ' 








[B] No 







r 



tt you try nmbera greater thm si^ you will always get a number ] 

greater than 2{8i) + 11, m% a(B|) + 11 is another name for 28. 
^ i 1 * 

. If you try numbers less th^ Sj^ you will always get a number less 

than 2(Sg) + 11 or less than ^ere cmn be only one "truth*' 

iiumber for t^U open; sentence* [1] is oorrect. 



For some special upen sentences we may be able to avoid the guessing 
process. Recall that we know that ^ 

" (23^)(^78) = (m)(2^h) 

is a true sentence without multiplying, since this is an instance^ of the of 
the commutative pi'operty of multiplication. 
In the sar e wayj 

3(ni + U ) x: +1? 

Is a true sentence, no matter what number m represents, since this is an 
instance of the distributive- p'ropf^rty. 

In the following set of exercises, determine what numbers, if any, will 
make each oi\ the following opeh sentences true.- You ma:/ work tiiese on 
practice paper by the method used above, tut record only the ''truth nujnbers" 
on your response sheet, ' ^ 



Op f-.? I "1 0 e n t e n c e 






Value( s 


) of "the 


/aiM able 








1^0?' will 


■h the sc 
is trti'.' 


itence 



kx 



Ik 



k 

10 
k 

Ik 



3-1 



56 


s + J. ^= d + 2 


( 


57 


t + 3 - 3 + t 




58 


.t + 2t / 2^ + 




59 


fx + 1)2 ^ 2x 


+ 



bO 



no nujnbers 
all numbers 
all mim'bers 
no number a 



Wl'iich of the follow Ils a true Dtatement? 

[ A ] Ev e ry open o e n t e nc e has- &tily o ni v alue o f the v ar i ab 1 € wh L o h makcj g 
it true. . . 

9- 

[ B] Every open sentf^ice hag mariy values of the variable which make 
it true, ' « 

[C] An open sentence may have .one value of the va2""iable , no values of 
the V ai^ i ab 1 e ^ or many v al u e oV the v ai^ I. ab 1 e which mak e .it t r u e , 



Exaniine ItemB 55? ari^ 57. You will see that [C] is the 

correct regpoftse. 



Recall that means "x multiplied by x" oi" "x ' x" and is read 

as "x squared", x"" m_ay alBO occvir in an open sentence. 

From tiie set of numbei's oi" aiuthmQtlc find values of the vai'iablep which 
make the followi. n^j open sentences t2^uc, A^^ain recoj'd^only the tjnj.th ni4mbero 
on youi' answci' sheet. 



61 



6h 

67 
63 
6 J 
70 



Open Setitenoe 



U ^ K ' ^ 0 
= '.'X -'- 0 

i 

X + 2 - J 
(x = 1)^ h. 

h ^ 

>r -I- f ^ 
7 + X ^ 



^- 0 



Value(s) of the vai'iable 
for which the. sentence 
is time . 



i;d 
5,-o. 

7 . - 

no nymbtrs of 
arithmetic 



no ^numbers of 
ajrlttaatie' 



3-1 



You may have bean ten^ted to. respond "-4" to 



Remember that 



we arm conaiderlng only nmnbers of w^lthmetic. In ChaptlBPwe shall see how 
we may extend our notion of "numbers" to include such numbers as "^U", 
♦ A number of interest to us later is a value of x for which "x^ = 2" 
is a^^^e sentence. We call this number the square root of and write 

it Vl.' Later you will find that ^ is the coordinate of a point on the 
number iine. Approximately where on the number line would it lie? 



71 



73 



Let UB try to guess a "truth number" for the open 
sentence ^ Since {if is less than 2, and 
(a) is greater than we might try 1.5. 

(1.5)^ - 



Sin^e (1,5)^ -is gre.ater than =2, suppose we. next 
try l,if for x. " 

which is less thane 

(^•^)'' is very close to 2, however, so the point 
corresponding to vf would he very near the point 
corresponding to .' on the number line'. 



( 



1*96 



1*4 



3-2. ^uth Sets of ^en Sentences ^ 

Let the domain of the variable in the open ^t-ntence 

i 

3 + X ^ 7 

be the set of all numbers of arithmetic. If we opccify that x has . a pai< 
ticular value, then the resultlfic ^sentence will be n miineriGal Eentence which 
is either true or false. 



7k 



.1 

2 

3 
k 

5 



- - ■ W- — 
Con^lete the following table based on the open sentence 

3 + X - 7. (This is similar to the exercises In 3-1,) 
If X is the sentence 



3 + 0 - 7 

3 + - 7 

3.i = 7 

3 + 2-7 

3 + ^-7 

3 + - 7 



false 
false 

false 

false 



1 



We can see that the open , sentence "j + x = 7" can be thought of as a 
" sorter " i the elements of the domain are sorted into two subsets, One of 
, these subsets is the set of all numbers of the domain which make the result- 



7 



ing numerical sentence ii^ue* Tlie other subset is the set of all those members 



of the domain which make ttie sentence false. In the example we are consider- 
ing j is a membei^ of tiie first subset and 0^ 1, 2^ 6 all belong to the 



i^eCQnd subset. , 

II" we stai't with any open sentence and any giY^ dom_ain; the open sentence 

will al way s ac t a s a s o r te i" , s o r t i ng t h e d oma i n 1 n t o t wo s u b s e t s , 

t 

Definition , The truth set of an open sentence in one variable 
i c t h ' j c t' 1 of all nuin b G r s f r o m_ the domain of the v ar i ab 1 e 
which make the sentent'e true. 



1.0 
li 



Te y t wh tj t r o i' nut t hf p I v e n n i-imb e r is a memb e r 0 1 " t h* 
1 2 ij t n ^ 3 S> t . o f t h £3 i V e n open s e n t e n > ' e , 

For the L;Bf]t£*nce the riumbi?:" lonfr,^^ to the truth set 



10 + X I^? , . 



yes 



yes , 

yes 

no 

no *^ 
yes ' i 
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We see that if is tho only number which makes 5 + x - 7 true, Hence, 
the truth yet of j + x - 7 Is (4). 

It may happen that the tnith net may contain more than one member: in 
l^act, every element ol' the domain may be in the truth net. For example^ we 
have neon that ';(n =h }\) -^n + 12 is true for all niiinberc of ai^ithmetlc. 



12 
Ij 
Ih 

Vj 
16 



^ e n ■ r. n tag ? > 



<ix ^^^j) - 17 

- (hx - ■ ) .-^0 

^^y - y + 

x(x + 1) ^ :,x 

: + X . 7 



daj Tiain 
{0,l,.y| 

10,1,2] 



#truAh set 



■3- , 

(0,2) : 

i 



In Itejn 16, the truth cot wac. 0 bef:au::o the ^ doniain of tiie variable did 

not int-:iude It in not dirfioiilt to wi'ite an open rente no e havin^'^ 0 as 

itti ti-uth set even thout^h XhQ domain ol' 11 le vai'lahlr I4: the ^et of all 

riujTibe 1 ' s o I ' i t rune 1 1 c , ^" . ' 



Fill in the blaiiivs so that .eauli of' tlic followinf^ open sGntences hac 
for its truth -et. 

^ (P) X + ^ X + ^ ■ 

(0) x^ + 



-- 0 



Wliis'h of the altei-imiveL- be; low is corj'cct? ( Remernbei' the domain Is the 
set of numbers ot^ arithmetic,) . 

f ' • 

[A] In (P) ULiC any nmnber except ^ ^^id In ^ Q) any munber except 0* 

[B] In (P) use aiiy nimibes except ^[-^ ai^d in (Q) use 0, 
[C| In (P) use anv nu:nber and in ( Q) use any tiiunbeiu 



In (P)j if we use BZiy number except 5 , the reGulting sentence • 

will have truth set 0. In (qX, if we use 0^ we have + 0 ^ 0. 

The truth set of this Bentence is [0), 'itie only correct choice 
is [A].— ' " 
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22 
23 



Let the domain of the variable in each ^ the follow- 
ing be the set of all numbers of arithmetic. Find the 
tr^ith set for each open sentefice 



18 


n - 


5 


-7 


19 


2n 


- 5 


- 7 


20 


3n 


- 5 


- 7 


21 


3n 


- 5 


- 7 




2n + lU ^ 2(n 1^ 7) 
2n + 1^4^ s n + 7 



am 



set of all num-= 
hBTB of ari^meti3 



Many formulas used in science and "business are in the form of open sen- 
tences in several v^^lables. F.ms^K ample ^ the formula V = ifih is used to . 
find the volume of a cone* The variable h represents the number of units 
in the height of a cone; B represents the number of square units in the 
base of this conei V represents the number of cubic units In the volume. 
When values aj"e specified for all but one of the vai'lables in such a formula^ 
resulting open sentence contains one remaining variable. iTien the truth 
set of this sentence gives inf oi^matlon about the value of this vai'iablei 



2k 


- In the formula V 




i f we want bui open sentence 


containing h as 




the only vai^lable 


for whi 


it vai'lables must we specify 


values? 




i^^A] V 


and B 


[B] V, B, and h 





If B h vere all specified^ the re suiting sentence would 

not be an open, sentence. You should have selected [A]* 



Let us consider a paj^tlcular cone whose volume is 66 cubic feet and the 
are a o f who s e b a s els 3 J s '1 i-i ^ feet* We use t li 1 s 1 n f o rm at ion to f o I'm the 
open sentence / 



1 



(■3)h. 



It li) nut. dlt'flcult to determine that the truth set of this centence is (6), 

Thus wtj'are atile to conclude that the height of this paj-tlcular cone is 

6 feet., . a 
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Here are some more problems involving the use hf foilmilas. For each 
problem write the appropriate open sentence, find the correEponding truth set, 
and then determine the answer to the question asked. The correct answers are 
on page ill. 



25. The forniula used to change a temperature F measured in degreee 
Fahrenheit to the correspond Ing temperature C In degrees Centigrade i 

"* • ■ C = |(F . iS). 

Find the value of C when F is 86. 

26, Th© formula used to compute ^imgle interest Ir. 

where i is. the numberof dollars of interest, p is the number of 
dollars of principal, /r is the interest rate, aud t is t* number 
of years. Find the value of t when i is 120, r is 0.0^4, and 
p is 1000. 

37. A formula used in physics to rel^e pressure and volume of a given 
amount of a ..gas at constant terr^erature is 

pv ^ PV, 

where^ V is the number of cubic units of volume at P units of 
pressure and v is the number of cubic units of volume at p units of 
, pressure. Find the value of V when v is\ 60C . P is 7^ and 
P is 13. , ^ 

'3^ The formula for the area of a trapezoid is 

where A is the number of iiquose units inutile :u^ea, B is the number" 
Of units in the one base, b is th.^ number- of units in the other base, 
h is the niimbor of units in the heirhi:. Find the. value of B 



whun A is ^^^O, b .Is k. and h 1: 



?8 



3-2 



' The graph of a set S of numbers, it will be recalled^ is the set of 
alii points on the niimber line whose coordinates ^e the members of euid 
onJ^r those points. Let us review some exan^les* 



(1) A . (0,2 1}. 



I E i 4 



Its graph is indicated 'hy heavy dots 
at the points whose cooi Jinates ajre 
0, £, and 1, 



J L 



i 



2 3 4 



(2) B is the "set of all numbers of ^ithmetic except 3^ I^s graph is 

* showTi by a heavy line which begins at 

the point whose coordinate is 0 with 
a heavy, dot^ omits the point with 
coordinate 3j and continues to the 
right with an arrow. The arrow indi- 
cates that all the points to the right are on the graph. We use an 
o^en circle at the point whose coordinate is 3 ^o indicate that 
3 is not included in the set* 

(3) The set C is the null set, f 



< i ' 



3 4 



"Its graph has no points m^ked 
on the number ^ne as there are no 
elements in the null set* 



Since we can graph any set of numbers ^ in particular we can graph the 
truth sets of open sentences. 





Complete 


the followin|T tatle, 








Sentence 


Truth Set 


Graph 




29 


X =^ 2 


V 


i_ i i 1 1 


4 


30 


X / 1 


fei-ll numbers oi" 
arlthmctir except 1 


d 1 1 1 4 


S 










jl 
















5 i t 1 4 


■ 


j2 


y(y + 1) 




















2x + 1-2 


(x + 1) 


i 1 i i 1 


1 








9 1114 


i 








30 





£2} 

all nuDibero of 
ia^i^Uimetic * 



0,2) 




d I a 1 4 » 



11 j»S 



Which orapH Is incorreL't ? 
Sentence^* 



[A] (x - t)(x ^ h] 




0 



5 



O 
I 



Graph of Truth Set 

i \ i— A — 

12 3 4 5 

J—J ^ > 1 



0 I 

1 L 



3 4 



J L 



I 



3 4 



' ' ' 



I a 3 4a 



^lie truth set of (x ^ l)(x ^ 4) . 0 la {1,1,). The ■ trutt^set 

I - K is {3}, Rie truth set of 3x + 1* / 13 is the set of 
all nmbers of arithmetic except 3, ^e truth set of 

+ x) 4 (x + 3) ^ ^ + 7 is the set of all nmnbere of arlth^ 
metic. TheTBtor^, the only Incofrect graph is that of [c]. If 
you selected [c], you should begin Section 3^3 unless you desire 
more practice. 



H^re are s 



38- 

hi. 
kh . 



Liomt^ more practice probli 



Stat- the truth set and draw its graph for each of the following open 
sentences. (Mnwers are niven on page iii j 



ntence 



Truth Set 



Graph 



; - 7 
X + 3 
/ 2x 



5 / 3n + 1 

y(i) / y 
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3-3* Sentences Involving Inequfidltigs 
, — . . ^ 

If we think of two different numbers "^of arithmetic, we are alw^s able 
to say that one of the ninnbers is less than the other. Thus, of h and 9, 
if is less thffi 9; of and ^ is l^ss th&n ^, etc. 





For each of the following pairs of numbers, determine 






which i's less than the other * ^ 




1 


1.2, 2.1 

* 




n 




.ok 


^* 


.001, .002 


♦ 001 


h 


0.9, 1 






1 1 

12 ^ ' 


1 ^ ' 

12 




We have a mathematical n.^Tnbol to expvesE this relationship between 


dir 


ferent niijnbers: we write "I.J < 1^2" aiid read thiy 


"la is less 


than 1.2". We may also wiMte " 1 , £ >1.1" mui read this 


as "1,2 is 


ere 


ater than 1.1". 






riot -that in a true senteiice the point of 'the s;yTnbol 


">" (the small 




) iij dlreotod towaj^d the smaller of tlie two number 






- + 7 ^ h 'J is a true sentfj'nr.'e , 






oLrice ■ X 0 ii: anotiu^r name Tor 0^ Hne centenee 






( X 0) ■ U: . 


true 




i > (2 X 0) 1.. 

(tru.,laluv) 


true 




j i . . ^' 


false 








iO 

-1 1 


" \ " :, r-va i 


not 

not leoE than 



12 

Ij 
Ih 

16 
17 
18 



^^^^ whether the roUowInn uentonce^ arc truo or Taloe 
+ j < J + )t 

D + 0 ^ I, ' 

1(8 . < K 8) . (ixk) 



false 

true 

true 

true 

false 

f al^e 

false 



We know that 8 < la. jf we inn^f^ ^„ _ . , , _ 

XI we ioLBte on a number line two points havin.^ 

coordinates 8 and 12, we notice that the point wLth coordinate 8 i.'^ 
to the left of the point with coordinate 12, 



19 



20 



Th^ point with coordinate 5 is to the 
the point with coordinate 9. 

Locate points with coordinates | and 
number corresponds to the point- fai'ther to the 
left? 



of 



Which 



left 



In general, the lesser of two numbers will correspond 
to the point to the of the ot^her. 

-'^ = is^ia true senteyje. 




to the 



the point 



2.2 



left 



left 



We may inter^t 8 < 12 as meaning that tho point with coordinate 
IS to the l^t of the point with coordinate 12. 

Recaii4g Section .U, we may indicate additior: and subtraction on a 
number lir-"- 



1 B 


[_ 4 




^ ' ' » J 1 ' ' 


i 1 > J 




^ i i • 4 i 1 7 1 


k • » ii i 


t — ^ — — ^ 0 t 
1 II 14 



' i ■ < ■ 



I 114 • • 7 • f 10 II U II 14 



9 



2h 

25 
26 



a < 12 and 8 _+ 

12 > 8 and .12 - 

2.2 < I and 2.2 + O.j 

^ > i and 



= 12. 
= 8. 



1 1 

1 ^ V 



I 01- 2.5 ; 

3 - 
t 



The Ideas suggested by Items 2^-27 will be developed at greater length 
in later chapters. ' ^ - - ■ ' % 



&3 
29 



(greater, lesB) £^ 



£.39 is to the 

number line. 
2,j9 - = 



of l.^-'Sn the 

(left, right) 



1.08. 



greater 
right 

1.31 



Indicate whic^h of the following sentences are ^ true 
and which ai^e false. 



31 

32 



ia 



2 - 



true 
false 

false 

true 

false 



JiL^t thcT'p^ ai-c open LjentenceL; contain in(3 the verb syTribols " - and 
'■/'", th'-'re rir.-^ Open i^entcncGG containing: the verb Gymbols " < "^"^ and 

X .f- £ .> U; an opcti :;culcnt^e Lecaui^c we cannot ijcclde whether it is 
XVMr or fali^s:;. 



'Viii: op-n ^. ntic.ct; X +V >\ ic rcuM , ''the l^ujii of the 

ftiirnhp^r X. anc the number 2 ic thanf k'\ 

Thu- opk'U cfciten ^c x + 2 l^^ i-cad^'-'the r^imi oi' the 

nimibcr x a^^U the nimiber 2 i^ thaii the 

niuT^bcr . 




3-3 



EKLC 



38 

3'J 
hi 



Corioider the opMi Gentcnce x + 2 > 6. Since 
'j + 2 .7, 7 is greater than 6, .5 is a 

mLrnbcr oi" the cct oV the open sentence, 

X + 2'> 6. . ^ • 

' — ^ a member or the truth i;:et of x + 2 > 6 

( i c , j c; noTT 

bceauco J + p ^^ and io ^han 6. 

Mileh elements of the set (0,1,3,^6,7) are members 
of the truth Get of x + 1 < 5 ? 



'truth 



is not 



( 



less 



1/ 3 



Ju.t a. in'Kn^lioh a .cr:tonce UK. "Bill .au^ht the ball" is called a 
.xmpie centence, ^n mathcmati.. a .entente like . . 2>h i. called a simple 
^^enten.o. Simple sentences are sentences eontaininc only one verb form. 
A -irr^r^i^ sentcnoo ^volviiir^ ■• -■ - 



A clmplc seritcnoo L^volvinr the syinbol 

i^rh j'orm Im _ 

'''^ (greater Giaii" i:; --ali.-d an Inr-guality . 



is often called an equation. 



A .Imple .;cnt.e„e.e In whi.h the verb I'orm involve, the Idea or" "is le-^ than" 



k2 



^Itate whirh or the CoUowinc ai-e inerMialLtu 
ar'e equations. 

2x H - ■[ 



-jnd 'which 



X + 1 < - 
X + [j > 0 



equation 

inequality 

inequality 



Th. r.:n:air.,ler of U.X, ,crtlou will be devoted .hiofly to finding and ' 
Crot^hinn the truth sets 01 open sonten-es involvin,: L:.c.jualities. ^ 

How do we rind U.. tr:;1h sot of an opon sentence sueh as x + 2 > 1. ^ 



.Aippose X is creator thanv 2, For- example, i 
. ^, then X + 2 bQcory[^ + 2, or , 



( is greater than, is lesi^ \.h^{ 
^ is -3, th'-n X f- 2 i 
If X i:: 



then X 2 



It 



IS thetj' :/ -f- 2 1; 



or 10, 



. wnich ir 



i^uvator than . 

In r.^neral, ir x ] any nur^her- rreatrr th^ 

then X + 2 > U i 

- ' i - ^ sentonc^ei 




is greater than 



true 



3-3 



h9 
50 

52 
•53 



Syppose X. is leSs than 2. If x is 1, then 
X + 2 becomes .3> and 3 Ij., .. 

If X ^3 |, X + 2,> if is a ' sentence. 

(true, false) 

If X is O,^"- then *x +2 is 0+2 or 2. If is 
certainly true that' 2- - ' k 

In general, if x is ^ nuifiber less than 2, 'then, 

X + 2 > k is a - sentence. ' 

(true^f alse) 

r 

If X is 2, the sentence x + 2 > ij- is 

(true, false) 

Thus, 2 is not in the truth set of x + -2 > 4. 




false *^ 



Every number greater than 2 makes the sentence "x + 2 > l^" trufe 
white -2 or any nmnber less than* 2 makes it false. ^Hiat is,, the truth 
_set of the sentence -"x + 2 >>" .is the set of all nuj^bers' g'^eater than 2. 
'The graph of this trtith set is the set of all points on ihe number line whose 
coordinates are greater than 2. The graph would look like this: 



J L 



I I I 



0 12 3 4 5 6 

Recall that the open dot at the. point with coordinate 2. indicktes that 2 ' 
is not in the truth set, w^ile the heavy ' line^ and the arrowhead indicate that 
the coordinates of all points to the right of this point are elements of the 
truth set . > ' 

A;, another example, consider the inequality 1 + x <'l4. When x is 3, 
'^•'^^ ^Q. or any number ^qual to or greater % an 3, 

then X i.^ lees' than h. V/hen x is any number less ^than 3, then 

i X ^ h i'3 tri:o. Do you a^^i^ee? Tort this fo2' seme numbers less thart 



^5 



Tr.c ^.-ijth Gcl 01' 1 -f X h is the ^et of all number- 
of ai'ithmetic from 0 to .3, incluJinc 0, but 

( ino ha.i ; ur , nox inclu'lir.n-) - 

llie graph of the truth set of I + x < 1| is dravn 



with 



(ah^pen dot^alieavy dot) 



at 



since 



is -not in the truth set. 



not including 



M open dot 



65 



The graph of the truth set of 1 +''X < Lb 

i i' I * i — ^ . 



56 



« 58 

* 

I 



In which of the f olio vl tig does th« graph correctly 
represent the truth ' sfet^ of t^e open sentence? 



'2 + K <■ ^' 



X > 1 



I h i . I U 

12 3 4 5 



TyesTr 



J L 



0 h 



1 5 4 



0 I 2 3 4 5 



-J L 

O I 



J_ L 



O L I 



i-ir 



yea 







h of 


le followirif^ opfc^n 


sentences correctly 




c 




<]e@c 


ribes 1 


-hie t^raph? 


J — i i r 1 1 










0 1 


2 5 4 5 6 








% ^ 


V, X ^1 
















jm^i pra.'tio^j probl 


e m G in Iz r ap h i no t r t h c 


ets of 


e q u a 1 1 0 n s and 


Iner 


iialit 






5 ai'e on paf-"e ill. 







70. 



+ y < 



86 



97 



x(:.: . £) ' 



ERIC 



Thus far in this section^ the doirfain for^ x has been^the^et of all the' = 
.nujiibers of arithmeme , Let us consider a prohlWm where the domain 1% a finiti 
set. '= ... 
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If the domain of x 


i s 


(0 




2. 3,/+, 5) 


which . 5f the 


following is the correct 


Sr 


aph 


of the 


truth set of - 


X + 3 < Si 
























A. 1 ' ' 




1 








0 1 2 


"4- 






€ 
















S 


4 


5 


6 




Gi^aph B is the^ gi'aph of 


a/ 


'an 




set. 


— / 








(finite 


5 inl'initel 



i' - 

finite 



3-^- Compound Sentences 

All the sentences discussed so far have been simple sentence ss That is, 
they have contained only one verb fonn* Let us consider a sentence such as* 

^-^ + 1 - 5 ■ and ^6+2-8. ■ . 

Your 1' 1 r s-t i mpr e s s io n may b e ^ t h^t . we" h ave i 1 1 e n two s e nt e nc e s , But aciu al ly 
the sentence is one con^3ound se^ntence^ with Hhe connective and between twq 
c 1 au s e s . In mat he mat i c s , as well as i n - fiigl i sh , we e n c oun t e r s en t en c e s whVc h 
ai'e compounded out of simple sentences*' . ' 



Select the compound son ten 


ces 


from, trie 


rollowi n^' : 




M. ""^{[j + 


2) 


and h(b 


^ i) ^ 




IL h > 3 


ail' 


1 > h 






P. 2 > 3 




J M 4 






[Al M^""" [B] N 


[ t 


N %Ti(.\ 


P [D] filJ 


ul' tht'm 


The correct choice' is 


\c] 




'5 + 0} aiid k(6 




sentence j siiace there 


is 


no verb i 


;orm, (b) and (p 


) ai*e con^dund 


sentences* {M) might 


be 


called a 


compoimd phrase? 




















J- 





Indieate whkc-h of tlie foXlowing are compound sentence 

i ^ XyJitnoT 

5 + 7 and I, ^ k f S _____ 

^ ^ - 7 ^ 4 ' - * 
5 + (3 + 7)^and :.(2 + l) 



no 

yes 

yes 



Th^L t2\{^li^\\ a^iiteiicOj "Maz^y eaJTieci lunbrella and John wore .a rainco 
ie true only ^li' both ciaugef" on tin.ie , Tliat it'.^ the corr^ounri sentence is true 
only ir actually cai^ried an imibi^ella anU John actually wore a raincoat, 

^ In othci' word:: the .senten.'e is ijalL^u il" either clai^e Ir raise. 



^enten'^^et; below li: trut 
1 A ] b + 1 ^ 5 , and f 
Bi = + h anc5 - 

: n / 1^ and ; 



/ 1 



In the compoimd sentence "6 + 1 / 5 and > 2 + ^i^"' the second 
elaiige is false. In "3 1 ^ 6 and. 3 + ^1 / 5'' both clauses 
-ai'e true, whJ.le^an ''6 - 5 4 1 ^ 2 ^" both Glauses are 

false. Hence^ only the compouiid sentence in f B] is trrie, \ 



tru^ 




tinje 



both 



false" 



9bi f 
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sr.. a compound L^^ntence^ KiCh, the corme^xive ''ann'[ U tru- 1:' ull 



l^ 

16 

17 
1^ 



true an(i whl-::h oi^j rri:>;^"/x " ' ' ' ■' ^ 



> + 2 ana '+ ; j . 



11 



true 



false 
triie ^ 

false ■ 
true • 



now -on::ir:-r thU L:onleu^-et 1. + 1 - ^\ or \ ^' y. ^IM - . I j muit-iPr 
L;/p- oi *.-ompouna oenton-e . ono witn ^f:^. /■onn.j^.^t Lve or. Htf-re we ^rniH^t be- very 
-arerul. V/lill- the rncaiiinr o:' ''luhi'' in Kiii; .i Uw'; ■j[e-;Lr, tlr/. wor.i "or" 1:, 



. woT'J .or iu J 



I ^'Enj^^lljirrriay re luoJ to .row tw^ u:rrL.rO-:l ;a--a:ilr-:r . Ir we ya" 

will w:n the pennant or the Irr:i:an.\ will win llu^ p..nuilnV\ im^aii that, 
exactly one win win. ir wc jay, '*Th'. >Mur? pr-ri -ert -u.:t l:o a*KOOn rtuaont 
or he r-Ui^t p ; ay r^otbai:^ :i po^rihie that L-. -iVhl be botn J^no'i .-tii :ent 
ai-i-F a i^ootlali riay-r. ■ ' ' ■ ..^ ■■ 

We eUrnlnut^' tnic ^loui mcariny hor tn^- "or" In -nai l;e::;at 1- hy ^i.;re-ei;Ly 
tf.at, unit::-- Jthoi^ine .;tn.ic J , a -c-:pounn .n■nt^■n 'e wM.r th^/ con!r.-.-t Ive "or"' 
^ ^'-eM :' c^n^. on rioTc; o:' It ■ ai,/er [;■ 1 rn^'n 



i O!-;^; Dr r.o rc. . 



whtn th'-v 



i ^i.^ ra 1 ■ ^ ;n 
t nr; ^o:-.::-' • r ^ v 



If..: : -y ■ 



(i - i-. ^ ah n) 



true 
false 



true 
trau? 



■ i 

2h 

25 

26 ■ 

'27 

28 



3 < a + 2 " and 7 > 6 +. 2 



mid 7 < 2 +^ 



Ctrue^ falsi) 



3 < 2 + 2 or 7 > 6:+Vl 



U ^ i + J or 7 < 2 + 
. .2 2 



, true. 

V * 

false ^ 
falie 



■A compoiind sBhtBnte*vX%h the ^corinectiye "oj"" is 'false, only if 
f B] all the.4:lauses are^ false/ . 



Since the eo^du^d sentence with tbe. cOim^ctiTe ^ is true if onB.^ 
OBV apre of ItE clauses is true^ m cannot' be *sure.'^ that it. is false 
if 'Si^ )mo^ onl^ that -at_ least Qtm .ot lie clmus^e is false* '. 
[Bl iS' correct* ^ ^ ' * ^ ^ ' 

I. • In the table that iOllows you .sj^e given (a) whether_ Clause 1 is true 
OT false^' (b) the cannective to be used^ (c) whether Clause 2 is frue 

or faJLs^. / Determine whether each resulting eompound' sentence is true or. 





(a) 


(T) 


■(c) 




Clause 


1 Connective 


Ciause 




-TRUE . 


i 

and 


■ TRUE 




TRUE 


■ind 


FALSE 


31' 


FAI£E 


and 


TRUE 




FAL£E 


and 


FALSE 




TRUE 


or 


TRUE 




TRUE 


or 


FALCE 




F/iL^HE 


Oi' 






FALSE 




FAirE 




Let us 


summar i : 










with ^. ri'.. 

It ; - r- 



itence 



(tiue J f al St 



with 1/1 



^ ■11 ve ISV \ : 
-■live Oh 
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true 

false 

falsfe 

false 

true 

true 

true 

false 

jnJy if 



:}0 



all of its clauses, are false. It is true if any clause is true. 

Items 29 ^d. 30, takfefi together^ lead to thf following dbservation, 
vhieh is of import,anc© later: if we know that the con^'Oiind sta^tementj 

"Clause 1 or^ause^'^ 

is true, and if^we also know that Clause 1 is false, we may conclude that 
Clause 2 must be true* ' . f .. 



37 



kO 

h2 



^ ' . X ^ 2 or X > 2. 

This sentence will he true if ^x ' has a value which 
makes either clause . ' ■, 

Thus, the trulh set of ''x ^ 2 or x l> 2" ^ is 
the of the tn;th' set of "x - 2" and the 

truth set of ''x > 

The truth set of x- ^ 2 is . 



,T>ie truth set of x > ^ ir the set of numbers 
which are . 

Therefore, the truth s^it of , ''x : 2 and x > 2" is 
the set con*sistin^ oi' the numbei^ and iill 

numbers than 2, 



graater tban S 



greater 



Tfie t;raph oi' th*; trutii set o: 



=J \ ^ 



1 I 



0 I 2 14 5 6 

Thti =rraph o:' tho truth l-^i oi 



^ I 1 



2 3 4 5 6 



L'ini'o 3. rraph ot 'he tmln s-n ot ^a:; C|;en seritence is u sut o:' poihts, wc^ 

rnav st^itc liiat In': ."sapn cf " h-. tr^':j. ^ gr x J' is ■ uiiiori 

at the ri^-tp^i'-^ wf ^ho* tr'nth /^:ls ct In^ :.^;piu^ate •l-iuses. Thus, the ^^rnpn sf 
the trntn set ot '^x - d or X ^ ^"•Ms'' 



0 I Z 3 4 5 6 



Thm graph of the truth set of v < . ig 



« t 14 a f T 

Thr crapli or the truth ^.ot or x >^ iij 

J-lj 1 f I 



2 14 S i ~ 



kKt^^JXh^-reVor^, -the rr 



Craph of the truth, rot of x < 



or X > Ig 



o i a i 4 



5 @ 7 



see answer 
below 



see aiiswer 
below 



below . 



It haj required many wordG, -arefully chosen, to describe the various 
oomR jf ior,.- amon,- open L/onterR-er. trutji -ot^, aiKi ri'apns. We have congiGtently 
referred to the ^'^raph of tiie trutli ^.et of an open .sentence". In the future, 
let u^ a^ree to shorten thin phru^e to itv: '^-raph or a :^entence". 



Aji^oh aentonce for ilie rraph^fcaB^^^^— ^^^^ 



5 6 



^^n*' rraph of th*: open jentenoe 
i: . 

T}:e nraph Of tht^ oper ;>:-hten'--e 
is . 

* 

Tl:e ^^I'aph of the open centen-.-e 



1 o: 



T'bj"' =;raph o:" ^'yv- oper; :.:entenee 



X < 2 or 

X > 3 




' ' ' I .4 ■ ■ 

« 1 t i 4 • • 
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«■ 












i 










Write 


an open 


sentence 


for 


each of the following graphs: 


51 


J 


_l * 1 


-1—4 — L 




^. 

*i ^ ^ ^ or 




0 


1 a 


3 4 5 

S 

') "■ 


6 


7 


52 










^^^^^ or X s 6 03| 




0 


1 a 


3 4 5 


i 


7 


53 














0 


1 a 


1 #\ 5^ 


i 


7 



X < ^* or X ^ 6 
' ar X > 6 



^ < 4 or X > 6 



Instead of wi^iting the confound open SBptence^ "x > 2 or x 2"^ we 
shaJ^use an abbreviations "x X 2% which la read, is greater thar^^or 

equal to 2^'. Similarly, the symbol < is read,, "is less tnan or equal to"\ 



5^ 



J J 



We may write x < 5 or x ^ ^ 
X > 3 is read, is 



We may write , x ^ or x > = as 



X ^ 5 ^ ^ 

X is lese 
or equal to 3 



Oi^e further remai-k ma^^ be made. We have introdueed the symbols ^ 
^% Do you see how these symbols are related to cori^ound sentences inVolving 
inequality? - ^ 



57 



X f ( me.aris the same 



7 or X > 7" may be written as 



X > 7 means the sa 



ame as 



X #-7 



Remember : 



• > 4 1- a compuuiH] open ;?ent(-n-e having two clausec 

: > ujui X - ^ ir n compounf-i open nentenf^e with 
three c Lauren* 



o 

ERIC 
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^Ite an open sentence for each of the following graphs I 
i I i ■ ■ 1 K < 2 or K 



1 i, 3 4 ft 7 



1 4 I • 



< 2 or X > 5' 



X < 2 oy X ^> 5 



X < 9 oT X > 5 \ 



• £q lor we have considered, only ft lie graphs of truth sets of compound open 
sentenc^^ with the connecti\^e "or''^ Now we sMll study the gra^hs^ of confound 
open sentences with the connective "and". Sentences such as k ^ and x s 5 
offer no difficulty. ' ' ' - ' 



6L 



6(- 



Y0\ 



We r^ee all . that If two phrases are joined by "and" j 

the resmltinf^ conpound sentence is*" if 

(true, false) 

both ^clauses are true j but false if^ either clause 

Is >^ V ThuSj a compound sentence with the_ 

(true J f aj @e ) 

connective ' "and" is t2n.;e if and only- if all oli its 
clauses' are true, j 

Cince the two clauses ":< - 2 and x :V' cannot 

time, the tinith set 



set. 



both be at the 

(true , false ) 

is the 



01 



and 



How many points ai'e on tlie £ji'aph di' the tinith set of 

: am _x - ^ " 

^ ( none ,ono /two ) 

How :T:any poIi;!:; aiv or: the i-T::£ph of the tcnith cot oi" 



"T 



V/rii.;-!. o:^ th^.; followifir ir th^^^mJth en. of th^' sentence^ 
''x--- > or X -^11"? lilj, 0. ■ 

W}ii,-h o:^ the rci-lowinr is^the tinitn ce-? of the c*-ntencej 



V 



true 



false 



true ■ 



/ 



f9,n) 



I 



W€ shall now turn our attention to coi^ound sentences such as, "x > 2 
and X < in which the ^connectiye "and" Joins two inegualities, 

The graph of the truth set of x > 2 is - \ 



J_ 



-6 j I I I 



0 1 2 ' B 4 S 6 

The graph of the truth set of x < k Is 



t I I I A — u. 



6 



The confound sentence, "x > S and x' < U'' is true only if both claus 
are true. Therefore/ the graph of the truth set conslEts of those points 
which ^e included in both the graphs of "^he truth sets of the s^^ate clau 
Thus, the graph of tt^ truth set of '*x > 2 and x < •is / 



0 1114 

In short, the truth set of 

V ^ 



L 



and X 



< k 



is the intersection of the truth set of 



and the truth set of x < ^4=, 



In words, we may Bay that the truth set of x > 2 and x < k is the set of 
numbers of arithmetic "between 2 and =^ * 



71 

72 
73 



76 



The truth set of '*x > 1 and x 
numbers of arithmetic between 



6 ' is the set of 
and 



An open sentence' whose truth set is the set of numbers 
between 5 and.' 9 is and 



The graph of 
the graph of x 



' X > 2 and. 



the 



of 



and the graph of x < 



The truth ce* of "x < 2 and x 
'section qV the truth set of 
set of 



k" is the inter= 
and the tnith 



T>"ie triith set of 



arid X 



1 md 6 .' 

X > 5 a&d X < 
Intersection 



X < 2? 

X > k 



lO, 
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3.1^' 

77 • 

.78 * 

'80 : 



Graph each of the following: 
X S 1+ and < 7 



X < 4 and x > 7 
X > 4 or 7 
X < 4 or ' x -"""Vs*^ 



i ? J i i i i 
J M i i i A ^ 
t ? i m I A 
^4 i I i \ II i » 



8i 



Sometlmgs we write > 2 and- x < k-' as 

"2 < x < 4", Tills' can ^ also be read- "x is bet%7een 

B and 4'|^ Thiis, we shall write 

X < 6" aB ' < X < 



83 



'Kie compoiind seTi tenet "x > t> and x < 7" wri?tt$n 

in this abbreviated forrf Isr - , ^This sentence 

is often reM, v5 is lea^s than x a:id x -is less 

ihan 7". ' " ^ ' , 

X is between h and 9 ^ is written ■ 

3 < x < 7 meaiifi^, that x is 3 ajid^ 7, 



■1 X < 5 

.5 < X ^< 7 

■ >i ■ 

4^ k K < 9 



^ 'Using the ablDj^eviated notation -we would wfte "x is either 2^ V., 
ajny number of aj^ it time tie between 2 . and U" . as ^ 



Dtj ycju see what would be .^earit by 



10? 
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3-5 Bmm&ry mid Revl^ 



W^^hmve exandned some ^umerical'sent^ces and have seen that each one can 
be classified eithe* as triie of false, but not both. 



We have: also establighed a set of ^yiribdls to indicate relations between 

\ ^ 

means Is or is equ^l to 
" ^" meansu "is not'' or "is' Kot equal to" 
means ''is less thELn''. ^ 
means "fs greater than'* . % 
" <" means "is less than or is equal to'* 
^'' >" ^mtans "is greater than or is equal to" 



^ We have discussed confound sentences wbich have two clauses. If the 
clauses are connected by the word or, the sentence is true if at least one ^ 
clause is tru|. Otherwise It is false, 'if the clauses are connected by and , 
the sentence is. true if both ^clauses are true. Otherwise it is false. 
An open sentence is a sentence containing one or more variables* 
The truth set of an open sentence containing one variable Is^the set of - 
all those nmbers 'i/hich make the sentence true. The open sentence acts as a 
sorter. It sirts the domain of the variable into two subsets: a subset of 
numbers which make the sentence trueV.and a'subset of numbers which make the 
sentence false. ' ^■ 

The feraplf of a sentence is the graph of the truth set of the sentence. 

The following items -provide further practice in working with open > 

. . . _ % . ' ■ 

senter^S j both simple and compound /"^or each open sentence that 'follows, 

State the truth*^ set and constr-uct its graph. Remember that the domain of the 

variable is the set of all niimbers of arithmetic. Answers are ^on pag^ iv. 

Some exMples of the form of your answers Qxei 

Truth Set 



Open Se ri t e n c e 



Gi^aph 



*' Pk / X + 




ilie i:et of rill nujnberB oi' ^a^itlimetic 
except \, 

Hie set of aJ.l nuinberi:^ oi^ ra^ithmetic 
less than ^. 

Hie set of hJI niunbers conGi sting of 
and all ni^bers gi^eater than 4^. 



kr^ i__6» 



i I 4 I • 



f ' ' ' 



'II ft ' * 
I 11 7 • • 
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^ t l_l ' > ■ »t 

O I t S 4 ' • ^ 



6 < 7. 

+ 2) 

1} or 

— - or ' 

I) and 

1 - h 

j or 

j or 

2 or 
■\ or 
;i lind 

) or 

X < [} 



X - ■) 

X + 2 - ',.,) 

X f 1 - 

V < 

X -'. 

X '1 



X < P or 
X > 2 and 



^ Chapter' 



Qloiu-i-iny rAy.j truth 



'ill'/ ;:;UTri oT haiy niiiiit'^/r uru: ! " 



— ' 7— 



{0] / 

i 

all valuer 
0 



a:- follows: 



pro;".- ;.' 0, 't:. ; w^.' ."'t:i'-v t.:ii.; propoj'ty 









ai diil.'f/r 


a, a ' y a ;.ija; 0 




(For the t i hk ■ 


b--!ir. by ' 




W'^ :r^aia 'P:a::i:-r a' arl 




ni.'jul 


-r 6^ 


iiir 0 to 
.laJ l-d th^. 


iiuiiu 
.Piant : i/, 


'■r a' V-;- ;!t P'- ; yv r 
f ■ i '-■r;a;: t ;\ ■ r 'i : r; laa oa , 


















^lo Par W:' 


hav.' be>a: 




i1 V : fP tp..' -i.i, t : ua ar> 


•| ■ aa y 




W=v shal 1 


i' i ir : i ' a :;>' 


:'M: a"' "t 








I 




; t V ^ y , 



















1 ; P'/r- aa P l-aa I ty - 
wi^ f h' - Pu 1 1 .jw Lii/^ ~.^p-.n\ -n : ' 



1/ 



4 



■J 

io 



Thij ti'uth .;et of vixch oV i.}ivz]<: ;;ufilei^ceG i^^ 

The pr'ociiU't oi' any nujTUior' anti 1 [.:, c-'jUal 1o tiv. 

Tho Uiorit.M.y i<''U\i-'f\l I'ov inu J Ip 1 [••at ion 1 l; 

In (_^cnOr'aij ior iiny niLminji; n , ^ n( 1 ) - 

1 1 the ^ ' • J i'ot" the operation of 



fl) 

ni-unber- 

a 

n 

mul 1 1 p 1 i G at ipn 



nitice a(l) - [(a)^ by U^rj coinjiiutat Lvo property oT mui.tiplication^ we 
■ iat.t/ trie miU ti p I if--at i on pr^oponty of ^ : 

For L'vory ruunli^or n^ ^(i) -■ n. arid (l)a - a. 



1%^^ '-^i 01" tori in:t- Ihc mu 1 1. 1 p.L i>at lori pr^oporty of "b Qi- the addition 
pi'f^oi'l;/ o!" 0 'lij rirripl! fy {.h?; wOf4v oT iMnfiini;; a corrimon name of a ' 
nuifiba^^^^n whlcli oi' th-.^ followinr '-^ouUi injithc-r or there p^-opei'ties 
be ur.^dt \ 



Bl h^ = (- 



cj (r: ^ .O(^in) 0 



- 27 (i8 ^ 18) ^ , 

27 + 0 > ^ 

2? 

The lai^t step ii^ true by the adcSltlon property of 0, 
hi I6j(^ + i + |) . ^^^^(4 * ii) Associative property 

" 1&3(~) ^ . 

163(1) h 

'. . 163- ■ 

The last stepj ir true by the mult ipl Ic a,t40Ti property of 1^ 
c\ (6 = d)(U6) - Oiho) 

Hei>3 we did not are eithor tlie rnult ipl 1 c ati on pi'-operty of 1 
or the adjlitioh property ot 0» The correct choice /ic [C]. 



Ill 



k.l 



13 

15 

16. 



Look at the following sentences: 

3(0) = 0 

0(0) 0 



' ■ - ^ m(0) - 0 . 

Each time that we find ?he prodiict of a nmnher and 0 
Cjur result ia C, 

Consider the open sentence, rn(0) - C, Can A numbei- 
m be found that will make thi^s sentence falsef 
Try different values for m. " 

ThlB sentence, m(0) = 0, is trnje for every , 
nujnber^ , ' 

This property of nnmbers is called the 
of ^0. / ■ ' 



Simply sta-^ed: Any niunber times 



equals 



i 



nwltlpliaatiou 
property 



0,0 



aince a(q) - 0(a) , by the coimiutative property of multiplication^ we ... 
state the multiplication preDperty of 0: 

' For every number a, a(0) and ^O(a) - Q, 

T^i^^ multiplication property of 0 is v^ry useful. No matter^ how many 
numbers are mLiltiplied , as lon^'; as one of them is zero , the ' product is still 
zero. I^;.*t ever be fooled by a problem such as 

10x9x8x7x6x5x4x3x2x1x0, 
llie answer is simply 0, 



17 
18 

19 
20 
£1 -. 
22 



Find the conmon name for each of the following, and 
tell which of the three preceding properties was use'd: 
7, 



The pixjperty used was the 
The property used was the 
Tiie property used was the 



property of 



property of 



property of 



101 



112 



im3ltipIicatlori.j 0 
muXUplla&tiaUjl 



^ If you mssed ar\y of Items 17, 19^ or. 21^ turn to p.age vi where you 
see how they can t)e done, ' / 0 

Remember that the niimbcsr 1 has many najries. For example ^ all of thd 
following aj'e Viames fcir 1 ! ' 



6 11 1^ 



For every value of- rij except C3, 



We shall- often use n.ames like these fo'r 1, Note that no matter whic-li 
n ame we use, the niinb e r 1 is the i d e n t i ty e 1 erne nt f o r niu 1 1 i p 1 1 c at 1 o n , 



For 


instanqe^ 


"n 












is just another way of sayi-ng^ 


















"n( 


1) = n\ 












Thip multiplication pi* ope 


rt.y of 


1 iy 


eful in 


ixr 1 1 h m y t i c! i h w5 r k i np; 


with 


rational numbers , 'Suppos 


e WG w; 


sh to fin 


1 a mxsuj^ 


ral fc 


r i in the 

b 


form 


of a 


fraction with lo as its 


d e no mi h at o r = S 


b 


= 1(1) 


J we may us? 


3 some 


other name I'or 1, Of the many pocsi 


bilitle-^ 


such as 




3 ' 

^ .} ' ' ' f 


we 


choo 


, it J Tt V- -i ^- C 

Sfc' = ■ beic*Hur>e X n 

J 


IS 18. 














We know that ^ = 














2k ^ 


wlTich, may be written j/ 


|(^) 












4 


Jt ^ 


5(31" 
£>(□) 








5(3) 

SOT 






to show that 4^ - 


□ • 








w 





uppose we now wish to acid = to 4, To do tiiis we desire other name^ 



7 



i'or and namen which" are l"r act ions with the same d^iomineitor , W>"iat 



denom_inator should we choose? 



27 

28 



29 



Th e de nomi n at o we c ii o o u e mix r. t b o a rnii 1 1 i p ] e o 1 ' 
both and 

But it cannot be 0 since dlvicion by ' is 

no t p o s n i 1) J e * 

Non -zero mult i p 1 e s o f 9 ^ Q me mb e r s o I' t h t- ^ t , 



9, 6 
0 



:9,l8;a7,36,. 



11') 



30 



32 



Non-zero multlpLes of 6 * are inenibero of the i^et^ 
( 



Poeyible choicen for^oui' cJonomlnator are the oorfiiiion 
non^zero rrniltiples of both 9 a^^^ 6; namely^ the 
elements of tjie 3et, [ ; > ^ , . . ) . 

Altftough we coiLl.d choo£3e- an our denominator any number 
in the set (iS/^S^^kj if we chco^^e the cmallert 

of the£;e number we-.^ill find the oomputatlon to be 
easier* 

Is the smallest. 



>-alled the least coinmon multiple 
anc_l 



lb 



9, 6 





7 

Return again to the problem of addin^^ ^ and ^. 




'J 


'I'O c h .an^^ e — . t o a 1 r a c/ 1. i o n wl t h d e n o m. i n at o r 1 6 , w e' 
proceed as follows t 












7 □ 




3 


From. Item 26 we know ^ ^ Q . 


i 








ri 







1>4 



Let us use the multipl Loation property of 1 to f ind a common narne for: 



7 
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33 
ho 

ki 

h2 



^ + 



7 



Using the multlplicat I ofi 3 

property of 1: /}.'"'" 

We chose ^ becauye 21 in the 'leajt a 
multiple of'' a^u: 



We can vi^ite: 



Uoina the dlGtributivt 
propertv: 



7 



(f ^ 5)(21) 

!(□) + 'j(a) 



?1) 



Multiply 111(3 ■ 
and adding; 



□ 



3, 7 
? 

|(ai) + 5 (SI) 



105 
12 



In which of the I'ollowinn is t.iie multiplication property of 1 UBed 
correctly to find a common naine for the nmnber? If you use paper arid 
pencil to follow these, you will find them quite cimple, 



E, 
P. 



1 1 1 + 1 

2 " 3 ^ im 



7-1 



(7 + =)(6) 



+.^)(io) 



h2 + 1. 46 



11 



[A] E and I^- 

[B] F, G, and H 



^CJ F *and. G 
D] aJ=l four 



In E 1io uwB 1b made of tha nniltlplicatienvpf^^rty; ofl 1, anA . . 
the result is incorrect, DDne costpectly^ ,;it wqild ^4 ' 

s ^ 3 - 2(3) ^ 3(11 - s * g : - - . ; 

The niultlpli cation property of 1 is usad^^^^^ly ,ia (F) aiid (S) 

The multiplication property of 1 is used .i^^^ctly iti . (H), ' • 
since the number ie multiplied "by whlch^^KS't ng^ for iJ 

Done correctly, this would bei ^ '^=^t^^ ■ 



only correct choice is [Cj 



Closure 



Let U5 develop further what we aJ ready know from Chapter 1 about a set 
of numbers being closed undei^ the operatian of additJon, 



Ii' a and b are whole nviTfiber:; (a ai'id b may 
both be the same number), then we know that 
a+b 13 also a numbei^. 



whole 



We al^o know that whenever a and b ai^e whole numbers^ there is 
exactly one nuinber, a + b, which is their sum. 



That is, k + 



and "there is exactly one 



whole numbei', namely , 7* which ii; the sum of h and 

Another way of saylnp; that in the only whole 

numbei' which 1:: the uum of t an;j 1^ is to sa^% 
"The sum of --'^ and ; 1:: a unic^ue whole nuinber'b 

The only whole number which is th-"' sum of and 6 

is thus we may say that the sum of f and 

e isa u^^- = = whole nurnber. 

XDlx^lettei- word] 



11 \ 
unique 



iio 



There is 



one whole number which is 



( e X ac t ly ^ more t h an ) 

thy iVnm- qV 'J and 8| najneiy^ the number 



T^le DUm of 9 and 



u ic a 



whcjifc? number , 



exactly 
17 



We rccjO|3ni/:^j that whtfii we add whole nuinhern a and b, the unique 
.(exactly one) niunter we obtain i^: an element of the Bet of whole numbers 



We may expi-i^yE the precedin^r statement by oa^yinn that 
the net of whole numbers io closed under the operation 



lliink uf ajiy two even numbers. Find their sum. Is it 
an even numbesr? 

It a and b are- two even nujnbers ^ their sum_, 
a -H b, 



ai 1 e V tj n n um b e r . 



(iSjis not necessarilyj 
Just as the .^.et of whole nuinbens is closed under the 
o p fj ration o i ' ad d 1 1 1 o n ^ the set o i v e n numb e r s is 
1 i kew i s e* und e r add i 1 1 o n , 

Is the set of all odd. numbei's closed under ad_dition? 
Let^s check this. ^' ... 



1 + 1^2; ^ + 
2, 8, and 32 



, IT + 1: 



in ttui set of odd 



(are , art? not) 
nujnb e i' s they fir e nii_m_b e r s . 

T>ie set of odji numbers is not closed uuider ad_dition 
because we do not. obtain an nmiber when we 

add two odd. numbers. 

Co n s i der the te t ^ S = [ 1 d; . 7 . 9 j , $1 nc e 9.1 c i n 
and h is in but 9 , + U is not in 

ti crosed under addltioru 



Xis^is not) 



Is; 



8, 3S 
are not 



1b m% 



ii.' 
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Which of the following sets are closed under the operation of ad(iition? 
X ^ [1,2,3,^,5,6,7,8, ...] ■ 
X - [1,3,5,7,9,11, • . .) 
Z ^ f 0-,2,i+;6,8,10,12, . , . ] 



ITU 
[B] 
[C] 
[D] 



X and Y are crosed under addition. 
X and Z are closed under addition, 
■ Y an d Z ar e c 1 o s e d un d e r ad dd t i o n . 
Al 1 t hr e e ar e c 1 o s e d un d e addl 1 1 o n , 



The only correct chQice is [B], X ^ (1,2^3 jit,5 ,€^7^8, and ' 

{0^2, i+^6j8, 10^12, are elpsed imder aoaittop since the 

nwn of aiiy tvD counting numbers is a imloue cowtiog aufiil:>er and 
the 3\m of aay tvo even makers is always a unique eveD TJtm^^r, 

The Bet Y ^ ( 1^3^_5 ^7 j9,llj is not closed under^ addltiou. 

Y 1'b the set of odd eo\mtlns numbers^ ^d tba smsi of tvo odd 
numihers is always ari even number. 



The set of ail nujnbers of aiMthnietic Is closed imder addition, because 
the B urn o f any t wo n u_mb e r c o t ' ar i t hi m e t i c is a 1 w ay s a unique numb er^of arlth= 
.metic • Remembei' - we use. the woT'd "unique" to meari exactly one, We state 
thi G , propei'ty as follows: 

Closu re Property of the Bet of Niyntjers of Aj^ithmetic Under 



Ad di t i o n ; For all n lunb e r s o f ai' i t Ym e 1 1 c 
. a + b i s a u n i q u e r i umb e r o f aj^ i t iirn e t i c , 



and 



the number 



13 



19 



20 



1 



A_l. 1. uf the follow I nf: numbers , 

n ujnb e r s o I ar 1 1 Yim e t i c , 

( are , are not ) 

Find the following sums: 
2 1 



10' 100- 



1 

To 



1 (JO 



Kach 01" the above sums is a 



of 



M 

15 
li 

" f 
100 

number of 
aritbmetlc 



Just 



the 



se?L ijl" tlie nuinb 



I 



^41* 1 thniet i . 



u n id e r ad d i t i o n , 



from our expei'ienc 



:> are aware^/tb.at .the set *of the numbers oi' ai'itlimetic is 
closed under multiplication. The p^roduct of aiiy two numbers of arltlimet:- c is 
always exactly one nmriber oi' ai^'itlLmetic , We state this property as follows: 
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_ Closure Property of the Set of rtoibers of Arithmetic 
under Multlpll cation i For all. nijjnhera of arithjnetic 
a arid " b, the niunber .ab is a unique number of * . 

ai" 1 1 him e 1 1 c * ^ 

Note that we use the symbol , 'ab to indicate a times b. a' x b, a('b) , 
b, (a)(b), a * b^ and • ab"'"^arne the ea_rne number. - ' ■ 



Find the-^ following pi^oduct^ 



1 



100. 



The nujnber s 
ai^e 



and = , i and ^ , . and 
■-)- . lU' 100 

an ' are their pr-oducts. 



i'rum experience we are aware that the set of all 
numbers of arithmetic is ____ under multiplication. 

Is the set of all whole num.be ro closed under " 
mult ipli cat Ion? 



15 

4 

9 



nximbers of 



yes ■ 



rnt^ folluwing twu 'examples' furt her illustrate the idea of cjlosure. 
\ 

Tn 1 kh ■ o f t f 1 e foil o w 1 ng s e t s .are c to rj. e d. u n d € 



mul "t i p 1 1 c at ion 



the operation of 



^ - ! 1,3,:^, 7,9, 11, 13] 
~^ = (l,3,5,7,9.il,13> 
M {Ooj^j95l2,15 ,l8j 



"A] K ar->d L 
"Bl ^ and M 



J 



. C] all are closed 
; Dj L and M 



l^e only correct choice Is [D]. (1*^,5,7,9,11^13/ and 

W " 1 0 J 3 J 6 ^ 9 , 12 , 15 , 18 ^ s * 4 ) are c la eed under the operation 
multiplication* L ia the sat of odd counting numbers, ajid any 
elemeQt ot L multiplied by any element of . L is always an 
eleMnt of For ex^le, 3 k 5 ^15/ and I5 is an odd 

counting m^ber. Also, 9 K 11 - 99, 99 is an odd couat^pg 
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(29 Continued) 

number. , S?jt M in Urn i^et of multip]fcj£= qV throe, which Is 
Qjoiied undGr niUliJpliuation becaune the prori\K>l. oi' any twp 
nmltiplc'S of three li} it-olf a miltiplr- o f j.hree, ^ 

The not K ( I , j , 7 , 11 , i /J 1:3 not. cios-c '-ir;r 
multiplicaiion. For uxarTipl-, ir wc fnultiply 9 K II ve obtain 
the unirme ni^nher 99^ but I l it; not ai! element of set ; 



-I^-^ --^ ^^-^ vupi^y. V/- •■;o.ke "n.: Jfior^^ >; 

0 1 



D 0 

n 1 



-h c- 
fAl I 



^ ; oirni irpj*"- r na; ! ■: .i r 1 J.. 'a1 : 



)r t^ 



I - '0, 



■:c-i ir^u.; 



' P--t rMi^ - ! 
ill r.-itjun. 



T?ie correet aeleetion [B]. I [0,1] is closed, und^r 
multipllnstion but not under addition. All of the mmMTB in' 
thc: nTultipIicatlon table are element:^ of but the number 2, 

vhich^is in the addition tablo^ In not in I. ' 



1 4. J 



U A^oc lat i VP 'Arui Commutrit i.vo Propurtlec of . Adci 1 t ion an-.] hti I tip} h-gti^ . 

^ — --^ — 

We have cl 1 •-ciu;jie(] a nLuribcr' oi' iial.icA=n:- i'oiM'or'niiru; true :;c;ntL'iu*t; aboul^ 
nuinbern -and tinvt^ neon that th*:!Mj viiltd)^- Aru r 1 oi^e ly - re l.ateci to manv oi'^ th^: 
tocimi -lUey -oi' ar ItrLmti tic . l-br ^In.rt. aiir (^-r^^wV"'" %^uw uor^tt' U ^'e^'tlon 2-^!) 



and 



Ttio::e ^'unt enrfiL- ai^c true. Vcr I ty- t hii: rarXJ ■ . ^ 



J 



mm 



( tiaie , L^al.reT • * 



It -k; an Li iii;;tT^at i on oT the 
ad ill t loa. 



lli^* niimeri'-ai ^phr'a^jc , + ^ niunhor mado 

up ui" thj^oe nunu>4'-r;j: ■ , and 2, In thr- phr'a::e" 

th*' rf'^-orid riitmter, ' In ji'ouped to/^ethoi" with tlio 

mmibe r ^ ■ ;i . 



In Uvj' phrace. 



(V' ^ 2)y the :^%:^.^ond raid tfiif^c! 
to^'lutiici' , 



Our r:enton 'e C"j ^ '0 ^' ■ :i (\ 
:oj:it LnvolvLn^^ tl^ nani^ r,t:t oh rm;:ibf.jr:^ 
^•roiuunJ 1 i rM"ei'Or!t ly unciur addliLan. 



Ln a irtata=, 



true 



assoiiatiVB 



firat 
grouped 



>/e ^;an dor^-rlho thin pattern ahonn tan^-ro ru.mV'ein: and the aLlditi.on opera^ 
1 on a/ . fo.l iovn : - - . - - 



, "ir you odd u :ujoond^ niii'iher t.o a :d-r:'t nunii-or ^ oarTd then 
aiid a number to Llieir nur;;. taU; reninht " ; e tdse 

"t h"L re euiTibor^ "v.o" t! 
t.o tu- 



.ee:n ne Lf yon. add 
.t n-n a id t,n<-: r ■ 



ari' 



uuri; ^ ■ r 
L= 



t^hliai 
second 
num^ i'li'st 



Oia'pa. ^' we ta'y to T i ne n.- '■on^M-.n- :nat.h'"'r;;at i.^ei ■ 
'hf* a../= MM a'td V'"' l■^r•Qper■■t "a' ned;!h.ai: . . '■ 



: t''^;:ie 



it whT- 



i9 • 

^ j_ 



I IP 



10 

11 

12 

Ij 

Ih 
It^ 



Oince. the firct number car.' he any' of arithmetic: 

we can repretjent it by tiio varialii^ a. 

.We will not repreoent ths- £;econd r!um"ber by a ninne 
th^ second numbor may be qiiTerent rrom the 
niunbci^f^ ' ' ' ' * \^ 

Tao second niimbei^ will b^ij^c'pi'BL^ented by 
(the f^ame^a rfrferent) . 



Let^s renre::^er:i the 



niimb e r h y 1 he v lu" 1 ab 1 i 



Llkewiso) the third ninriber will he repreGented by a 

vaj'lable oth€;r than or ^ since the third 

niirnber nay'\^ d i f rerent ^rom the or ^ 

numtHei", 



Hepi"Onont t he 



nnir^hei^ .by the vmnable 



i 



1 irst 

a different 
aecpnd " ^ 

a^b or hb^a 
first J second 

third 



l/et':^ '.^unt 1 niie, with our errort to GtHt.e t^e annoeiative property aa: a' 
more briel' mathematical otaUHnerit. 



1? 
iS 



20 
21 



2^ 



Given any numbeix oi^ '.u'ithmetic a^ b, and c^ the 
idiiniber oV4;a]ried by adding th^^ neeon!T to the lMrr;t 
1:; b. 




the nimibBi' a -f I 
Aji -xprenrJon for t] 



ilowevcr, thfj niunbf^r obtaLned by adding 'the cuir: of the 
c^cond and third numherG^ (b + )^ to the firntifc 
niunber , a^ ^ 1:^ - a + ( ) . 

K : — 



11 le a:-^:-^o- 
(a - b) + 



T~71 



properly uddltlon telj:; u;; that 
a . (b 



a + b 



(a + b) + c 
a 4^ (b + c) 



i'^i'" ^:yr:delc a, : , a:i : • ?irt.^ va-ri ab ] ta' . Tlieir domain i the ret of 

raa:ib?:ae: .jt ?ir L I hr:e i ' ■ . V:\':r Maa^r- vai'j abler we mny rtate the arroclative 

pi-oerty at "Ldd i t, 1:3:1 : ror ab: vaJucn or th- vaTnaht-r a, b, and it is 

trii" thai - 



Thii'^;Mnff of statement is usually shortened by s^ingi 

For ''any numbers of aj-ithmetlc^ (a + b) + c ^ a + (b + c). 
Coi^ai^E the brevity of this statement with the same statement written out In 

y ^ ' ^ ' > 

Items 



2h 



A precise mathematical statement of the associative 
property of addition is: For suiy numbers of arithmetic 
a^ b^ and c^* (a + b) + c^'^. 

As a consequence of the associative ^i^operty of addi- 
tion^ every sentence of the form or pattern 

(a + >b) + c - a + {b + ^) 



will be* a true sentence if 
of aritlimetic". 



and, c ai'e 



25 



Consider the addition example^ 1.2 + 8.8 + 8.8, 
the associative propei^y^ this example can be 
written tyo ways^ either (l,£ + 8.8) +8.8 or* 

Hie sentence, (l.S + 3.6) + 8.8 ^ 1.2 + (8,8 + 8 
is true due tc tb^ ^ property of • 'addition. 



Finding the conmion name from the phrase, 
(1.2 + 8.8) + 8.8 



than 



(easier , more dl f f icult ) 
finding it from 1.2 + (8.8 + 8.3) since it is 
obvious that 1.2 + 8.3 =: 10. 



1. 2 ^ (a.64^0;B) 



aasQciatiYe 



Another property developed in /Chapter 2 was the conffnutative property of 
addition. In the IcirHTiia^Te of algabra we state the corrLrnutative property of 
•^fflfJltion: 

For any numbers of arithmetic a and b 
; ' a + h ^ b + a. ^ 

^ l.es ai'e needed to state tliiD pi'opei'ty. 



Onb 



sy 



30: 



31 



To eimplll'y the computation In the exwrplu i- 4 + f ^ " 

. _ ■ ' . ■ . J ^ ^ 

the conmiitative and associative properties of addition 
are both uBetul^v , . ^ ' .. 



The 



property of addition gives ui the ^oioe of 
how ve group our nujnhers, ' ■> ^ ■ 

Grouping i and i we may write i + = as 

(f + ^) + I may he written as (i + i) + | by making 
use of the of, addition to change the 



order in + h to (i + i), 

i 2 ' 2 3 



Biit (i + i) + 2 . 
property of addition. 



becauBe of the associative 



Now we can I'lnd' a common nanie for ^ + — ) 



1 ^ A 2. 1 
2* %^ 3^-1^ 



associative 



CI 4) -I 



1 7I 2^ 



Tl-m example above illustrates that using these propei-ties intelligently 
will simplrfy your work at times. Later on you will find these properties 
ai"1ied to more rundamental mathematical investigations. 

You have learned before that there ai^e associative and comirytatlve prop- 
erties for multipli G at ion ^ also. Hqw would you wr^m these in the language of 
algebra? 



Since the asuoeLative property of multiplication 
inv Given three numbei'^n j a statement of tliis property 
w I j j e o n X a 1 n v a i ' i ab .1 e u . 

A stutenient oT the a:-uioeiatlvQ property of multi.plica- 
tion Lc: 

Foi' ^any numbei^s oi" ui^Itimietl o ^ b, and 

(ab)e a( ), 



A i>t/itement. uV tjic i.'ommul.atlve pi'opei't^' of multiplica= 
t Ion ir^olver varLables, 

A Dtatem^it oV tlie- commiitatlve pi'operty oi' nrultiplica- 
t Ion is : 

For any numbers of ai^itiimetic a and b, ah 



three 



(ab)c ^ a{bc) 



two 



- V * 

AssQclatlve aiid CQinnrutatlve j? ^Qpertles for Multlplicatloni 
sFot any= numbers -of ^ithOTtlc and c . 

(ab)e ^ a(bc) * = 

and 

ab ^ "ba* 



If n^ mid e^e any numbers of ^ithmetlc, which of the 

fallowing true sentence s is not an i^*lustration of either the aeeociative 
property of addition or the dSaoelati^- pr^J#cjy of multipllcatibh? 



[A] 2u(vs) ^ (2uv)z. 
tc] 5i(w) - (uy)\5z 



»ii%i©rittai^r\^ i^m Qlomwm pmwerty of ray^ti^itefttioh fw the 
nmbt^s of wlthMtlo^ thm you tkil sea toat '.^ fiu(vm) ^ (2uv)£ Is 
true by th# aeiociativ* pMperty of nmltipllcationi . 

"<f + fy ^1 - :|> ^ |)" ia an muitrntion of tto 
w$ioeiatlv^f propefty of i^d^ for tii0 fiuai^rs^ of arithne^fej . 
alne^i If m, n; and a are ^^ly ni^ar« of arithmrfeiCj then ^ 

55b(w). w (w) * 5^; ±$r a tjnia eentaoca^ tot It llli^atrates the *^ 
co»utati^e PTOperty of lialtlplieatlQn, n6t . the sBioeiaMve prc^erty 
for ^dilti©» or, th# iLsi^DciaMvp property for nultipllbation. You^ 
^© cbrrpst. Remember: opMitatlvity has to do with order j 
a^aOclatiylty has to do with grouping 1, * : ^ 



If TTif and are numbers of arithmetic , which of the following 

sentences are true? 

(3x)(9y) - (9y)(3x) 
s. 1.7 + 2./9 2.9 + 1.7" 
' T. 3 + (^>'^|n) (3 ^+ in) + |m 

^- . t 

Ta] S and T only [C] R and S only 

[B] B and T only [ D] all of them 



25 




= (3 + ^) + 



of iy4di-^ij&%v:^^^^^^ 
■ of .jl!#4itlon, .Jpi^^^^^^^^^ 



Because of the aaeociative and cofflmutative' properties of addition and 
nniltlplication for the numbers of arithifletic, you can reorder ^d regroup the 
terms in an indicated sxm or the factors of an indie atedr product of several 
numbers* . . ^ 

Consider J for exai^lej t^ product 

- ^i^^' a ^ 3 ' b . 

We can write the numerals a^ 3^ b in many orders, (There are 2k 

orders to be exact j as you can verify for yourself*) We may wite^ for' 
exan^lej 

1+ * a • b * 3 i 

a * b ^ U • 3 , ^ or 

b * 3 ' a^. etc, ' \ 

Also^ we may group the factors 3^ a^ b in matiy ways* 

So^ we can form m_any true sentences^ of which these are sanqplesj 

(^a)(3b) ^ (3a)(b)(l4) . - - 
(U)(3a)(b) . (Ua)(3br 

If' we wsjit a short name for. (Ua)(jb)5 we cmi think: 

. (Ua)t3t) - ih ^ 3)(ab) ^ 

= 12ab ^ . 

In a si mi Is* way^ we can write the product x - y * x in many ways, xyx 

2 , 

and jQcy are numerals for the. same number* .You will recall that x y is 
another way to wi'lte xxy. Urus^ another name for (xy)x is xy. 



, ij 



w9 
1*0 

h3 



If 



To write another nmn^ for (Sr)(5s), we mght think: 
(Sr)(5s) . l2^5)(r - ) 



^ write mother name for '(l7a)(3aB% w€ might think: 

U7df(3ab) - (17- 3) ( - ) (b) . gia^ 
Ypu remembered^ of. course^ that a ^ 

A short name for (3x)(U) is x. 



ia * a) 

lac 



k6 
hi 
U8 



Read the following carefully.and complete each 
Gtatement * ■ ^ ' ' - " - ' ' 



(jd)d . 3(d * j . 3d" 

(5p)(3q) - (5 X 3)i _2 . 

(Bm)(2n) . 

(9y)(7x) - 
(Uo)(3abc) - 



Were ydu bothered by ^the arrangement in 'the previous response's?- What 



do you note about lOrs, I2x, IJpq^ l6mn - gjxy, and 1^ 



3 a bn ? 



h9 



In each case the variablec. in the- abo 
\ ere written 

(first, last.)'' 



ve responses 



In the reGponse l£ab' 
o 

before c~. 



1.2 it: witten 



last 



In products ye usually vi'lte vai^iabieo last. You may also have observed 
that when several variables are involved in a product, we usually wi^ite them 
in alphabetical order/' This in not a hard and^fast convention, but "3ab" 
is^usually witten rather than "jba^' unless there is a special reason for 
not doinc so. And, of course, you aire ad^^ know it is mathematically correct 
to do thin Since multiplication is comniutative and acsnciatj 



1 ax 1 ve , 



J 0 V 

116 



52 

53 

' 55 
. 56 



57 



59 



60 



61 



(|x)(6: 



lOOa^ = (I0a)£ 
^icd)(6am) = __ 



3xy - (|xK 



) 



In 51 through 56 above we made use of the asioclatlve 
and cpmmutatiye properties of multiplication, 
g ' 



^^y^ (xy)(yx) 



8a)(b2), (8)(ab)(b), (ltb)(aftb), (2l+ab)(iab) 



arej^e notj 



all indicated products equal to 8ab^ 



In, the preceding item, the indicated product 
i_ K is not equal to 8ab^. 



4.3 - 



no t 



M Lhe properties with *ich we ftave been concerned are the conmrutati^re 
properties of addition and multiplicatloin for the numbers of ^ithmetic. Why 
are ve so concerned whether or not, binary operations like addition and multi. 
plication are coirnnutative? I^t us try division , for exai^li. Recall that 



means "6 divided by 3^ How would you write this exarr^le to test commuta- 
tivity? We want to ask: 



63 



3 - 3 



Since 6 -1- j = 



above sentence Is 



6" a true sentence? 
and 3 =^ 6 --1 



the 



f als& 



ERIC 



since' ^6 +3=3^6 is false , we can conclude that a ^ b + a is 
not true for alii; nWibers of, ^Itto and hefice that division Is not ^ 

conniutative* * i* " • \ » . .t^. 

Let us test the operation of division for assocla^vlty t j^^. ualng the 
following sentence: '-- . ■ ,^ 

(12 -f- 6) =1= 2 = 12 =1- (6 2). 

If this sentence is true, then we can consider the posslhility that division 
is associative. If this sentence is false ^ we can state that division is 
not associative, ' 

To test associativity for division we -want ^to ask: ' 



6h 

66 
61 



Is (12 + 6) + 2 = 12 4-. 
(1£-^ d)=!-2 is a name for 
12 ^ (6 =^ 2) is a name' for 
(12 + 6) * 2 - 12 ^' (6 =^ 2) 



a. true sentenced 



sentence . 



( true ^ false j 



.We can therefore conclude that division is not associative. It is 
neither commutative nor associative. ; ,^ . /. 

If you are interested in seeing some other binary ope-ratli^Si?^c^pyl,ete 
Items 68=76 i othervisej begin. SeGt ion k-k., ' 1 



*68 



Let" u's define another, binary operation as follows 










Let 2 ^* i be^ defined to mean (2)(2)(2)j and'' 


i ** 2 to mean 


(3)( 


3)'. 


In fSeneralj a * b will be defined to mean a 


has been used as 


a 




f :ic t o r b 1 1 me s J wh ere a an d b iir e c oun t i n g 


niimbers., I^ 


the 






f 0 1 1 o w i n f^", E e n t e n c e t r 1-1 e ? 














I 






^A] yes [B] no 











Since 5 2 means OT 2? Bn6 2 5 mean& 

* (2)(£)(2)(2)(£) or 32, 5^2^ 2 5 Is a fal|^^ B*ntence, 



[B] was the correct choice* 
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*69 
*70 
#71 
#72 

#73 

s 

*T5" 



lM% ue aee if the operation as defined in Item 68 

is *4asoclativei . .\ _ 

Im (2 ** 3) #* 2 p i ,»#C3 #*2) a true senteneef ^ 
(2 ** 3) - (2)(a)(2) ^ - 
(2 *# 3)** 2 . {2)(s)(g) X ( j( )( ) .8x8 
(S *^ 3)*^ 2 ■ 

2 ##(3 #* 2^**((3)r 2 ** 9 ' 

2 9 - (2)(2)(2)(2)(2)(2)(2)(2)(2) - 



We CMi conclude that the sentence 
(2 ** 3)** 2^2 **(3 **f2)^ li 



the operation 



(is, is not) 



( time^f alsej 
Essoclative * 



and that 



a 

(3) 

512 

falge 
Is not 



^ 'We have found that, there exist reasonable binary operations vhich are 
neither coffmrutative nor associative. Ym m^y coT^lain that such operations 
are jtif icial. to the contrary, the "ii". operation -is actually used in 
.ttg^-ftngufge of cerfe^pmgital coTOUters. A machine is much happier if yoft 
give it all its instructions on 'a line^ so^ a horizontal notation which 

^ ^* 3 was devised for this operation and here the order of 



vritei 



.3 



the numbers makes a great difference. 

You may think that a binary operation must be both commutative and 
associative, or else that neither of ^hese properties holds. This is not 
the case. Consider the following binary operation: 



*76 



We define a o b to be ~~ for all numbers of arithmetic, a and 
b. We can easily check to see that this is a 
since a o b - and b o a = h + a 



conrnrutative operation 



a + b 



b + 



is true since a and b are ri^bers of arit^hmetic and a + b ^ b 
is true /by the commutative propefty of addition for the numberq of 
arithmetic. 
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Now let us coniider the associativa paroperty for thii operfftlin, Bet 
a = 3| h ^ 2f and c s U^/Biid test to see if 

o U ^ 30 (2p k). " 

..Is this operation associative? ^ ■ . 

[A] yes [1] no 



\ ^^^X^:^ ^ 3+2 + 8 13 



and 



. . . J 1 -6 g 4- 12 ^ - * 
3 O (2 O ^) ^ — y - = ^ X * ^ 

This is no% an aasociative operation and [B] vms the correct 
elioice. Ae you go ©n vlth yaw study of mathematics, you i^illl , 
see other ^xmplBB of Mnary operajtlons that sssoclatiYa 
or cdswatatlve^ or neither, or tath^ 



k-h, "'•'The Distributive Property 

. Our previoiis work-, with numbers has shown ys many illustrations of the j.,,^: 
distributive property of the numbers of aj^itWnetlc. 

15(7 4. 3) ^ 15(7) + 15(3)^ 



and 



i(lS) + ^(12) . (i + |)1£ 



are both true sentences which illustrate the distributive property. 



+ ^)20 ^ ^(20) + ^(20) also illustrates the 
pix^perty, 

Trie phrase + ^)20 is an indicated of 



+ ^) and 20. 



Tlie phrase ^ ^^^O) is an indicated 

|(20) and ^^(20). 



of 



dlstributiye . 
product 

sum 
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Thm true sentence- (y + |)aO = |(gD) + |(26) states 
EBlatlon betvaan an Indicated and an 

Indieated . ^ 



. or 



The exairple above poi'nt^ out that the distribuMve property relates ' ■ 
Indicated smns and Indole ate d products . As you continue your work in mathe- 
matics you will find what an important role this property plays. 

You may find it difficult to decide whether a number is an indicated sum 
;or an indicated l^roduct. You must look carefully at the numerals and the 
Indicated operations^ For exan^le^ .3 + is an Indic ated sum since the 
number x is added to 3. On the other hand^ 3x may be thought of as an 
indicated product since x is multiplied by 3. 



6 
7 

8 
9 



5C "+ 12 is an indicated : 

-fes ^ ' 

^(3 + x) is an indicated 
(a + b)n is an indicated 
an + bn is an indicated 



product 
product 



If you were eorrect on Items 6-9 j you m_ay ^skip to Item 13. If not^ 
continue with Item 10* . . 



10 



The phrase y(x+b) is an 

[A] indicated sum, 

[ B] indi&ated product " 



Mthough (x +;b);:^|^^r -ttdleate a sum^. the entire open phrase, 
y(pc h) is an indicated prodmt* It Is the product of y and 
(x + b), {B] is correct/ , 



Tim phrase yx + yb is 
[ j^] indicated sum 
[B] indicated product 



Although yx ,and yb are indicated products^ the entire open 
phrase y-x + yb is an indicated sum. It is the sum of yx and 
ybr {A] is correct,, • = . ■ 





N . ' . ■ - 
J 


■ 

■ i 






12 


The phrase (i+a + fe)p is an 










[A] In^cated Bum 








t 


[B] Indicated product ^ 









(ha. b)p im attj^icatad pr&duct. It li the product o& 

(hit + b) is the Indicated sum of b and ifidleatfttf. 
product^ ii-ai ■ tewvaTg the entire open ptoaga {%a + fe}p ii 
an indicated product* [B] is eowect^ 



^ _ - 

X^t's look at some ol our ^examples for indicated sums and Indicated 
products again* ' j 

Indicated Bims Indicated. Products 



xy + zw 

2 



(x + y)(z + w) 

3x" + hxy x(3x + ky) 

O^e that xy + zw Is the Indicated sujii of two ducts,/ nOTicly^ xy 
^and^ zw. On the other hand^ (x y)(z + w) is the IndiVated^^product of 
two sums| najnelyj (x + y) and (z + w) . Let us note also that the indicated 
sum + ^-^^y the indicated product" x(3x + hy) illustrate the dis- 

o 

tributive property since 3^ + ^-^^y ^hc sajne nujnher as x(3x + ^y). 



11+ 



16 
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Th^ distributive property relates Indicated siims and 
indicated , Hence/ it is used in two situations 

The indicated product 3(x + y) may the wi'ltten as the 
indicated 3?^ + 3y» 

On the other hand ^ we may write the Indicated .siim_ 
3^ ^ 3y as ' an indicated, product: 

3(_ . . % 



6 '4 



3x + jy 



=m + ^n ai^e all indicated 



(3 =H-x)y, 3(x + y), Ua(7x + _^y) ai^e all 
indicated 



:producta 



mm 



products 



i 



133 

. ■ ■122 



18 
19 
20 

ai 

22 



Con^lete each of the f ollowir^ : 
Indlcatt4 ft^oduct / = 



3( 



a(x + y) 
x( ) 
b(d + l) 

x(y + 3) 



Indi Gated Bum 



23 



Notice In Item .22^ that^By using the distributive 
property, we get x(y + 3) ^ xy + xj. However, we 
havf agreed to ^ite ^as Sx* The conmutative 
property of multiplication makes this permissihle. 

The indicated aum. l^x + can be written as an 

indicated product. .To do so we proceed as follows: 

15x + ^y ^ 5C ) ^ 3i ) 



3<m + n) : 
+ ay 

*M + b I 

[Rem^arr 

ba - b] 

xy + 3k 



5('3k) + 5(5y) 



Just as we have stated the associative .and commutative properties in 
mathematical language, we can state the distributive property : For all 
•numbers of arithmetic a, and a-, a(b + c) t ab + ac,, and 

(b + c)a - ba + ca. 

Although there is only one distributive property, we shall learn to 
recognize it in any of the following patterns, 



2h 
27 



a(b + c) ^ ab + 
ab + ac a( ) 
(b + c )a ^ ba ^ , 



ba + ca ^ (l 



+ c 



L 



ab + ac 
a(b + c) 
ba + ea 
(h I c)a 



28. 
29 



1% order to understand the patterni? of the distributive 
property better, examine the folTovinn. If all of the 
vai-iabieH used repreneiit nunibcrr of arithmetic, write 
indicated products, as indicated ^Runu and indicated suins 
as indicated pi-oducto. ^ ■. ^ 

m(p + q) . ____ ■ ^ 

rs + rt - ■ ^ ^ 



r(s + t) 



,30 
31 



+ k)x 



qn 



Use the- distributive property -to ^ite the followir 
indie at ted products as inxiicated sums, " , 

3(10 *.^) ^ 3(10) + (■ ) ' ( 

3(m_ + 2) E 3(m) . 
(m + 3)2 ^ v 4^ 3(2) 



+ 6 



4(6 + c). 



(a + h)k 



d(d + e) 



Omit the middles step if you wish in the following, 
0-7(3 t n) " 

b(a + 1) - __ 
U+ w) . 



(Remember,' b ' 1 ^ b) 



3{10) ^ 3(5) 
3Cai) ♦ 3(2) 

m{a) i 3(2)^ 
em + ^ 
|(6) V|(a) 



3 -f^ 



^ + yB or ^ 
a(d) a(e) 

a(a) + a{2) 

+ 2a 



2/+ ^ ' 



Use the dlatrlbutive property to write these Indicated 
indioated products, ' . , 



suBB ma 



50 

51* 
5S 

53 
3k 

55 
56 
57 

58 
59 



60 
61 



■S(h) + 3(7) - 3( ) - 3tll) 
3ft + 3^ = 
3= + 3d ■ _____ 

3(5) + 7(5) = i_ )2 -= X0(5) 

ma + na = 

ab + s 

2 ~ ^ "■ ' 

aa + ____ 
_ ~ * o 
Recall: ^ a(a) or 

2 

X + xy s 

4c + 3c 



Con^lete each of the following: 

ay + y ^ a * y + 1 ^ ^ : 

- j_a_+ )y 



6g. 


y + y^'= ( 


)y + ( 


. )y 


63 


- ( 


)y 




6k 


y + y - y( 


) + y( ' 


) 


65 


= y( 


) 





67 

68 

69 

70 
71 



Writ© th© indicated sum^ 2rs + 2rt/ as anl^ndlcate 
product. i ■ ^ ^ v-'-' 

We can write thi indicated suin^ 2rs + '^fe^t, as an 
Indlaated product in three ways: 

1) 2rs ¥ 2rt ^ 2( ) + 2( ) : 



2) 2rs + 2rt ^ r( ) + r( ) 



3) 2rs + 2rt ^ gr( ) + 2r( ) 

- . gr( " ) ^ ; 

Although all three way a ai^e correct, the third is 



(k ^ 3)6 



» * y t 1 > y 
(a l)y 

Cl)y + {y)y ^ 
Hi) + i 



2(ris) + 2(rt) 
2(r& + rt) 

r(2s) ^ r(2t) 



77 



5^ + ':iOx^ .:ou.l.d be vim. t ten ud 

■■ij) ^ .-(nx^? or ' . 

'(*■) + jV'X^) 

or several other' wave: how^^^vvr ^ ihv .rollowin{^ Is 
whL:'h tlTc the naTt'"M^:"i? 



m i 



l:ixy( ) 



*vri-'._ e:.t 'li ay-' phi^a.;^- lu' I. i j at^j J pi'Oi.iuotj .[..: 
17h /I' - (17 )h ,_0V. 



1 


t. V X + 










3o 






3i 


-1 . ; 'f.-i 


-f 


62 




1"' 


■3. 




-.1 



18(3) + l8(ac 
18(3 + Sifi) 

l8xy(3x + Sy) 



8a 

(n + 3)b 
(6 + l)x 

(8 + 9)q, 10c 
5>,CM or 5m 

I- 

5a ^ 3b 



aii^' .■ui:iJiiUt:al Lv- 
t.j.--.-1h-r- wi th 
po L ; 1 h • ■ u w'y 



I'h' ' pr^npte^ t. ' 
in . l-p ( ! ), -11, 



i at Lv- p.rc)pi;rtiei; a^-ici.i t l-on , 
i .•trihiit Lv- [aa-p-eMv , niahr' ; ^ 
.nil' up':n phra/'-.: I:: LvLinp.l-^r Vorm, 

La t h^ * \-h.-^-\\ .'hc.iw:. ah.-n^^' w^.e-'i' : 
a: I'i ^ prN -p' a^t i - s' 



.a ai 



a /t-a 



cumjiiutative 



cii irtr L irut ive 
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87 
88 

89 
90 

* 91 

92 
. 9i 

9k 

95 

96 

97 



98 
99 
100 

.101 



Where pOEsi'ble, use the associative, commutative, and 
distributive properties to wTlte the following In 
simpler form: . 



2 1 
-a + 3t. + ia 



) 



3b 



5m 4- 2ri + 5m 



Ua 4- + 2b 4- 8a = (ha + 8a) 



L 



a + 



1.3x 4- 3,7y + 6.2 4- 7.7x 
2a 



How might we write 3(x + y + z) an In IndLcated Dum? 
By the asGOCiative property we minht i^^roixp the x aiid. 
the yj to write 

3(x + y + z) as jfCx 4- y) + \ 
Then J by the property^ 



.((X y) * .) i( 



Once more, iii::in£- the ■:li:::tivLbutive property, 
j(x y) f /iz ( + ) ^ .z- 



From ttenu; j8=lOl 



i 



v^e ai. 1 ir 



statement 
:.x f- ;-y 



"a + 3b , 7 

l£a + 5 b 
7x + 2y ^ 3 



3((x + y) + ^ 
distribiitive 
3(x + y) + 3e; 

(3x ^ 3y) + 32 



whirh i;; tru-.: tor uli valur^M^ th- voLriabN--. By a nimiULr prociesn we uouid 
extend the pattern oi rhe dirtribirti ve property t-o 4.he riini or three or more 
numhe rr , 



102 
lOj 

10^ 
106 



Write eacli of tr.e fallowing as an indicated siim" 

(c + f + g)h -= en + fh + 

3a(a + b + c) ~ + + ^-^ac 

6(2s + 3r + 7q + a) 

(2x + 3y + hz)7z - lUx7. + + 



1 ^Q 



ch 4^ fh + gh ^ ; . 

a. 



Anuther important application oi" the di'Gtritnjtivt^ property is illustrated 
by tlie following exaifiple : 

Wi'ito (x + '2)(:< + z ) as an IrKlLcated ^3UJ?] without pai'entheses , 
Befoi'e looking Into this mattei' moi^e closely^ let's look at anothei- 
similar exainple^ 



107 



105 



lO'j 
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The ulosure 'property of addition asrnrec ub that if 

X is a nujnber^ (x + 2) ic a 

Tlijn^ (x -t- ?)(b + c) may be thought of as 

a(b c) , thus 

a . (b + ) 

_L t T 

(x + ?)(b + e) 
In tho same way, < (x + 2)(x + j ) may aleo be tliou^jht 



a (n + c) 

J_. t t 

• 2)(>r . ; 



W e ■ ai 1 r i o w api p i y t h ^ 
a(b i- c) ... fu> + a- J, 



^tribirlive pn 
i'ollowG : 



;rt^ 



-Lit -L, t ■ i 

(x + 2)(x + ,) . (v y)(x) + ( )(,) 



. nimber 



(x + S}(3) 




111 



112 



11.^ 



IIU ^ 



:.))(, 



TYie remaining steps ai'e dlaplayed below. 

-Lt t ~Ut J t 

(x + 2)(x + 3) (x + S)(x). + (x^+ 2) (3) (i) 

. (x(x) + Six)) + ^x(3) + 

^ - - x"^ + 2x + jx + 6 . ^ (ill 

I - x" + (gx + 3x) + 6 (iv) 

- ^ .."^ ( (^) 
^ ^ x"" + _^}X + 6 ' ( vi ) 

In going from ctep- (i) to the di:-:trlbiitlve 

pr op e r t y wa s u s e d 1 1 me ( □ ') 

(hoy maiiyj 

In going from Dtep (iv) to (v) , the property 
wa G u s e d again* 

Tlie property used from^lii) to (iv) was the 
property of 'additioru 



two 



distribii*tiv© 



associative 





From 


the 


ltem_s above we have ai'r 


ived at the senterice 


(x + 


2)(x 


^ j) 


--- x"^ + Sx + 6 , whicil 


iy tmo for all val..uen of the vai^iable x 


115 


Wrltt 


the 


phrase (a + ^))(a + 8) 


as an indicated sum. 








[A] itO + a^' 










. 5a 


+ 8a + UO 








[ C] a" +13 


a + hQ 








work mgllt look Eomewh 


at like this; 








(a + 5)(a- + 8) - 


(a + 5)a # (a + g)S 



- &^>>f 5.a^! a(8) + ifO 
• ■■■■ ^ '2 

^ sl^ + 13a + 40 , , 

Although, on the third line of the work shown have the. same 
indicated sum as in [B] , a better ehoice is [C]', 












Use the dastributive property to write each vie 


1 phrase as an indicated 




sum following the pattern used in Items 111= llU 




116. 


(y + 2)(y + 9) ^ 119. J3x + k 


)(^x + 3') . 


117. 


(x + l)(x + 5),- 120, (x 4- y) 


K + y) = 


118. 


{2k + a)(x 4f a) ^ . 






ASt e r you h av e c omp 1 e t e d al 1 o f lie m s 1 1 - . 20 ^ i 


.urn to pa^^e vl and 





c 0 mp m" e y o u x ' wo r k wit h ' t h a t i-r^ive n t h e r e , 





Tlie Nujnbei-s of AivlttLmet ic • 

Let us summarize our cone lusions- about the operations oV addition and 
multiplication in the set of number s of ai^ithunetlc . In the statements that 
I'o-lloWj wf} are conaei'ned. only with numbers of arithmetic, 

i* Closui-e Property u.ndei' Additi on : For all numbers a aJid b^ there is 

exactly one number a + b. 
^' CU-Q£^ure . Property mider Nfiiltiplicatlon : For aA/l numbers a and b^ there 

is e X ac 1 1 y o n € rrum b e r ab * 
3* Commutative Propert y of Addition; For all numbers a and b^ 

a + b - b -f a. 

Coimnutative Propert y of Multiplication: For .all numbers a arid 
ab ^ ba. 



Asijociat 1 ve Property of Addition: 1^'or all numbers a^ b^ and 





(a + b) -f^,c - a + 












Associative Pi'operty oi' 


Miiltipilt'ation! for all nuinbers 




and 






(ab)c . a(bc). 










7, 


Dlstri^ tive Property! 


For all nurnbers a, b, and c^ 










a(b + ■ c ) - ab + ac 


and (b + c)a.-- ba + ca. 








3. 


Addition Property oi' 0: 


For' every number a, 









a ® - a and. 0 + ^ a. , 
Nlu 1 1 i p 1 1 ! :^at l(o n F^'operty oi" 1; For every nimibei' a 
^ a(l) - a and (l)a a. 



10. Miil tlpliiUi t ion F^^operty of 0: Far wory number 
a(0) - 0 and 0(a) 0. ^ 

o 

ERIC 



Mthoueh thlr r^napter \mc. dealt iarc^ly with th'^ operationr or -lUiilDlie^ 
tlon and. addition^ you alco a/H; roirilliar with division arid cuhtraetion. We 
will di3cu;-;j dlvhUon and subtraLition hrteriy hert', but a more complot'^ tret^i^ 
meat will bo er.eountored in a later chapter. 

Given twc numbor^^ oi aiulhrnetie fdirferent li-or:: ■ ) we mty Kviee each 
by th'^ otaeia li a aj-i r -.Lro :-:on=z-ro nu:::berr o: rudthTnct Ic , tnen 

y= aa.l ^ - ar-j both riumhuro ■■ :' ^iJd.■Lhm^ti.^s 

Fox- exainple, and ■ yf; both name numoerr oi ari-tiurHd- i c . Notice that. 

Y; ■ t'^^^^'-- --riten..'e, then be ie a.l-e a'truo eentHn.-. Fnr 

1 e 

'^xtunpb', ^ - ■ ^:eei ! ;. .• d x ■ ar-- bntd t re-. v.;-e We net;.'e thu; 

divieion i;: e^oeuje r'-Ud.ed 'a i:a. It i pi 1 -at i . , 

In paidlenl ne we rnaj, ^'divide" the uaee L ly y.d ■.-rien - ::!u 1 1 ip L L ;at ;.on 

by :iny non--a.>ro numbor o:^ ^irnLthnudd . IP m y: unv aiun-cT:^ r,e Jueeain:ot ir- , 
e:a!ept :e:a-o . tii-n = i- a nenibe r e:' ;.ee ta:i:e1 ; ■ an'; 



-inaiiy, voe renieniLof^ tha^ ii a i.: ^ae/ leaia^-r -e ^eM a- ;rh-rd r . ^^v.^ppt n 
Ltiun - --- 0. or euuree, w-/ anver Jivide by 0. 

In ne :-ay, oP riernler:- n-/ r^r ll hm^ dd y ;.■ i d eea¥-r loii pr^r!^.-n'i:\ a eom';wta-t 
ddidVjr^ent eie-jjatiO!:. in a / ie l-li'-i. any oV briP rynl-oi.^ 'd- ^ iiae 
"a - t" nam^-e^ exantly on- nuniben ce^ -ad ^dln^■t L^.' td-^^ oth-r- ryr±o: ■ion.; not 
n/une a nuinber oP fed thmeti-.- . Fan • n-:nj^;p I , ''1,2 - ^K.anef a number od 
arithm"t:e, hut 'di = ;| p" Aoi.-- :ue . 

I^" < ^-M -ben i- ^ a i a nunu^-- .a' arita:a.d : t:' thir aieriber in 
e, then a ^ - r v. pi^-a -r,^ t ^ y^.. un^L:::p.ip. ip = d .-. uMd 

- : ■ a?-- [■■n,;, xr:v_ /-nrea--n. V/: ^ nety-- y.-^: ral Lm-i i or. P: ■toney/ 
re 1 at.^:-d t a.i b ■ P - e . 

In paida near, J i a aay uni:;bv;^ -n anda:a-t.: ■ obh^a■ iheji U, idi^:. 

' ^' ^ n" a--:- not :i^j.r:e- a au::d fe^ ^a' 'ub 1 aa'.nu.P : , 

Id tn'.- iaaain ..n- v l/dpi.^ ;-fa. at nnal.-n. od : ;diaeii ■ a 1 Men ib- 'tj-itd. 
"n'.d. ..;p ^- A a 1/ 0. 

---^^^'--by,' V- nlaib; ■nern;]; onv ieea ^'a' 'bna:;ne-'^ in nn d. a wan tiad 



';=•!, a ] :die^ r . ■ in"' t Tnrr : 
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Roview . ' ■ 

This Get of review problems is included to provide an opportunity for 
reviewinc the mathemutical ideas learned, to date. For this section^ and for 
review sections at the cJoDe of other chapters, no response sheets ar© 
provided. If more practice is desired with the distributive property, 
Problc^m^ 17-^7 may be dono. Ilie answers to the problems in this section 
will be found on pa^j;e vii. 

1, (a) Write a description or' the set H if 

H -: [21,24,25, ^^9). 

(b) Consider the- set A ^ of all whole nuinbers greater than 20. 
Is H a subset oV A ? 

(c) CIassli> sets H' mm A as- finite or infinite,' 

2. (a) Find the coordinate of a point which lies on the number line between 

"the two pff^'il^kir with coordinates j= and 



(b) ifow many points between these two? 

C- ft- 



Consider the set i^' 



Is T closed 

(a) under the operation oV addition? . 
^ (b) under the operation of "averai^ini:'' ? 

Let the domain of th- vajMable t be the set R of all numbers between 
J an d. , i n r 1 u s i v e , 

(a) Draw the graph oT the set li. 

(b) Decide whether each of the following numbers is in the domain of 



the v aid able t, 

- 



Iri which or the followinn does the sentence have the same tfuth set as 

the sentence < 

i^) K > or X 

(b) X < 5 and X - 

(c) X 

(d) X ■ I 1 > 

(or X / s 



k^6 



6. Find the-tinith set for each' ojf the following sentences. 

(a) n ^ 5 ^ 7 ^ ^4) kn ^ 3 ^ J 

(b) 2n ^ 5 - 7 (e) .6n = 5 = 7 
(g) 3n ^ 5 - 7 (f) 12n - 5 . 7 

7. If m is a number of arithmetic^ find the truth set of 

(a) ffi + m = 2 (c) m >'an 

(b) m + m ^ an (d) m + 3 < m 

8. If the domain of m is the set of coimtlng numbers^ find the truth set 
of the open sentences in (a) through (d) in ^^ohlem 7, 

9. Let T be the tinith set of 

"x + 3 5 or X + 1 = 4''. 

(a) Is 3 an element of T? 

(b) Is 2 an element of T? 

(c) 'Is 0 a subset of 

y 

, ^ 10. If S is the truth set of 

"x + 1 < 5 and X - 1 > 2*' 
draw the graph of S* 

11. Consider the open sentence 

ac < 1, 

What is the truth set if the domain Is the set of 

(a) all CQuntlng numbers? 

(b) all whole niimbei^-s? 

(c) all numbers of ^ithmetic? 

12. (a)- Is the following sentence true? 

•■■'^ ■ ^(8 + 1) = ^(4 + 5) 

(b) Do you have to perfom any multiplication to answer part (a)? 
Explain. 
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13^ Which of the follDwlng sentences are true? 
• (a) 3{k + 2) . ik + 2)5 
(,) io(|4).f.| 

(c) 10(i . |) . 5 . ^ 

(d) k + 1 + 1.817 = 5 + 1.81? +6 

(e) 12 X 8 + 12, X 92 ^ 1200 

(f) (5 X ^)16 ^500 } 

ih. Explain how the property of 1 is used in perf ormlryj the calculation 



i 

15. Explain why 

3x + y % 2x + 3y ^ 3x i|=y 
is true for all values of, ^ x and y, 

16. Write^i these indicated products as Indicated sums without parentheseE, 

(a) (x + l)(x +1) 

(b) (x + 2)(x ^ 2) ^ 

In the remainder of the non- starred problemfi uce the distributive 
property to state indicated products as indicated sunis^ and indicated suiris 
as indicated products* 

17. (1 + x)5 - 2h. 3ax 4- 2ay - 

18. ^ a 4- ^ a ^ y)y ^ py 

19. 33 + :i5(ll) ^ 26. h + ^ab ^- 



20. c 4^ 2c 27. 2a(a + b f- f ) . 

21. (| ^ i)y ^ ^ 28. (u + 2v)(u + v) - 

22. x(y + 1) . 29. (a f l)- - 



23. xy + X : Kemember: - (a4-i)(a+l) 



1 ^ 



Use tYm properties to write the fcsllowlng in simpler foiini 

+ X - ____ 33* + .7 + *^+a + ^3^ 
2x + y + 3x + y ^ 3^^ by + 2^ ^ 



3(x + 1) Sx + 7 ^ _ 35^ 9x + 3 + X + S + llx ^ ____ 

Here you are going to see how to test whether a whole ntimber is exactly 
diylaftle by 9, Keep a record, as you go^ of the properties of 
addition and multiplication which are used, Try the following i 

*2357 = 2(1000) + 3(100) + 5(l0) + 7(1) 

= 2(99P.+ 1) + '3(99 + 1) + 5(9 + l) + 7(1) 

- 2(999) + 2(1) + 3(99) + 3(l) + 5(9) + 5(i) + 7(l) 

- (2(999) > 3(99) + 5(9^ + (2(1) + 3(1) + 5(l) + 7(1)) 
~- (2(111) + 3(11) + 5(1)) 9 + (2 + 3 + 5 + 7) 

■ - (222 +33 + 5)9 + (2+3 + 5 + 7) 

Is 23!37 divisible by 9? Try the same procedure with 3587^1^^ Can you 
formulate a general rule to tell when a whole number is divisible "by 91 

Look for the pattern in the rollowir^ calc-ulation : 

I9^x 13 - 19(10 + 3) 

- 19(10) + 19(3) (what propei^ty?) 
^ 19(10) + (10 + 9)3 

^ 19(10) + ^0(3) + /(3)) (what property?) 

- ^19(10) + 10(3)^ + 9(3) (what property?) 

s (19 + 3)10 + 9(3) (what properties?) ' 

The final result indicates a method for "multiplying teens" (whole 
numb e r s from 11 t \:\t oug h 1 9 ) \ Add to the first numb er the units digit 
of the second, and multiply by 10; then 'aad to this the product of the 
units digit e o f t h e t wo numb ere. 

Use the method to find: ^ 
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OPEN SENraNCTS ^D, ENGLISH SENraNCTS 



_5-l. English and Mathematical Language 



Problem: Henry and Qiarles were cjpposing candidates in a class 
election* Henry received 30 more votes than Charles j and 516 



grs of the class voted. Find the number of votes that 
Charles received * 



1 
2 

3 
k 



In this problem you know that Chari^s^'strT^'' ] 
received vcites . 



Hem^y 



together 



You know that Henry ^ because he received 

(won j lost) 

more votes than Charles . 



( how many ) 
You want to find the number of 



that Charles 



received . 



30 



of votes 



One way to solve this prSblem is to use trial and error >. We can simply 
guess until we obtain the correct result. 



5 
6 



For example^ we might test whether ^00 Is tlie nuinber 
of votes Charles received. 

We would reason: If Qiarles had received 200 votes ^ 
then Henry would have received 20p__t___^ votes. 

But 200 + 230 ^ 

This, would mean only votes were cast- 

But we know that 5l6 votes were cast - 

We see that 200 the niimber of votes 

( is , is not ) 

Char le s r e c e i ve d . 



BOO + 30 
430 



is not 





- • - - . 


Did Charles receive exactly 3 00 votes? 




[AJ Yes 




[B] No 
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^ Ovaries had r^ceiv^d 3W iroW&^ t^wx Hensy m»ia have ) 

received 330 y.otas, • B^t this wouia wean that 630 vcrt^s 

oast/ 3M Is tin? iium'bar of votes Chwlea reoelvea, 
[B] the correct choice* 



Did Charles receive exactly ikj votes? 

[a] Yes 
[B] No 



If a^lm xeeelv^t^d 2i^:i vote^, Henry r^n^Ss^d 275 vutt?B. 
^ogetter, they received 5X6 votee^ wMeh U Indeed the 
nra^CT of votes cast* U] i© eorraot* 



Trial and error is a tedious way of solving problems like this. Do you 
notice that for each guess you are repeating the s^e pattern? 

The pattern is: "Choose a whole number. Add to the number you chose 
the 0um of the number and 30. Test whether the result is 516 . 'U. a:^iink 
back. -Doe^ this remind you of a game descitlbed in an earlier section? 

In dealing with a somewhat similar pattern in Section 2-h we found 
it helpf\il to represent the number chosen by a symbol n. We can now 
summarize the pattern we have followed in our problem about votes. 



10 



11 



Choose a number 



to the number you 
chose the sum of the 
number and 30 — — — 



Compare your result 
with 516 ^ ■ 



n + (n + 30) 

Compare n + (n + 30) with . ^l6 



C^^ider 



n + (n + 30) 516. 



We have called such a mathematical sentence an 
open . 



We have learned that an open sentence "sorts" the 
elements of the domain of the variable into two 
subsets those elements which make the resulting 
nLimerical sentence true^ and those which make it 



yp&n sentence 



false 



12 



TYie set of elements which make the resulting 
nunierical sentence ti"ue is the ^ set.' 



truth 



Ttie pattern followed above leads us to conclude: The nnmher oi' votes 
Qiaries received is an element ol' the truth set oi' the open sentence 

n + (n + -30) ^ 516. 

Suppose that you know that the truth set of this sentence is (2U3}, 
llien you can check that 2k _i is inSeed the numher of votes Charles received 
You can be sure that 2k j is the ov\iy_ possible answer to the given prohlenij 
because the truth set contains no other numbers- 



13 



Hiis example illustrates a general procedure that can 
b e u s e d i n s 0 Iv i nn "word problems" " s u c h a s t li e o n e 
given. In such p)rdblems you are often looking for a 

ce2"'taln number (hei^e^? the of votes Cliarles 

received). Tlierc aro three major steps: 

(1) We.i'ind an open sentence such that the 

number we are looking for belor^s to the 
i5ot oi' the sentence. 

( 2 ) We f 1 nd t h e t ru t h set of the ope n s e n t e nc e . 

(j) We test the elements of the truth set in 
the, given problem. 



truth 



Step (1) is Illustrated i r. the box before Item. 10. Steps (l) and (3) 

really i n vo L v e t r a n s 1 a t i ng b he ] .5 r ob 3 . em ' i n t o t he ins t ru c 1 1 o ns i Fi n d t h e 
tnj.th set of 

n -^n + 30) - 516 

and test each element of the t.ruth set in the original problem. 

It takes practice^tQ liecome skillx^il at finding open sentences that fit 
word problems. In this chapter are KOing to concentrafce on this step== 
i" i nd i ng o p e n s e n t e nc e s , 

In later chapters wo will give much ■ attention to I'inding the truth sets 
of open sentences^ that is^ to Btep (^j). 

Our aim in this 'diapter is to leurn to translate word problems Into 

instiiic tiohs about idridin^^ ti-ufh :iets uV oufju sentoncos. it will help you 

to do this if you pruotLce thinhirig ahoiVt what probJem n 1 tuationn might fit 

i- 

certain math^miat i cal exprensions. 



5=1 



15 

16 



an the example/ we saw that if the variable" n 
represents the nui^ter of votes Charles received, then 
the -phrase representB the 

- of votes Henry received. 



n ^ 30 
mnaber 



How might a problem involve the phrasB ^'n +5"? In a problem, 
might represent '^the nimiber of students in your class" or "the nuhber 
of dollars in your allowance% or *'the number of years in your age''. 



17 



18 
19 



20 

21 

22 



In the following^ table you are told what n repre= 
senta in a problem. Give an appropriate meaning 
that n + 5 might have. 



a cejrtain nurnber 



the number of students 
in your class 



number of years in 
you]^ age 



the of 
( sum J difference ) 

the nurnber and 5 . 



the 



of students 



if 5 



"(more, lewerT 
enrolled in the class . 



the 



of years in 



the a^e of your sister 
who is years 

than you > 



C older, younger^ 



number 
more . 



nuniber 

5 " 
older 



You can see from bhese examples that the same open phrase may be 
related ta many nitimtions. Tl^e meaning you choose for a phrase depend^ on 
the interpretation you have chosen for the vari^ae f However, remember that 

^^/''^■'^^ ^ variable Is a^a^-s a number, Likewise, the corresponding value 

pi' an open phrase is a num'^r. 
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Let ui conglder the opan phrase 7w. Vmich of the following meanings 
ml^^ w and 7w have In a problem? v . 

w is the water in the well and 7w is seven times the water 
In the well. 

[B] w is the number of wolves in a 200^ and 7w ie the number of 
wolves in seven zqob . . . ' ' 

[C] w -is the number of dollars' I paid for one bushel of wheat 
and 7w is the number of dollars I paid for 7 buahela of 
'fc^eat * 



[a] fisn*t you mm^ thm of gallons of ifa^ei*: ^^^^ 

umber of pounds of i^ter? RamamteSF that the vaMable ^ 
V Migt always i^preaent a nuffltow, Oo back f 0 It^ 23 
and rea4 the ehoidea agalru 

[B] Ihls a possible cliolce^ lav^ '^mM^h^ x^mw^ot om 
only iir ^fou teew that each soo had tti^ san^ niAistber : c>f 

is \here a better aeli^tloa? , 

[C] )fQU aarf OOTrapt* ^ intmTpr^Mm^^^ 
in m ZQQ wpiald "also be eoMeat > prc>vi4ad you kaoir that 
each of the seven ^oob hatf th# mmm haasbef^ of wXvai * 
tt lE ittoofe i*^asonrtle to expect each of 6iSY^t»^ 
buiheX* of i^eat to oost the stoe a^c^ot ti^ to ^ 
e^^ect each of saveral ^oos to dontain the same mMbar 
of wolves i ^ - . . 

» 

The interpretation you use for the variable ^ and hence for the open 
phrase,^ should be sensible. You are not likely to find a situation in which 
y represents the nujnber of pencils on your desk and "2^500^000 + y'' is 
a phrase related to a reasonable problem. On the other hand^ the phrase 
"2,500^000 + y" might occur in connection with a problem about populations* 



2h 



r 



Suppose there were 


2^500^000 persons in the city of Detroit 


in 


1950* ^en the open 


phrase "2^500,000 + y" could represent 




[A] the number ol p 


ersons living in Detroit in i960 if y i 


B the 


number by which 


the population increased in 10 years. 




[BJ the population 


of Detroit y years after 1950* 




[C] the increase in 


population if the population is y. more 


than 


£^500^000, 








1^1 
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::t3S}\-;^^^.^^ been caj^ful in translating the Qpan phraee, 

■ j- th^ num^r of ^ wi after 1950^ >^at wuld 

1l# 'iij^ i^^^^ tb© population in 1930 + y? ¥e aon't have 

.. . ;,^=..^^:";.r^:^".:i. • . ■ ^ « . - - - — . . 

XnTormation to write Wi open phrase for; the popu- 
ip----f^^^iirtiOTi^ ia the f*DSOTot ;eho40e * ■ 

tcl Tb^ ■^iacr^aBe m po^iation" suggest a that soiftething 
ie addfed to 3>50Q^0O0^ tet the open phrase would not 
ls£i€«te tha InDrease* (a1 Ig the correct cholca. 



£5 



Choose the seneible meaning for the variable in the open pt|rasej 
.eg + k. 

k la the number of cova in the barn, 
^e rate of interest Is incrfeased by k per cent* 
T* k is the number of dollars in my purse* 

[a] R only [B] s only [c] S and T 



S is sansihle^ and T is aleo good.^ I might have k dollar's 
t and . 5^ in hq^ purse so that the open phimse *05 + k repre- 
sents the number of tollars in m purse, ^uSj [C] is the 
eorredt choice**^ Don't ymi agree that we would not usually add 
the ttumber of cows ind the number *0? 

Before we consider other open phrases we will review som.e of the id^as 
that we will need as we go along* 



26 



In the open phrase '';jx + 23'" the syiribol " + 
indicates the operation of 

The symbol " + in the open phrase x + J^-\vindicates 

that we are forming the _ of the. two 

( sufTi jdlffer^ncel 



numbers 



X and ^) 



The open phrase 2w + 3 might be read: 

"3 _ than £V\ 

(more , less ) 

The phrase 2W + j may also be read: 

"2w increased by 



addition 



1 'J ^h2 



5-1 



30 
31 

32 

33 



The phrase , 6t + 7 may be read* "6t 



The BY^h&l ^' - " indicate© that the open ph»se x - 5 

ffli^t be translated: ^'x . __^__„ 5*^ 

rincreased^decreasedj 

Other translations of ttie phrase x - 5 might be^ 

r *han x" or "5 im subtracted from 

(more J less) 



Wote i We must be sure in each case that our variable represents a 
number* We are perfectly correct in saying: "John Is n years old^" or 
"I have t dollars," In each case^ if we substitute a number for the 
variable J we have a sensible etatement. On the' other hand^ we must avoid 
eaying: "d is dimes" since that does not indicate whether d- Is the 
number of dimes or the number of cents in the value of the dimes. 

In the following table you are given open phrases and you are to 
complfte the table as suggested by the first example. There are many possi- 
bilities in each case* Choose a sensible onel 



^en Hirase 


Meaning^ of Variable 


English Hirase \ 

^ ■ ; 


3x + © 


X is the number. of cents 
Tom earns in one hour. 


^e number of cents Tom 
earned in three hours if 
■he gets a bonus of 25 cents* 


3^. n + 7 


n is John's age now^ 
in years * 




35, n " 7 




Joan's weight in pounds 
after she lost seven pounds* 


36. 1 




Larry -s wages in dollars 
for one week. 


37. 2r + 5 


r is the cost in cents 
of one bunch ^ of rhubarb. 




38. a + b 


a is my aga in years and 
b is my is tor's age in 

years 





153 

o 
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ATter, cQoipletlng your table j tur* to page and read the completions 

suggested there i Although the answers you gave may be different^ they should 
repreient numbere . Ihe ddeae expressed should be almllar. 

coiirse^ the indicated Interpretations are Just suggestions. It 
would be fun for you to write others for the given open phrases . KiereT orej 
in the space below we have written only the open phrases- -you are to find 
for each a good English interpretation. Be sure to specify the meaning of 
the variable first j so that it represents a number j and the^pbo find a ' 
corresponding meaning for the open phrase. You must be very alert^ since ' 
we shall not record these answers and you will have to find your own errors, 
ifeep your results. We shall use them again in the next section* 

C^en Rirase Interpretation of Variable English Rirage 

^ n + 7 

2 

2r + 5 

a + b ' 

Go on to Section 5^2 when you have looked over your work and feel It is 
correctly done. If this prograjn is "being used under a teacher -s supervision^ 
have your teacher read your interpretations,- ^ 



5^2. English Hirases and C^en rases 

In the section which you have Just completed^ you practiced finding inter 
pretatlons for open mathematical phrases. In this section you will learn to 
translate English phrases into mathematical language. Once you have 
learned to do this with ease^ you will be able to, solve "word problems". 

Suppose you were asked to write an open phrase indicating the number 
of feet in y yards. Recall that there are 3 feet in 1 yard. Hence 



3y 



5-2 



would be an opeh phrase for the nipaber o€^ feet in' y yards • 



1 

2 
'3 



Write an open phrase for each of the following 
English phrasee. 

The number of pints in k quarts Is * 
The numher of ihches Iri f feet' is ^ ^ * 



Th^ successor of th^ whole numher n is 

(For exajnplej 5 . is the, successor of h,) 

^If n is an even' number the next even number is 



10 



11 



In one pound there are 



An open phrase for the number of ounces in k poundi 
and t ounces is , j 

In one quarter .there are cents ^ and in one 

dollar there are ____ cents . Then an open 
phrase representing the total nujnber of cents in 
d dollars and k quarters is- 

An open phrase for the number bf cents in d 
dollars j k quarters ^ m dimes and n nickels 
is 

An open phrase for the number of cents in t 
dimes and t nickels is 



An upen phrase for the number of eoins in a stack 
of coins containing d dimes and n nickels 

An open phrase for the number of cents in d dimes 
and n nickels is . ' - 



n V 2r 
16 

l6k + t 

:: ^ 

100 

lood ^ 



lOfc + 5t 



d + n 



lOd + 5n 
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^ ' ~~~ ' : ^- ^ 

Jack has. only dlMi and qu^tere « If m represents the niaaber of 
qu^^CTi he haij and if n represents the numher of dimes he has, 
then m + n represents i " ' 

r 

[A] the number of cents Jack has * 
. [B] thi number- of coins Jack has , 



In the above examples you were told the number represented by each 
variable t You probably noticed that^ having chosen an Interpretation for 
certain variables, you represented other numbers by phrases Involving these 
yariables . In-order to do this it was necessary to look carefully at the 
relationships e^^ressed In the English phrases . 

In many problems, you will need to use only a single variable. It 
will be necessary * for you to choose the number you wish to represent by a 
variable, (There are often two or more possibilities*) You will usually 
want to express other numbers in^e proMem as phrases involving the 
single variable you have chosen. 



15 



16 



1? 



Write an open, phrase for the number of years iff John'i 
age if John is seven years older than Dick. 

The number of years in John's age is expressed in 
tenns of the_ number of years in ^ age* 

The rejationsip "older than" can be ejq^ressed by 
Caddition,mu It ipli cation*) 

We can choose the variable n to represc^nt the 
number of years in Dick's age, 

Uien the number of years in John-s age is repre- 
sentets by the phrase . 



J. 

addition 



n + 7 



Many probler^^nvolve geometric flgui^es. For such problems- It helps 
to draw a diagram . 



Ik6 
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Suppose a represents the ftuinber of units in the 
length of a rectangle and b represents the number 
□f units In the width. / * 



The number of ^square units 
in the area of this 
rectangle is 



r 
i. 



■'Hie number of units in the perimeter of the 
rectangle is ■- , 



Th^ length of a rectangle is 5 feet less than twice 
the width , Write open phrases., for the number of 
feet ^ in zhe perimeter and the number of square feet 
in the area. 

Since the length is given in teiTTis of the 



we might choose w as the number of feet In the 

Then an open phrase for the number of feet in, the 
lengthy expressed in terms of the variable "w'^ 
would be . - ■ 



'L ■ . ■ ■ 



ab 



& + Hb^ or 
a(a + b) 



width 



2w ^ 5 



The rectangle might be^ represented by the following figure on which 
the length and width are expressed in terms of the variable, w. 



An open phrase for the perimeter of the rectancle 
is » 

An open phrase for the area of the rectani^le is 



2{2w - 5) + 
or 2((&^-5}+w) 



15^ 
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27 



-pie number of feet in the hei^t of a triangle le six 
more than the niaiber of feet In the^ baae* If h is 
the variable representing the number of- feet in the 
base then Is an 'open phrase for the number of 

feet in the height, 

Indieate on the following figure how this might be 
shown* 




How shall we write an open phrase for the part of the 
house a man can paint in one day^ if he can paint the 
entire house in d days? 

Suppose that he painted a house' in 8 days. How 
much of the house did he paint in one day? 



Gimilarlyj if he can paint the house in . d days^ an 
open phrase I'or the part of the house, he can paint 
in one day is , 



b + 6 




1 



-*J^J^K In Section 5^1 you wtire asked to write English interpretations 
0 1' op e n p h ra s o a nd t o keep these i n t e r p r e t a t i o ns * Now take y ou r 
Eru;,lish plirases, cover thej mathematical phrases j and look for open 
ph ras e s t o f i t . Wr 1 1 e t h e s e o pe n ph rases on you r response sheet for 
Iterns Now uncover the open phrases and check to see if they 

are the jame is the , open phrases which you have ,1ust written. 

If they are not^, you ha.ve not translated correctly in both 
diroctions. Review f'rom the beginnin£^ ol' this chapter^ and then 
continue with llnm j'^ , Ir you have written the open phrases 
correctly^ CO to Item j5 , 



ikS 

EKLC 
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J5 

37 



If I 




1 I'ills 


J 

5" 


of a swiimning pool in one hour^ 


the 


part 


filled^ 


in 


3 hours would be 


The 


part 


filled 


in 


X hours would be • 










9 



The width of a reetanGle is k inches less than the 
length, Ut the variable y represent the 

T - - — 

of inGhes in the length of the rectangle. 

An open phrase for'^tiio number of inches in the 
width is ^ ^- ^ . ^ ' 



number 



3? - k 



, In many problems you need facts you have learned in earlier mathematics 
courses. In Horking with suph problems, It helpJ to think first about the 
relationships that ydu know apply. Remember^ drawing a figure is often 
helpful. , 



39 



ho 



/For example^ in a problem about a square you might 
need to remember: 



TJie number of square units 
in the ai^ea of this square 
is ■ . (s is the 



number of units in the side J 

/ 

number of units in the perimeter of the square 



hi 



In a problem about a tri angle you may need to * 
remember i 

Thie number of units In the 
perimeter 'of this triangle 

is t ,(a^ b^ J are 

the number G of units in the 
respective sides. 




+ b + c 



1U9 1 £r 
■I J J 

EKLC 



k2 



h3 



The number of gquare units in , 

the area^ of this triangle 

ia . (b, Is the number 



of unite in the base and h 
the numher of units in the 
altitude.) 

Similarly^ the number of square 
units in the area of this 
triangle is . 




■■*■.- 



We should- also Icsok at 
in everyday problems. 



basic formulas which are frequWtly used 



h6 



he. 
52. 



The distance d in feet traveled ty an object which 
moves at the rate of r feet per hour for t hours 
is given by the sentence ^ ^ 

If d is a distance in mi lea j r is the rate In 
miles, per hour^.and t is the nLunber of hours 
rave led at this rate^ the sentence is again 



Thm simple interest i 
dollars at r per y 

The^ total amount A after 



earned in t years by p 
can be stated i = 

t yeai^s is written 



d = rt 



d - rt 



1 ^ prt 



A s p + prt 



Foi^ each of the following wi-ite an English interpretation of the given 
o pe n ph r a 3 e * In e a c h c a s e ^ 1 d e n t i I'y t he var i ab Lee xp I i c 1 1 1 y . S ome 
possible interpretations for theoe are qIvgu on page >:i . 



n + Yn 
(2r = ^) 

5060 + 
y + ^OLy 
X(X - :) 

^(y ^ - ) 



Hint; Tiiis phrase ini^ht be interpreted as the 

expression for the number of square unit3 
in an area . ) 



IZO 



1^0 



y 

In the following iteraa^ identify the variable explicitly and write 
thi open phrase requested. Check your phrases with those on. page xl 

55 • Write a phrase for the number Inches in the length of a second J 

side of a^trfanglej if it Is three inches longer than the first side, 
- ^ - ^ 

56. The admisslort price to a perfomance of "The Mikado" is ^2,00 per 
person* Write-" a phrase for the total number of dollars received in 
terms of the number of people who bought tickets p 

57. When a tree grows it increases its radius each year by adding a ring 
of new wood* If a tree has r rings now^ write an. open phrase for 
the nujnter of ' growth rings, in the tree twelve years from now, 

58. ^ree sons share in an inheritanGe. Let x represent the number of. 
dollars In the" inheritance, - % 

(a) Write an open phrase for the number of dollars in One son's share 
which is one-half of the inheritance, 

(b) Write an open phrase for the number of dollars of the second son*s 
share ^ which Is fifty dollars more than one -tenth of the 
inheritance i 

(c) Vfrite an open phrase for the third son*s share. ' ^ 

(d) Write an open phrase for the sum of the three sons' shares. 

Remember to draw a figure for this geometric problems 
_59, One side of a triangle is x inches long and a second side is y 

inches long. The length of the third side is one-half the sum of the 
lengths of the first two sides* 

(a) Write an open phrase for the number of inches "in the length of 
the third side, 

(b) Write an open phrase for the number of inches in the perimeter 
of the triangle. 

60, A plant grows a certain number of inches per week. It is now 20 inches 
'^'"tall. Write an open phrase giving the number of Inches in its height 
five weeks from now, 

*ol. Suppose that when a man immerses his arms in hot water, the temperature 
of his feet will rise one degree per minute^ beglnnlnc at 10 minutes 
after his ai-ms are ^ put in the water. Write an open phrase for the rise 
in temperature of the man^s feet at any time (more than ten minutes) 
aftei his arms are immersed. 



5.-3 



5*3. Interpreting ^jn Sentences . 

In many "word problems" you are concerned with finding a quantity by 
the use of certain given conditions. Thm conditions are stated in English 
sentences . As we have seen; one ^ep in solving a word problem is to . 
find an open sentence which has in its truth set the number (or numbers) 
we wish^ to /find » We have already seen how an open phrase can have many^ 
interpretations i Now let us examine how we can relate open sentences to 
problems * ^ 

We first review the meanings of some of the verb forma used in 
mathematics. 



1 


11 


it . fi ^ 

means* is 


If ft J - - - 1 ^ - n 

□r Is equal to . 






11 _^ !! 


means: "is 


;t fPj _ 

or IS 


ft 


3 


|i 


t f ^ _ _ , n ^ 

, means i is 


less than" . 




If 




means : " 


II 




5 


I! 1! 


means: ''is 


than or is " . 




6 


It 


" m.eans : "is 


greater than or is equal to"* 













is not^ 

li not equal to 



is greater than 

is less than or 
"Is.,^ equal to 



Consider the open sentence 

2x = 500,000 . 

We could translate this as "two times x is five hundred thousand"* Bu;fe-' 
in using mathematics we often arrive j,at open sentences like y'' 

2x - 500^ 000-^ 

l"r om more c o n c e t sit u a t i o n s * Fo e xamp 1 e ^ we might lAo w : Tyi. c e the 

■ numtC7^ /;:^ldiers in the army is 500^000. Tlien if x represents the 
n \m b e r o f soldiery i n t he a r my j we h a v e : A ^ 

£x = 500^ 000 * 

One stop in rinding tlie number of Goldiers in the army, is to write the open 
sentence 2x - 500^000, (Tlie'recond step is to find the ti-nith set^, which 
i n t hi i s c a 5 e i s e a r. \' , II □ we v e r , w c are n o t i n t e r e s t e d here in a c t u a 1 1 y 
finding truth sets . ) 

In the following table we have specified an interpretation either for 
uhe variablo or for the Oj'en sentence. Complete the table, Then turn 
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to p^ge xil 'to see some suggested completlOTS. (Of course yours may be 
different.) - / 



C^en Sentence 


Interpretation 
of Variable 


Situation which would lead 
to open sentence 


7 - O - 7ftJi 
j. - c - (0^ 


X ia 


The nUmbeiv of books In the 
library is tripled. IVo 
books are lost, Iliere are 
iBh pooks left. 


8- + 7 ^ 8e 


Jonathan wei^rhs 
n pounds . 




9. 1 ^ 17 




A class that has the same 
nuniber of boys as girls 
has 17 boys* 



\ 

Consider the open sentence ^4-5 + jx - 108, If x is the number of 
seti of books; this sentence would be suggested by the followlno situation: 
"A book /salesman is paid $^4-5 a week, plus $3 for each set of books he 
sells* j In one week he was paid ^1cd8." 

Another situation, if x is the number of small cartons, might be: 
"A freight shipment consisted of a box weighing pounds and a number of 

small cartons weighing 3 pounds each. The whole shipment weighed , 108 
pounds . " 



10 



Whlc 


h of the following is not a situation that would lead to 


the 




open 


sentence ^5 + 3x ^ IO6? 






[A] 


Mary bought 3 bunches of carrots and a U^^cent'box oi 








berries t Her bill came to $1.08. 






IBJ 


Jane had a piece of cloth IO8 inches long* She used 








inches for a tablecloth, and divided the rest into three 








equal lengths for place mats. 






[Cj 


John worked the same number of hours each day for three 


days . 






He had previously worked U5 hours on the same job* . -ili 








total pay was $108. - ' 







You should have eelectad [Cj^y^rtiiqb-does lead to the open 
eentence, ^e open phrase J^ifJ + conGernB the number of 

/hours John worked j but- $1^ is the total pay* 
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Let us consider the open sentence 

' t(t 2) ^ k^. 

An appEaprlate Situation is the follo^fingi 



number of fe^% 
in the width 'Df 
a rectangle* 



t + 2 

the number of feet in 
the length of a 
rectangle with length 
2 feet more^ than the 
width . 



t(t + a) ^ 



A rectangle whoee length 
is 2 feet more than 
its, width has an area 
of square feet* 



Below is a set of open sentences. Write your pwn English interpretations 
for each of these* Then turn to page xii for other suggestions. 



11* 


, 2n ^ 500 








12% 


a + (Sa + 


3a) = 


= (a + aa) + 3a 




13* 


5n + 8n = 


65 






Ik, 


hx ^ 100 , 








15* 


y 5 - 5 


+ y 




4 


16. 




6 







, We have also worked with sentences such as 

^ _ ..... ....... 

X + 30 < ^4-0. 

We could read this as "x plus 30 Is less than '^4=0". Again let us 
consider where we might have ot>tained this sentence p Put In the format 
used before we have 



Variable 



numb e r of dollar: 
in my wallet 



Dp en S e n t e n c e 

X + 30 < Uo 

If you uiYQ me jO dollaruj t 
□ball still have less than hO 
dol'iai's in my wallet* 



Variab le 



Op c f "1 S e n t e n c e 

X .-iO < ho 



number of points made 
by a football team during the last half, they .will Bti-1 
the fli^st half, have less tlian hO points. 



[AJ in not correct. It: ..he vari'ibM' f. reproncnliK the cligtanco 

the -ieeonci- star Vrom the oarth^ tii^^n th?: rirst otar ie 

p + 10^000 lle^ht y^japL; .^'rom the earth, I:ut ^ -en th- total 

distance woiijcl be (p t- IQ.OUO) ^ p, Tntj open phraae 

(p 10,000) + p clocG not appear in the crirl^^l open sentence, 

[B] 13 the carrt-ct. choice. 



5-^^. Writlri,j Open . iicintencoj 

By now you should be I'eady to write oven jentt-rices for yome probiems 



A board kk inchcvj lone to bo cut into two 
piecys in 5uch a way than one piece wiii be three 
inches Inn^jer than rdie othwr. How loiii^ chould the 
shoi-ter piece i.'Q? 

oince jne piece ia to be inche:^ J.on^er tdian the 

other, we irdrht Lut " i-; reprc;._;Mni. the number oV 
incheG in the ien^:th oV ^A\e shorter piece . 

n^e nuinber eb ineh*-j in Lho i.encth ob the lonrOT 
piece io olvoii :y the : hi-Lc- 

c\ phrace I'or -,\-,^ ^■.■n, ,-,r tli'-- tv^ !---cr^fd;c Ic 

tUnce the l-eard ic kk inc\: 
two i en/;^thc :;iuc t I e 



l-onp, tii!^ ;;uin oi: tdi!. 
jiiei:. 



V/e thuL^ arrive af. tdie open ^:encene 



k 5 

k ^ (k + 3) 



Here ic what you LJi.ouii nti In the at e \v e vainp ! e T Wo have ^:one 
Iroin at, hnp U::h ^ sentence -Lboiic a boaiM lo iin open cenf.ence about numbe rs . 
Knpi. ich centefc:-; 



■ ! d e^: 1 ^aici h or I ^jur^n^ td e. >, • 1 : 



j neheL: , 



^Jp'ai c-eit'/nce: 



at tnic M 



-^i"- pci;eriied with .binding; :>he truth cot oj^ 

the opea cenUenee, we chail a, c; a-0;);a]!y ancw^.r th^' .luei^tion, "Hov lonp 
=^^'^'rt-r pi...^.. t.r' ic cheii'c :Mear i. < vmu^ however, that 



^"■■•'^ Pb;c ■ ;bc^ i;ic a :e.n and a daucht>ej 

wid.:w Lx^>';Ov^'d i"-. pcoo air: ' b^^ biepbt'-r r'--K'-d ' 

'^^•^ i-'!''b a.; to-; c 'C . h inc d. i b: tdie 
i-e 'ei v.:t 



ar^ 



^- ,.^oo b; b .d'''>'. 



dn _ / 



n + 2n. + 5000 



n^2n^00c>10500 



' ! lie wc>rci bi^ot 1 am . 



.OLO ItiO pro:. LCMi, 

■ ^; i MirMvi !,;in>ju , If. other 



length 



iOO 



r + ifx> 



EKLC 



(V + 100) + 21: 



hours 



t)0 



rt 



3 Ox 



EKLC 



23 



26 

27 
28 



The distance that you traveled can bi- represented by 
the open phrase _ 

Since the number of miles tiiat each ol' us travyled 
is the same J we can write the open sentence , 



A set of h'j otudento was sepai-ated in'o - 
One Glass was assiijned to Mr* Smith and the 
Miss Jones. If Mr, Gmith had more stud- 
Miss Jones, how many students dia Miss Jon*. 



A stated i^elatlonshlp is that th^ 
in Mr. Smithes c^ . v; 



classes. 
ytmr to 
s than 
,:ave? 

■ :dents 



nujnber in Miss Ji. 



;s * c ! ass . 



tisin/3 this relationship^ 1.1' M_ss J ones had y 
students J we can express the number Mr. Gmith had 
as , 

The Knniish sentence implied is that, the nuiLLor of 
stuiients In the ^ v^o ci. asses was > 

From thiSj ve ^et the open sentence , 



Let us consirlei^ a ^iirrei'cnt apsi^oach to ihe problem 
aboun the nuinber " s tui.i-jntu; ;;.ss[p:tud .b.- MLss J.-'Ul-s 
and Mr, brnith. buppose we s-cibtj t'j widd..;j ari open 
]4.rase usxriij the fact that theru w.-ru in a! i h -: 
students . 

Ii' Miss Jones had y stucients^ tfu.: numl lAr , br:;ith 
had can be expressed by the open rhra;;^ , 

diien th'.' ibv^lis}! sentericii ir^jiw wbi-dov^; o<-'"t un .seen 
sentence 1 



'*Mr. bmith had 

An ui.tui scnt'Ci.. 
v/cul.i b'.- 



'ban Miss 



notice tdiat. iheS'j ar-^ not fdui; on:y i os. 
Sent^u^:es i'or this pruLd.eni, For c:0.uiip!e^ ye m'phl 
have chosen to i^lu reserit tht: ncnilei' -jV =d.ud'.;uts 



tie .p^Oi 



5-^ 

40(x + 1} 

5O5C ^ -kOix + 1) 



y + ^ 



^0 - - y y ^' 5 



3=n::!.rnc.J I j Mr. ;>;lnh tv llien Wf^ '.;juici u:;e the 

r*y.-x^:LjiuuA.i wvj'r-,:j*..ni ; - Gont:^:>nco , "Mr, I^mlth had 

:.; ihov'^ io;:' than Ml^n Joiioj'^ t:^ reprenent the 
:rj:nl-jr in MJ-.^ J.-'i..-.;^ -.a.::: iy tho iairane . 

i:: a : !. vz-u M Lead u j '.u M:^ 



''JaKo iia.; |:!.>.- in hl-j i.ockol, a;.: in ni-kelu, ai:ncG, 
aivi juarior.;, ha:; one :r;oro ■juartbi- than he haj 

^^ni V!;- ni,;-:L-r 0.r nl n;- : }.o has is one r::orO 
■■^^-'^^ 'Wi'v^ nn;:;i -,r y di:;:^ J , Hjw :::nn;/ :i:;A:;:: ha:; 



:j;::^--r -y liiv^J Jaja^ in hi: 

'^^ a: :/, ir-ia*-: n-vat^ai.'f i._; 



I':.'.- : . t wa 
it \n-- va 



arn ■ naV'- na : 
) in n n. 
; ■ vv - , ,.r i 
. it na , n 



renivni-nt n 



naa It ^-aia- 

■ an ir/n L-.- .-n : 
^ 1* -!:: t.,.., 

-.-J na::inoi- 'j;' ■ji;r:e:- 
inar'^^'r:; . 



(■■an 



n + (n-5) ^ ^3 



10d+a(a+l) + 



d + i 



2d 1 



iOd 

:>3(d ^ 1) 
5(ad ^ 1) 
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For 




oo.-n,H..? 




















con! waK $1,1^:^ many dj' •:'aoh kirui 


.i:d 1 ;^oy? 




[A] 


A i;: the nu;;:i 01' ci' '■^^C'ont nnairirj. 






[h] 


I- M;'.^ fi'ijnl oi' of 'j^ount; nLainy,;, ^ 







You should note that if ^ is the riiumber of "p-cent 
a tamp 3^ 5x is the number or cents^ spent for the 
5-cent stamps. Likewise 6(23 = x) is the nujnber f 
or cents spent for 2i-cent stainp^ . Hence LA] is not; 
correct^ since I * ib ' -ia.. the nurnber of dollars auont 
The number of cent 3 spent is lib, co [b] 1;: correct, "^-^^ 

(? 

If j ju have dlffloulty in riniLnr an appro: ria to ^ nan Jon".ro:.^o :;or n 
"word prob!ern'% i' may l-:^ h^.ooi^i;! Lo oooo.- an an:;w(M^ l>: tho .luoj'i^a: a:;i;e- 
(Tills wri:; our nie'diod in tho first. ovu;nj ! o in rnlo '.iiarterj 



In..: 
U7 



iVo ..-ar^ sLarf I'v^m hho sai;.-- ; cant a;: tho sarn-- ' i:;io 
and travel in tno same dire:' Lion ar. cjastann sjieeoj 
of J^no ml lei per liour , rosr'ectlve :y , In 

how many hoars v/Iid. th--;/ bo jp miios anartV 

I^^ oO'di oai'O lV:xVi 

epos 'o( ) :nifo: an.i 

foes ya( ) nil ion. 



^01- a ht.iiaa:^ tl>": i^astta' ^o^r 



-by Lho ./unriltlons oi' ■"lie oiv^ :^"o::j th'.j ilLS''.or :ai' 
iias oon^:' _ hillo..; fartiie:' if-.a;; f.io; .otarid no 

[^oint tdian o i.-jwei- .oa% 

We tiius -onsLd;:a^ to- oent-avo. 
nao ;aa:ton.^^: is 



( trol- laa: .; o ) 
Hi.wov-r, thcr sont-no- 

ds(:i-) ^ ^hih) 

su>j(:esto a la^ttern Vfr the ol'; 
so^Jhlno . 
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false 



1:' -'i';h car trav-; ibr k hourK , then an appropriate 
a; on r.f-iii^ '-nt'n wouri be ^ * 

Trie iviniinr or hourj the;/ actually drove in an element 
-i' trie _ cec uT thiu sentence. 



truth 



'-^^'^^-^ ;'C-;r nana at writin;,: open L^entencos, In each problem state 

nat -..h- v-riaUo w: \.] reer-e^-nt., ilifjn write an open sentence^ usin^ this 
ariai e, whl^h Cite th- ;rotlen. Mnjn you have rininhecl, check your reault 

e-^'^n ielow rh- probh^'nu It is poRsihle that your atiHwer^ 
nil'! 'i i i'.:"^r.-rir Croni the or:- civen, may he correct. If you are no t 

-'-^t'j ili'i^ yeu are ^^u'reet, or it you had airfieulty, complete 
h-: ;'^-;r:C in fhe- i.,:,;-: trC^ewlr^; 'die uroh ler:u IV you are jjure^ i^o on to the 
■u<t I rol :e;:u 




I^t V be the number Of inches in the wl.lth. 
sentence I 2(w) £(6w} ^ iWi^^ or 
2(w - ow) ^ ili^U. 



the Width in I richec ot the r-ctan/;Le^ 
ic the loiicth in inehec. 



-^:-n-.; tho :-yl::]0' ^jr oC a ro Man^oe ic tia- ' 

■d' tf.r' :('rc^hc 'ji' th'- lour jideUj tin open piirace 

tOl- t:.'- ■ odc:!^: tf;?- h: . '( ■■/)_ ' 

;-r L::;.a,.;r o _ , 

Wr- -'Lr. Vrrl t'; td;P . -I .:t:li\ .-ll'^: 



-A 



■( ) 



2iir) ^ 2(6w) 
lU4 Inchea 



:Cr ^itioi-e than 



'^c-a/.ii-u :" ■.;e^ oii';^-:;:? -Liud'-' -C a IvnAnroo I 

'-i 'i'" 'o'':x:o.r>- -C 'i.- .w:;a; o,s;t- ■-icic, and *diu ;neacu]*^' ot tiio 

AiiLr^] acod> V0\ W^ut \o tho m-vaL^ure oh tiiu cniailect. an/;le? 

(h--c;(C::l -r , Mie ^U]i; ..jV ' h- nu-ACureu ..d' the nneU/L^ a trlanple i 



a! v/ay: 



[dCr^) 



l^t s be the number of degrees iri the mea^sure of the 
BinalleiJt aivUo. Open aontenue: 

D ^- (Pn ^ ;^0) + TO iHO, 



-;0 



2s ^ k^O 
180 



ijel w i;he numVor of inchnn l.n the width. 

Open nentencei w(w -^^ t^ ) 

or 

* - 

' Lf-jt a ha ^h?) number of inchoG In the length 
Open Dcntcrice^ a(a - \)) - 5'^^^^ 



Tr i M !^ ■ >-v t; : ri ^h' i n tf 

T:-- 'X2'i.''i u i'^'' ^ *.a:L_" . '.^ 



prOrUuj t 



A : a.a 


e::a^a■ 


fania 'a^a\- 






\ — — 






M-a,i a. 


=' *- ■ ■ 


.1." -rill I' 




:-aia". 


\a'' ■ : ■a:;:ejn: 'er 


aeii : 


ha;^ ■ * . 




:'ai" '.H' 


'V ■;haa '.he 


IT- a. 


, ^a - 


:a"a ; a , iii sw fa.; 






t,r:i:ri 


' laive 















Let jr be thR rate, in mil en j.er hour* at wiilea thr? 
fr^ii^ht t^ain travoin, 

Op^n sentonce: a(r « 3u) ■ t^r ^ 100 or 
, ti(r ^ 20} - ^r • 100. 



6C 



If the number or miloG per hour the fre^rht 
train travelc r, then the rate in milec 

per hour or the pa3son(:t?r train can be repre- 
conteU ly the open phrace , 

At the end or 5 hours, the uii^tance the 
paysenrer train has ^ane is mi lea . 



ilie IreiGht train has tone 
the hours , 



miies in 



The distance the pasoencer train has cone equals 
the dictanee the treirht trr.in has cone pluo 
iea . 



r + 20 



:?(r + £0) 



il^e open sentenc>e is 



0) 



iOC) 

5(r+20)=5r-^100 



Wora proi loins about .1 rie. U-Ui I i 1 1 os may also 1 eau to open Genteneec; 



Ir: six months , hh' . Adams earned more tl-n |>'OCX). 
How :n:.ich riiu ho earn per month? 

' r-iTOsents thu nujnLer op doidars t-nat 
:4im A hints earns j-.Lrr sionth, :dion ho earns 
del i.ars i n six month.; . 

^-d-'-- SLjntonee tor this erollem Is 



6d 0^ YOOO, or 
YQCX) < 6d - 



travelinr downstrMan: ooes ip siiles ptjr hour 
taster Msui the ratr- et Mie sssrent.. d^he noar^s 
vol eel to t;iv/nst.rea:r; Is ! 



thOf: 



::si les 



roo.nm :v^-iat is the rat.; • tj tiie ^.rr-sd? 

-'^'^ ^'^^'^ '^ii-^ 'orr.n;t is • :,i:oo ; .f^..u2 



soaL fo-av.ds ciownstream 



: i 0-. 



P^-O^ hoimo 



+ it^ 
II: o ^0 



■>a d-.. 



' i i =s man;/ 
'^l^t'-o as i sr.w hnv-, T v/. ei 1 d nave at Jen, 
-i^'-^ ' ban i now jslv- ■ . " h- i 
^ ^ s^ 'e , 



wi- . 1 



^ ■on I X • e'r-/-.d. s| -:i 
n th- i la do oard t -s I i.j 
• d stss-nss ;.,e,. i.uvo ir, 



5=^ 



Word j.roNnn::: r..;mniUiun^ rciuirc compound open centences. 



Y6 



^^■'^'^ -^^i*-^ -i^ ^ trKu:rU, ivivp U.ncth. or t> inches and 
in-ho:u Miat 1 ihr i..n/;t}i of tJin nitlrcl nide? 

■''■'-'-^ ' t,h- lMnrt,h oj' any .;icin or 

''^ ror.2--.-:;ont..; Uu: riiiJnber or irK-hf>u in the? length or 
^^'^ ^■^^'^^^'^i -i^^^'. ^-^'-l'^ -ondition ic -xprGnned by tho open 




M:Hn the .;um uV the "^on;; th:; o.t the other two 

K:-l rej.. 



an .;j..ei i^'ritence t^iic h- ^onori t. < 
"^'■"'^ ^ '-^'^-'-'^ ^^erMi!d^>ne ::!in;t holci, il eomi-ound 

i;\;r 1 (and, 02' J 



An op'-ni r:onton wh i n. .rlln 



problem io ; 



d'-'.f- ^::h^ thor^- L.i n Lhlrd c. 



ondi tion ; narnely^ 

^: •■ n ^ o. 

triK' r.u' al i po;jit[ve valuen.Oi' n, '^lus , 
nadj nothinr to the Ini'onnatlon about tho 



j- i-e __or Uh- triarndle. 



n "< 5 6 



6 < A + 5 



and 



n < 5 4 6 and 
6 <n + 5 



i^i^^viounlv that, uni.e.c otdiorwin,, ui^eciried, the donialn 
ub the vurLaMe will lo th,, t^et of- niUTibore oT arithmoti.: . However, in 
.U,-Lt..:nonte vd.ini rober peop:,., .^oJnn, tr.ket;;, and the Iiko. it 

-^-^i^un Ob th.. variallc J^i the .ed- whoje 
two- ti: I ivL; t K : -2-^o 



15 cJear 
nunibeie^ We cannot have 
^^-'^-^'^ '^-b't ti'd;et;;. You wild 



wi : 1 he U ] nrli '^if.■ fd^e drefiiun 



j'r u elven la'ob 



pi'ob I em . 



80 



31 



82 



ir y id the number of boyy who are now membGrj of a 
Giub^ the oentence "y + J < 10 and y + > 5'' can 
be used to ytate the relationship^ "ll' three more 
boys join the club^ we shall have more than 5 and.' 
fewer than _____ members . " 

Tlie domain of tlio variablo y is the set oi' _ 



10 

counting 
numberB 



For which Of the following word i)robLemn is the open oentence ncrt:- 
adequate? 



[A] 



[Bl 



The amount of $2Ch is lo be divided amgnf^ Tom^ DivS^ and 
Harry. Dick is to have $.1^? more than Harry;, and Tom is to 
have twice as much as Dick. How niust th'j money be divid'rMlV 

If Harry has n ^iol.Lars^ then Dick has (u - i;;) ) del Lars 
and Tom has Uin 1^) dnilars, flie f)pcn :ientence is 
n + (n 15) ^ :i(n ^- 1:^)) ■ L^O") . 

John said, "It will take nie raoi^o than iiours to niow the 

lawTi and X must not spend mt:u'e than ^1 h^jui's on the Job or 
I won^t be ab i e to r.P swimminf How miudi time can he oxpi-r-^ 
to spend on the Job? 



l.V John can spend 
X > P and X < . t , 



liours on the Job, an open seiitencc is 



[cj 



Hi 1 is t} ' years older than honnan^ arid : no surn <.>: l5w?ir apes 
is less than Huv/ old is Herman? 



If n is Norman's ^ipe , tiien an open 



.■nc^■ is ( i 



ifou should have selected [c] as the probXejii for which the 
suggested open aentenee was not eori^ect. An open sentence 
for the problem in IC] might be n + ( n :^ ) < 2i . 



wi-ite an open sentrni.;^^^ l|jr 
pare xiii la check what y.c: 
may be usr ^s the varlatd.'. 
I'ov seme et th'^-* icfdc ern:; . 



•a-.d. ^ '■ th'':C' t'rob!>;'n;; 
iiuv*.- wi' i id >':\, he:::' ";'n 
Y.c.i may i'lri i i': h'/l 



*c,'C; f.urn 
'■ ' [i-ii any 1 c 1 1- -v 
' ,\ I rav; V\ p; 12% 



, One=third of a number added to thrce-rourtho of the samo number in 
equal to or i^reater than ^6, Wli^t is the number? 

bU, A square and an equilateral triangle have equal perimeters. A side 

ot the triangle is five inches longer than a side of the oquare . What 
Id the Icnt^th oi' the side of the square? ( l^aw a figure,) 

65. A student has test grades oi' 75 and . What must he score on a 
third test to have^ an average of 8^3 or higher? li' 100 is the 
highest score posBif^le on tli third test^ hov high an average can 

he achi^eV What is the Lowest average he can achieve? 



\ ti;at start:- a zriu ui' f.(j rniles, 
!0 mi 1.0;] i<iv h.:';r ttiS t hiuu'j / th'";? 

he ; hrase whi:h r\M :^---enhs tht? 

--iMulni r:g U^ fr; t.r:-o^ ■ d. 



Ij^ : t trave I : 
'tj - tot: i.; 
■ mi ]:0s 



ill. 
a . 



1 



u;-: f a Iri ari, 
j'UV t^' Hi!* /aifU 
mil • -1* 
■ rhra. 



i:: t i-n-h^:.- In jength. 'llio 
has t W/S:.; Idiun ,;, tiriie 
i:K;:h.-s in tn- tase. llv-n j\' - h-'^ 

-■ - i 

r''U;rnsent, 1 ng t]u: :i'imhei- jquaro 
■ >r tlhj tr iUiig 1 . 



/ 



In some r-.rold. ems 


hav^^ 


mfide 


such .jlmLtements as "the 


width Is ^ V i'eet 


g^ TtUs 


is i 


0 he uaderstood to 


moan i 


s th'- ill 


jnhor 


of feet in the width.'*. 


Ih*"' va;ue t-hat. we 


ass Lgn 


to a 


variable iti always 


a 








A ! iiui:^ to 


ssei.l i.r. 




^jsont nurfibcr oi" 


iv- , I ounds f \ ■ ;i) 


>\i:J, C:JL 


ns, 0 


fv:: . 


I^ira:;es sutUi hs 






l.Oj eg^.^ also repre^ 


sent 









numtjer 



nuinbers 



number 



inches , area 



5-5 



11 



12 



Ik 



Jeff earns $15 thiG weak and deponliu it with the 
dolLarD he no\^ hac in the bank^ the phrauc x ^ will 
reprefient the total ^ ol^ dollars in his a^/count. 

11' uno Bide of a rectari|:lc in a irii'hcs 1 onr; ana tho 
other yitio is throe inches lonnerj thon a ijhra;^c tor 
the area or tho roctant:!o in square inehos Is _ 

-:-p ^(p - l) is a ])hrase express inn the same iri? 
as "the total a^nount ])aid tor three nen-lls .'osti^ 
eents eaeh" , - 



It Itair dollars mure than Iwi Bottv's aMowane- is 
rcproDt.?ri tod hy tho phrase ' tiien the 

numher ol' dollars in hoti.y-s atiowan-e is 



It s is the nu:nhr.>^ or years in narnM;; aee now, ''oani' 
a/;o seven yeai's I'rom now " s;ay be expressed by the 
phraso . 

di' tho nuinbor ot years in Mary-s a^'e now Is :r; , ten 
years ano sho was yeai^s eid. ■ * 

tr at H a, in, the tomrieraturo Is i dot^rees and at 
noon it is i^O do^^roes wai^ine:^^ the t-'/rnDeraLs se at 
noon is de^r'ses . ^ 



Trie scist In jents oh n renolls at \ ./es 
bo weS^tten , 

I have ■ X dimes ^ y iiLtdsjls anci ; ^einl' 

pe^du-t. Ilie value et my money in eents is 
1 Ov -f -f 



aen niav 



. t a 



/ertuin nmiil'M', tii^-i :i i hisise .t^lS" "shi: 



number ieea-eased hy nali^ 



.;Hifie iiuini t'V L. 



one sLime-r n tnsi'oased 1 u s^ 
! ary-- -s -eav 1 e v/r 1 f - si 



janiT'ei' twl. 



'e:r' 



nu:;t -n^ i.! , says xn 



f tdie poieiatlur. _.t liitesldt>, ?sinsas . A ■■iT\ wl ti. 

one million rn,>rr Us's f.whu^ t.h • pupuiation .,.t led^eside 

has ; ■OkJ;'' O ■ , 



1 7. J 



nujnber 



m - 10 



t -4 20 



5n 



iOx + 5y +- 6 



2P 1,000,000 



21 



2h 



2^ 



If the number of dollars earned Gach month by 

Mr* Kincaid is ' in'^onc year he earns _ q 

dollars . 

If Jake travels for h hours at kO miles per hour^ 
then he traveln ' r miles, 

Mr, Brownie taxes are cDm;put.e'H at the rate of 025 
per ^$1000 "valuation* If y is the value of 
Mr, Brown's property., his tax is i dollars. 



If I^rl^^s weight in pound o is p^ then ^a phrase 
rex3resenting the weight of an object weighing forty 
pounds more than Earl is , 



IV v., and w are the number of degrees in each 
angle of a triahnie j then u ^= v w - l8o can be 
intei^Treted as a statement that the . ■ of the 

number of degrees in the angles of triangle is 



z{ z + 1 3 ) - 3 6 0 I'd ul s e n t e n c e r e t i ng the area a nd 
t^ie dimensions of a certain rectaj^gle. If the width 
of this rectangle is. z feet and its area is l60' 
Bquare feet^ then the length muat be feet 
more than .the yidth. 



f ho^ 



many 



If X is Mr, Jones- age in years., then x < 80 
open sentence for the statemefitj "Mr. Jones i£ _ 
eighty years old. 



/ 



kOh 



or 



1000' 



sum 
180 



"Bill bought b bananas $.t! n cents each and paid 5I 
cents'' may be trans LaJ-ed into the sentence 
-ft 

if b is the number of db liars in Cheryl*s allowance^ 
the statement, "Janice allowance is one dollar more 
than twice C}i#ryl-s and is also two dollars less than 



three times Chei'yl' 



may be ^written as 



X3 



I0 tmm 
than 



9b - 5^ 



If 3 ■ i s th e popu Lat ion of Spi 1 1 v i 1 le ^, wh i c h is 1 e £ 
than one million in population^ we can vi'ite; 



z < 1^000^000 . 



169 



' 17. 



29 



30 



31 



3^^ 



IVo million Is pore than^ twice the population of an^ 
cl,ty In Colorado, Tf" p is the number of people in 
a Qity In Colorado^ then 2,0Q0/QQ0 y \ ' 

The length of the side of a certain Square if feet, 
The length of a rectangle ii x + 1 feet and it$ ' , 
width is X - 1 feet* A sentence stating that the ^ 
square has a larg^ area^'than th^ rectangle is: 



The tax on real estate is calculated at ^2^^*00 per 
plOOO valuation p The tax assessment on .property 
valued at y dollars is $3^8,00. Translating this 
into a sentence wolild give: ioqq ^ ) ^ 3^8* 



If John added i ^40 pounds to his weighty he would still 
not weigh more than' .152 pouMs * If John weighs w 
pounds'^ translating the foregoir^ into a sentence 
would give: j=_^ Q Igg . , ' 

"The distance.from. Dodge City to Oklahoma City.j 260 
miles^ was traveled iji t hours at an avera^'e speed ^ 
^ kO miles per hour on July ^ In order to find 
the number of hours traveled^ we may write the 
sentence . « ' * 

Pike-s Poak is more than lUjOOO feet above sea 
level. If the height in I'eet of fike*D Peak is 
represented by then a corresp'^ing open 

sentence would be:- h 1^4-, 000 



2j,Cm,QO0 > Bp 



V + 4o < 152/or 

w + 1^0 ^152 



hot = 260 



^h > lif^OOO 



36 



A book l.h inches thick has n sheelaj cacftsheet 

I 



.003 inches thick^ and each cover is 



!0 



inches 



, t h 1 c k a nd i s b I u e * An ope n s e n t e n t_- e wr in: i ^^h t u s e t o 
find the numbei- oV sheetG ly: 1 J4 {%) ( . I ) . 

, Car 0 1 s ■ wh o is 16 y e a s o 1. d a nd has t wo b r 0 1 h e r n i n 
h years older than her nistej^ If her sister is s 
years old^ an open sentence v/Hich may be usod to i'ind 
her sister's age is „ 



170 



g + li^ ^ ig 



Gomttimen there is ' ini'ormtitlon in u word problofl^U^ la not ncoflr.-il i.o = 
answer the c^ucntlon ajked , In Item j6j the Vavt tlnit the cover in bhit lian * 
nothinc to do with the thijKneG:^ or the book, 'llie J'aet that i too I ^an two 
brothorG is not needed in Tijem 35 to write an open aentcnTe rejjrcuentlnc W^^i' ' 
g1 stereo &C^' • 



37 

jy 
ko 



h2 



kk 



k6 
hi 



If a whole nurnber is n, then it^j :jU'::ccaDor ii 



"xTiO Lju/ri* uT a whole nn/nber and ito ijU!.'jou^or Ig 576" 
?ould be Gtated: _ 

Of t WQ G u u e G G i v e wh o I e n u rn b ci r G one m u G t b o e v o n u. rid 



the other odd. Henje their sum 



be even. 



( can ^cannot) 
Tt IXjIIov/g that n * ( n' + lJ - 576 is 

( true J ralGe ] 

for all whole nurnberG n* 



7 is an odd number* Hil 
U 7 + or [J, l.r r 

•-onrjeeu t ive odd number i:: 



n e X t o n s e ' u 1 1 v o d d n u nib e r 
IG an" odd nurnboi'^ the next 



llie Dum uf twp eonGOcutive odd. nurnberG Ig "f^ ^ II' n 



iu an odd ni%ibGr^ 



open ^ujnten je :Mjri'eL}pondinfj to 



the given inrbj*mation Ig n 



Note 



that this sen t e nc e is fa l e for all wh o 1 e numbe r 
value G of n, be;*auGe the Gum 01' two odd nurnberG 



a L ways Id 



( even 5 odd ) ^ 
A board 16 feet lonn ^'ut in two iueC'OG Gueh that 
iln e p i e 1 g o n e f o o t lonQer t h a n 1 t v/ i c e t h e o t h e r * If 
t h G G }\ o r t e r pi e c e o 1' t\ 1 e b oar d i .1 ; , J ' I'e 0 1 1 o nn , t h e n 
the o t h e r pie e e Is , fee t 1. o n y . A i :> e n t e n e e f o r 

the p2'ob lem i G \ 

Polly earns $2*25 babyGittin/j for J hourG at x 
c e n t G an li o u r * A g e n t ^ n " e ^ f o 1^ this m) u 1 d b c : 



n 1 



n + (n+l) ^ 5Tf 



cannot 
falaa 



n + { n+£ 



T5 



Ann has l6 more bookG Uhan Beth. if Beth has k 
b o o k G j a G 9 n t e n c o g h o w i n ^ t'h at t o g e t li e i\ t h e y })^y o ^o r e 
than 26 books would bo; 

"Die phrase ^ represents the number of books Ann hcis. 

171 



£f + 1 

f + (2f+l) 



3x - 

k + (k+16) 



16 



V 



5-5 



1*9 



50 



51 



The sum of two numbers Is ^+2, If th© first number is 
represented , by n, then a phrase for the second 
number would be , 

A number is Increased by 17 and the sum Is multipliec 
by 3* If n represents" the number^ we could write a 
sentence stating that the resulting product equals 
192 as , 

II" 17 is added to a number and the sum Is multiplied 
by 3; the resulting product is less than 192. To 
restate this as an open sentence j if n represents 
the nujnber^ we would have; 

One number is 5 tlmeG another. The sum of these 
two numbers is 15 more than h timeD the smalleis 
If the smaller number is n, then an open sentence 
Is 



53 



Mr. Barton paid $176 for a freezer which was sold at 
a discount of 12% of the marked price. To restate 
this by a sentence, with the marked price as m 



do 1 lars , wm wou Id wr i te 



176 



A man's jjay check for a wor]; week of hQ hours was 
$1(j6J<-0. He is* paid aL the rate or ^ ' times his 
normal rate I'or all. hourG wDi']:ed in excess of hO 
S^j^u * IV the rate oi' uny for one hour'n work is x 
dolla^^ then is the^ number of dollars for one 



houi- 



s • iJ^rk at the ovcrtlm.e rate. 



At 1 on e 1 1 t u n c e o ur r e s | ) o m \ i n (j: t o t h e ^2 1 v e n i n f 0 rm = 



ail on woul 



he 



56 



A /"armor can plovr a I'ioid bourn with one 

tractor and in 5 .hours with another tractor. Let us 
I'ind out how lon^^: it would take him to pJ.ow the field 
usin^g both tractors* 

ir he uses the first tractor^ in one hour he can plow 
_ of the field. 



1 



172 



3(n+X7) - 192 



176 . m ^ 

or 176^m-*12m 



5-5 



5'^ 



59 



61 



*6£ 



Usinc the first tractor, in two hours he can plow 
ol\tho field. 

But uGinc t^^ aecond* tractor for two hours, he caji 
^--^-^"^ oi' the field. 

^''M ''^^ tractor^; coine fqar % hours, he can 



pi 



( 



of the field. 



If both tractors are used for x hours, the part of 
the afield that i\z plowed eta be repreGented by the 
l/hraue 

The ontirG ricld can be indicated by ''V\ Hence If^ 
X iu the nujTibor of hours it takei: to plow the ' 
entire field, we can wrltp: - 1. L 



7 5 



Teut your common senoe. Kion Look on pace xiii for the answer. 
A man with five dol iart; in his pocket stops at a candy store on hU 
way home wi'th the intention oJ' takinc hia wife two pounds of candy. 
He findG candy by the pound box ccllinc for $1.69, $1.95, 12.65, 
and $3.15. He leaves the Btoro%ith two one-pound boxes of candy, 
aj ^ What ID the_ smaUest abount of chance he can have? 



b) Wliat ic larcost arnounf? 



It is a cood idea to think back ovRr what you have learned in earlier 
chapters. In Chapter 6 we wilUbo ucfny the number line a great deal. 
If you feel that you need review, do Items 6j to 79. If not, go to 
Chapter 6. 



ERIC 



6;; 
65 



^Gry.ph these, open sentnn' 



^1 



x < ^ 




173 



T 



^-5 



'' + 1 



-I 



St i 2 




- 2 



0 



1 

I 



Given the compound open Bentencei ''x = 2 or x > 5' 
we would graph this as In the following steps; 



the graph of x 2j 
the graph of x > 5j 
the graph of x-2 or x>5^ 



I 4 • 



Given the compound open sentence: "x - 2 a^d x > 5'% 
we would graph this as* follows ' 



Given the compound open sentenced "x > 2 or x < 5 > 
we would graph this as in the following steps: 



the graph of x > 2^ 

the graph of x < 5; ' 

the graph of x > 2 or x < 5^ _ 

Givea the compound open sentence: 
we would graph thiB as follows : 



€ I i 1 4 s • 



'x > 2 and x < 5 ^ 



. . .? 



' ' ^ * > t s 
* I m i # # •'^ 



» ' ' * lit 
• I i • 4 « m. 

the tt^ty M^t 



' ^ ' * * ' * 
# t t t 4 • • 



i\ i nil - 



13^ 



5-5 



ERIC 



77 



78 



79 



Determine an open sentence for each of the following 
^apha : 



J L 



0 I 



An open sentence li 



> I i i i i 4 ^ 



An Qpen sentence Is 



J Li 



0 I 



- i i i i t I 



An open sentence is 



or "0<X:<& 



and X^^' 4r 



175 



Chapter 6 

TM RML NUMBpS 



6»l. The ieaL Number Line 



\ The number line abov© reminds us that we have aseoclated numbers ^th ' 
the points to the right of the point represented by zero. In this chapter 
we shall associate numbers with points to the left of zero and begin the 
study of the set of numbers corresponding to all of the points on the number 
line , 



A 



B 



Hie point B is one unit to the 
is associated with the num't^er 



of zero and 



The point A is one unit to the left of zero* We 
shall associate the number 1 with this point. 

1 is read "negative 1"* (Notice how high the dash 
in the numeral 1 is written,) 

1 " . and represents a ngw number 



which we shall soon find to be very useful 4 
is read " 



Negative 3" would be written " 
Negative 53" is 



( correctly ^ incorrect lyj 



written 



53' 



C 



Point C is located two units to the left of aero and 

is associated with the number " _ , Point D is 

associated with the number 



aright 



negative l 

ne^tiira S 

^3 ■ 

corredtl^ 



177 



183 



6-1 



Thm point ten units to the left of zero is associated 

vrithyftie number _ , which is called the coordinate 

off that point, • 

is read " '\ . ' 




1000^ is the coordinate of the point which l£ 
to the _ _ of zero. 



the 



of a point which lies 



units 



to the left of zero* 



10 



This process of locating points to the left of 0 continues without 
end. We may indicate this hy wlting these numbers as member^ of the set 
3^ 2/1). ^is set may also be written {^1^^2^^3^ J, 

If we f oCTti the union of this set with the set of - whole numbers 
iOiljQjSf we obtain the set of integers ; 

{...,^3/2/1. 0. li 2, 3. j , 

Note that the counting numbers are elements of the set of integers. 
'Diese are called the positive integers . The elements ^1^ ^2^ are 
also integers and are called the negative integers . 0 is an integer but 
is neither positive nor negative, 

TOis is indicated in the following diagram: 



{.../Brs/l, 0, 1, 2, 3, 



zero 

negative " positive 



integers 



integers 



15 

16 

17 

18 
19 



The positive integers are associated with points to 
the of 0. 

The negative integers are associated with points to 
the of 0. 



0 is an 



which is neither 



nor 



rl^t 



left 



integer 

poa it lva( negative ) 
negat iva( pea Iti v« ) 



13/ 



6^1 



20 

21 
22 

23 
2k 



27 



If W ie the set of whole nuinters^ then 
W ^ [ ] , 

If P is the set of positive integerSj then 

p - J I., 



df I is the set of integer&j then I = j 
If -L is the set of non=ne^ative integers^ then 



and L is the same as the set of 



\ numbers * 
If iL^ is the set of counting numbers^ then 
N - [_ 3 and N is the ssine as the set of 



integers , 



II" Q is the set of non-positive integers^ then 
Q - t 

If S is the set of negative Integers ^ then 



L 



2iJ 



^aw the graphs ol' the fol Lowing sets 



-4 «~4 i I * * i » 

M "3 © t 2 S 4 it 



'itifc^ set of poisitive integers less than 7^ 



— i 1 - h — 



*4 =E ^1 0 I 2 3 4 5 6 



i- 

{1,2,3^*-) 

positive - 

See answer below 



yee answer below 



Let un rcjcall Liome oi" the thin^fn- wiiit^lt wo have learned about rational 



numbc*!^ 



= arKi " h J; are CrxarriiH^:;; oi'^iiionaL nurnior:; whi:"l 
y - r 

hi,' ! numir^r:: , 



( are j arc not ) 




v/li Q 1 c n umb u r _ u r a t i o na l num b e r 

( Is ^ notl 



17' 



are not 



is 



33 



3 k 



If a number can be named by the Indicated division of 
*a whole number by a counting number, the number is 
a number. 

On the number line^ the point ~ is located - ^ ^ 

5 5 

of a unit to the of the. point 2. 

( right ;ieft} 



TOtloml 



^oceeding as vre did when we associated rational nmnbers with points t 
the right of zero^ we can subdivide the intervals to the left of zero and 
label points within the intervals , 

Thus, the point which lies | of a unit to the left of ^2 is . 
labeled '(y). '(^) is read "negative twelve-fifths". In this way ^{^ 
is the same distance to the left of 0 as ^ is to the right of 0. 



m 



In general, if the rational number r is the coordinate of a point to the 
right of zero^ ^r will be the coordinate of a point which lies exactly 
as far to the left of zero as the point with coordinate r lies to the 
right of 0. This number im called a neeative rational number , I^e 

union of*the set of rational numbers of arithmetic and the set of negative 



rational nu 



sers is thi 



e ^t of rational numbers . By the positive ^mtional 



numbers we/Jean those rational nambers which correspond to points to the 
right of zm^o. 




35 



36 



37 




Borne other rational numbers are graphed on thi 
number line below: 



llie number 



read 



Negative eleven- fourths is written 



We note that (^) is to thi 



Of ^(1) 



(right Aeft; 



negative 

[negative 
three ^halvi 

right 



1S3 



i8o 



6- 



38 
39 

ko 

hi 

^3 



of zero are called 



of zero are called 



©le rational numbers to the 
poaltlva rational nuin'^fers. 

The rational numbers to the 

negative rational numbers . 

i^ong the rational numbers are numbers like ^6^ ^1^ 
12^ 17. Hieee numbers are also called 

We have seen that every integer a "rational 

r (is J is not^ 

number^ but number^ like *^(^) ^ 1*9 are rational 

numbers which %titegers . 

( are ^ are not) 



Thus J we can say that the sei of integers 



a subset pf the set of. rational numbers 



(is J is not) 



ylght of 
Imtt of iero 

latagers 
is 

are not' 
is 



You recall that there are points to the right of zero with coordinates 
that are not rational numbers. Similarly^ there are points to the left of' 
zero with coordinatps that are not rational numbers * 



hi 
^9 



Let P be a point to the left of 0 which is not 

labeled by a negative rational numbers* We can locate 

a point Q which is the same distance from 0^ but 
to the right of 0* 



4q 



Let X be the coordinate of the point Q. To 
follow the scheme that we used for negative rational 
numbers, we must label the point P with the symbol 



Since the coordinate of P Is not a 



number , 



( i s j i s not ) 
(Is, is not) 



a positive rational nujnber^ but 



a number of arithmetic. 



(is J is not^ 



(is, is not^ 



a rational number and 



♦ a number of arithmetic 



l8i 



rational 
is not 




In thi| manner we can assoeiate every point on the number line with 
sowie number. The set of all numbers associated wiUi points on the number 
line is called the set of real nimibers , The numbers to the left of Eero 



^ are called the nggative real numbers and those to the right are called the 



positive real mambers ^ Bemember that zero is a reai nuinberj but Is neither 
positive nor negative* Another nam^^or the set of numbers of arlthmetlc^^ 
is the set of non - negative real numbers , , 

We emphasize the fact that now every point on the number line has a 
real number as ooordinate^by calling the number line the real^ number line* 

A rqal number which is not a rational number is called irrational 
number . We have not as yet shown how to locate a point on the number line 
whose coordinate is not a rational number* 

I^t us conifer the positive real number whose square is ^qual to 2, 
It ''is customary to represent this number by the symbol, /S. How can we 
locate the point on the number line which correspondB to VW? Consider^ 
the square of side 1* , * 




0 



You ,^ay recall the '^thagorean Iiieorem> which says that in any right triangle 
the square of the length of the hypotenuse is equal to the sum of the squares 
of the lengths of the - two legs . In our ca&e this would tell us that 



Hence/ the. length of the diagonal of the square is 

. In order to locate the point with coordinate -/s^ all we have to do is' 

to transfer the length of the diagonal to our number line * Tliis' we can 

*' ' \ 

by drawing a circle with'' center at the point 0 on' the number line and w^th 

rad i u s e qu a I ^ t o the 1 e ng t h o f t h e d i ag ona 1 of t he a q uar e , * Tli 1 s c i r c 1 e c u t a . 

the number line in two pointn, whoGc coordinateG s^re the real numbers /§ 

and /g. 





f 1 






f ^ 


1 0 1 Itf 2 



10 



50 



Study thevdlscuagion above, tmat is ita main pu^ose? 
lA) To show that in ary^ right triangle^ ^* + b^. 

[B] To ihWhow the point on the number li^e "correeponding to 
" tht irrational number -/§ can be determined* 

[C] 'To mhov that S ^is the length of the diagonal of a square 
^->,.of side 1. ' 



r.'jriiv^:!;::-:::-.;:- 



jillMil^'^*^^^^ 'Wwt wfe pplifti Oft the iwrnber llne^ 

m^^pQrmm to ItrmtipmX |^gj8, Am pu^bae of tht 



dUcuaiion la to .^cmrtr^^ hw to lo^rtt th^ 
point on tbe m^ar iim corresponding to th^ irwiional 
UTwber Va. CbJ If the correot answer. 



51 

53 
5^ 

55 



56 



The number l,k is, sometimes used as an approximation 
for V?, Do you think l.k is actually equal to ^1 
1,4 X 1,4 ^ . 
Berhaps l,4l^ ^ =/g I 



1,41 X i.4l 



(i.kir 



If you^were to ^ try (i.4i4)^ you would get 
1^999396 which is £. 

Although wp could find rational nujnbers with squares 
which are 'near to 2^ ^ w© are never able to find 5 

number whose Si^are is equal to 2. Later- 



on 



you will see a proof that yf is irrational, 



1.96 



181 



■ rational 



0£ course there are many other Irrational numbers. It can be shown that 
^nufflbers like^ 6 + 3^ are irrational. Also if a whole ni;^ber is'^not the 
square of another whole number its square root is irrational. For exainple, 
; etc.j are irrational numbers, 
; Another type of irrational number is the number jt. 



6-1 



# 



57^ 



TOe irrational number n is the ratio of the cl^cumyerence of a - 
circle to its 'dianeter. Thus ^ a circle whose diMeter is of length 
1 has a circuniference of^^ength jt, Maglne such a circpTe resting 
on the number line at the ^oint 0. If the circle is rolled on the 
lini^ without slipping^ one complete reTOlution to the right it 
will stop on a point. What is the coordinate of this point? . ^ 

[A] 1 [B] ^1 [C] n m. 



M the circle rQllg onr Wi^lutidtt^ will roll a instance 
of one cpmplete clroiMferenee of elrcl©, Siiica the 
clrcumferei^e o^.the circle lAth aiameter Iv ±b^^ ff^' • the 
pofnt on ^Ich it stops i& n units to the yight of! ^era. 
Thus the point on fmiQh the allele stops has coordlmte ir, 
iCJ ie the co»eot choice . . , ■ ^ - 



Th^ following diagram may help to review the sets of .numbers we have 



discus.sed . 



REAL NUMBERS 



I 



.ational Numbers 
3. 



like ^ 



T 



r 



Integers 



Negative Zero Positive 
^e^s p Integers 



like 



like 



2. 6, ^ 



Ifratiohal Numhecs 
like _ "^yfj It 



Rational Numb e r s 
Which ai^e not integers 

like I, l.h 



Peft*r to the diagram above to answer the following' 



All oT the Detr^ oV numbers we have studied are a^bsetE 
of the set of numb^H 

The not ol' intepers is 




as veil HLiz a cubnpt of the set of real numbers 

Tl\Q set of positive i^terern is a oi' the set 

oi' integers . 



real numbers 

ratdonal 
numbers 

subset 



6^1 



We could think of our work so ^ar as sucbessive stages of ^tending' ' 
.our ±ded of "nu^ers" until we finally obtain the set of real huinherB * Now 
every potnt on the, number line can be 'named by real number j and ever^ real 
number names a point on the number line > - * ' 

f 





— ±— — — — 

After you have worked ItemB 6l'8o, 


turn to page i 


to check 


your 




work . 










Draw the graphs of the following lets; • „" 




J' 


61, 


Co; 3, '3, "(1)) • , 65 


. iM, '^ 3, 


■33 




62 .- 


rif), f, |, -(|)} , . ' 6€ 


. ("1, /{r+ i 


, (1 + |)} 




63. 


t"(|), 5/ -7, 67 




^(|). (3-- 


3)) 


6k. 












Of the two points whose coordinates' 


are given in the pairs below^ 




which is to the ri^t of the other? 








68. 


3j "^^ ■ 7^ 
^ ^ 1 J 


-(|). \f) 






6q 


5, 'k . yl^. 


0, 3 






70. 


."2^ 75, 








71.* 


I - 16. 


If) 






72. 


0- ^ 77. 








78. 


Is .-iS^^ a whole number? An integer? 


A rational number? 






A real number? _^ . 








29. 


^ 10 

Is (^). a whole number? An Integ 


fr? A rational 


number? 






A. real number? 








'80. 


Is t/£ a whole nujnbei'.?' An integer 


1 A rational number? 






A real number? 








f 




19-^. 
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6-2* ^der on the Real Numker Line 



How did we degeribe order for 'the positive real' nurnbers 1 Let us 
review^ using ^he numbers - 5 and 6. , 



We agree that the sentences: 

"5 is to the left of 6 on the number line^" and * 

'*5 6^' say the sajne 

_-- - (Xb^ laaa ,than, is ^eater_ than) 



thing about 5 and 6. 



) 



"5 is less than 6" mea-rfs that 5 is to the 

' of 6 on the real number line. 

( left^right) 

"5 is less than 6" may be written "5 



5 is to the left of 6" ^s-.V also be written 
5 < 6 is g 



6^ 



Ctrue> false) 



sentence . 



left. 



Thus for a PP-ir of positive real numbers ^ 'is to the left of on the number 
line" and "is less than" both describe order. 

What shall we mean by "is less than" for any two real numbers^ whether 
they ajTi positive ^ negative or 0? We agree that "'is less than" will mean 
"is to the left of on the real number line"* 

Let us look for justification 'in common experience. All of us, are 
familj.ar with thermometers and are aware that scales on themometers use^ 
numbers above 0 and -numbers below 0^ as well as ,0 it self > We know 
that -the colder the weather^ the^Jower on the scale we read the temperature. 
If we place a thermometer in a horisontal position as shown^ we see that it 
resembles part of our 'real number line. ^Vhen .we s^y^"is less than" ("is a 
lower temperature than")^ we m_ean "is to the left of" on the therm.ometsr 
placed in^ a' horizontal pos itl on j as shown. 



I I I i 1^ 



"15 "10 '5 0 10 15 20 25 



1 'J. 



1\ . 



186 



- 1 


..■ 




Hefe^ to the diagram of the thermometer and 


find which 


numerical 


aentence below 'desGribes the order of the te 


'mperatures 


j 5° and - 


-10°. • = . 






[A] '5' < '10 " [b] 'io < " 


5 




;i ^10 la to th€ left of. "5^ Sieee **< 


left of"^ 


'*is lesp than" 

^10 < '5 1^ 



Thus we extend our f ormW meaning of "is less than" to the s#t of all 
real numbers. We agree that: . ' 

"is less than" for real numbers mear*b '"is to the left 
of on the real numhev line". If a and b are real 
numbers, "a is less than b"' is written 

a < b. , 

(Now and in the future a variable is understood to lmve''as its domain 
the set of real'- numbers j unless otnerwise stated*) 



10 

11 
12 

13 
1^ 



lb 



Since "is less than" for real nvimbers means "is to 
the left of on the real number line"^ then ^'is greater 



than" should mean "is to the 
number line" . 



^ left ^ right) 



fH the 



If a and b are real numbers^ a is t2Xt^^t.t^i\ 
than b" will be written as a I , 



(<,-,>) 



is 



( true J false ) 
h is true . 



uince 0 is 

( Left , right ) 

Since 0 is^ 
0 is to the 

numberG , , 

Since 0 J_g_ 
0 is to the 



than 0 ic to the 



or ^ . 



thari any negative vr'x 1 munt er , 
oV all negative I'eai , 



( Left^rieht j 



GLert.richt ) 



than any poiuti.ve feal numter^ 

^ oV 'ill pq:3 i live r^'^u : nmriVer j < 



J. 9.; 



right 



> b 



false 



is greater than' 
right 

is ^eater than 
right 



Is Jess thy.n 
left 
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17 
i8 



0 ii to the 
Thus 0 is 



^ of 5. 
than.' ~5 , 



Is greater tban 



,Just as with the set of. posltiva real nujiibers, we^^see that sin-e 
3i we would go from ~k to ^3 hy moving to the right on the 
numher line . ' ' - ^ - 



1^ 



Let us extfnd the meaning of the other verb forms to the set of all 
real numbers * ' " ' ■ 



19 



21+ 



If a and b are real niainbers; ''a Is less than 
or equal to b" is .written ''a < b" and "a is 
greater ^an or equal to b'' is written "a ' b" 



(true /false ] 



1 is tnje . 



We have seen that the symbol < can be used to mean 
"is to the left of or is the same point as". We may 
concrude that the symbol " > means "is to the 
_____ of or is the same point as". 

"Is not to the left of", or "is not less than", is 

written "-j:". The symbol used for "is not to the 

right of", or "is not greater than", is written 
^ ^£.8 is 



^ 5»> is 



( true, falsel 



( true f false ) 



Tti^ue J false ) 



a > b 



true 



3 > "1 



rl^t 

false 

true 

true 



88 



If you. found it dirficult to a^we'r the questions in ' Items 19-S6j 
complete Items 27-35; otherwise, CDntinue with Item ib. 



is the sE-ntence h- ^ 


J .'I true or fa-lse? Let us 


locate these points on 


t h e numb e r ' I i n.e . 


\'^:^ . J 


1 1 i 


■4 -3 -2. 


n 0 1 


Since ^'^ is to %the 


or 5*5 an. the number 


^llne, then ^ ^; 


.5^ -an conclude that ' 






the :3entence ^. j .5 


is 

Itflie^i'aLso) 



deft 
faise 



For ea,'h 


0:' the i'^ 


^ibwinf sentences i 




^mine v/h: 


:ch are 




■vhivh aro 










: _ ^(-} 
















♦ 




f 









































false 
true , 

true 
true 
falBe 
false 







7 










. ann a n*^rativo rtval number^ n. 


Aro a : : ' l"; 

















A: I jf these sent>^nces arc true sentences. Clearly If ri 
is any negative number and p is any positive number 
n r n / p^. Rememter that j; > n .and p -j: ri are 

just other ways of ■ wrltiii^ n c p. 



PrcviQUi:iy we have t:raphod inequalities with phe t^pmain ^of the 
variable the :.^t oV numboi- ol HrlthmQtic . In the same manner, we ckn 
^raph the inequalities w i th .iomain or the variable the iet of real ^ 

For Pi'jamp'o: ' " " - 



^jpMiJ (^^^^ domain is the set of real* number s ) ' 

-i -3 4 -f " i I . i i j' " 



< i I I 



J-^ — » * t 



'4 -3 -2 -I 



- I 2 3 4 



(irUL^^tho t.rut.h sotS^Dl' 


ea^h. or the 


Vol Lowing 


open 


aentences . 










and 


c > '2 






/ 

■ hh 


■ - % 

' a < p 




a > ^3 






, d < 

< fa < 6 


or 
and 


d > 2 ' 
a < ^2 








. y > 2 ^ 


and 


U < ; 




I'll':: ■' jrre--'^t ^rU]:h:; are 


tu If" fouFid on ja^e 









nwo or tlM- opnn j-nti.-nv',-^ i e rjw have aj their 
^r'^i^h ^et Llio ;;et o;' all reiU nurritero non equal . 
_. • ■ ' 



— : , e) -x 

- ■ ^ = - '^^i' ^h^; :]'.u: J'-ntj-i 1. m i rave a/ ^:helr 

' ^'''^ ' ■:'a:. re^: nunii.erj :.j:-;e than ^or * 

('^:' V (^) V \: ana v - ^: 

(l) V r \ , - (u) V i V: 



r ^ 



(b) and (d) 



0 and (d) 
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1+9 
50 
51 



Find the truth sat for .each of the following op'en 
sentences If the domain of the variable is the set 
of integers . ^ 

£ < p and p < 3 ______ ^ 

p < "2' and' ' < p 

p = a or p = '5 1 _ . _ 



52 
53 
5i^ 
55 



q In Items 52-55 we shall examine pftirs of real 
numbers p See whether you can discover the^ property of 
order suggested by these exainples . It may help to 
use the number line tq answer these questions. In 
each off the fallowing groups of three sentences^ 
select the true sentence* , 

'a < ^1.6;- "2 ^ 'l.6j 



^1,6 



0 < 2j 
~2 .< 2; 
, 01 < ^ 



0 



2; 
2; 



"2 < 0 



2 < 2 



-100- 



.01 



[^1,0,1. s) 



'a < I. 
"a < 0 
^2 < s' 
\oi - ^ 



-100- 



Observe that in each of the three groups of aentences prig and only one 
sentence is true* This illustrates a simple tut hiohly important > fact ^ about 
orde-r for the real nujnbers . For any real numbers^ a, and^ 1\, either they 
are fhe-.sam.e number ^ or the ■ first is less than the second or the second is 
^^^^han^'the first. (Cinly one of these is. ti-ue I ) 

Tills is called the compari_s_gn property j which may le stated: 

If a and b are real numbers^ then 
exactly one of the To 1. lowing is true: ( 
a<.b^ a-b, b<a. 

Ihe comparison property is tiTie in the cet oi numbers ol' arlthmetl-' as 
well as in- the set of real numbers, ^=/liilc we did not actually Gtate this 
property in so many words.^ we have agsiuned it. ^ 



191 



* 



-56 



57 



56 



60 



Another way we m&y state the comparison property is: 

if ni ^ 1^ then either' m < n or < 

Suppose the value of x is such that we ^ know that 

X ^ k is false and that ^'<.x is also false, we 



i.y conclude: 



is true* 



n < 



For any two Peal numbers, the comparison property 
is stated in terms of " < " - Can we state this 
property in tei-ins of 

TTiink of a point with coo^^inate 5 on the- number 
line. I^t X be any other real .liuinber* 'nien ^ 
exactly one of the /'ol lowing is tn^e: 

5 is to the right of x, 
X is to ttie of 5, 

Tlie comparison ji^operty may also^be stated f 

If a and I are real nuiribers, then * 
exaetl^' one of the foflovinr is true: 



right 



>h, s 
b > a 



Which of the ipllowinG is =-orrectly^stated? 



Ii a and I. are real nuffilcrs, then exactly one 
^ 01^ the fqidowinc i? tixie: 

a < b^ b < a.^ 
II. Ii' a an:^ 1 are real numbers, then exactly one 



01' the ^i^oi . ov/iur Ij tn: 



e : 



'A > 1 , 1 > 



:Aj- I 



:li II 



!C! I MnJ IT 



If a ^ 3 and b ^ J we see that a < b and b < a a^a 
t^Oth true sentences. Thue £ should read^ 

If a and b are real numbers then exactly one 

of the following is true: 

a < bj b < a. ^ ^ ^ 

11 is correctly stated. =Thus, the correct choice is [B] . 



^01 , „ . 



/ 



I 

6-3 



If a and b are r^l num'berSj and both a < b 
and b < a ^ are truej ve may conclude a b. 



Another property of order Is suggested by the following arguin'ent . 

Suppose a J hy -. and c ars real numbers such that^ on the ^^umber llnl' 

Is to the left of h and ^ is to the left of c* Then we see that 

is to the left of c , This ts an instance of the transitive pr opgr tx y 

We can state the transitive property using the verb form " 

If By and c af-e real numbers and 

a < b an4 b < then a < c* 

Althoiigh^ this property has not be^n form&lly stated ,for the numbers*of 
arithmetic^ we know from the number line and the definition of "less than" 
that this property Is true in the set of numbers of arithmetic. • 



65 

66 
1^7 



K 

•J 



Since < ij and' 



19 



we may conclude that 



t pruperty . 



^ ^ ^) using tne _ 

If X Is a ne'gative nuiaterj then x 0; 

X f \ i s a p o s i t i V e numb e r , t h e n 0 < ; . 
hence j " x y . 

Suppose we know that m is less tlian '-i- and that h 



is i e s s *tli an n ^ it i "'0 1 1 o ws l' r oin the 
that 



property 



<^ transitive 

x < 0 
0 < y 
X <'y 

transitive 
m < n 



Which iG true, ^ f ^^i' t "^'^^ 
One w'Ay to ariGWGi' LhlG I'^ent/ian 
mu L tip 11 -.■ati vn properly of 1 ^ 



t;o apply the 
't3.ch ni-mirei' to rot 



□ 
□ 



g 
□ 



- i2. 

20 

16 

20 
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73 



7Jt 



75 



Suppose you wanted to compare and ^ ^ 

Could the above method be used? The answer j of course,, 
"yes". However, perhaps there j(a a simpler way' 



a simple 



bi' doing this 

Rejall that w can always f^I a number between an^ 
ylven numbGrs , llius we i^an find some number n 
the numberfe\^ and 

3il 



whicli lies 



113^ 



Ij- we can compare ff^ and this number n, and 
and also and the. same number n^ then we^^ 

c'an Gay one of the foUowino: 



YJ7 < n and n^< 



or 



ri and n 



77 

L 



7^ 



Onu ol' the^e must be true by the propel^ty 

T^rirder . 

U ff^ < n and n < ^ ^B true J then we can 
cone lude that ~ < ~ by^he property . 

< ""n and n < ^^i, then we can conclude 
' 1 J. j 

tlmt ^ <- ^ by the ^ prcpei-ty . 



between 



g < „. Id 

comparison 



transitive 



Try to rind ;5ome number which willMriake either Item Item 73 

true/ and then answei' the questioni ^ \ ^ 



Vdiich ia the le^iser of ^he number =|- and 



337 
113 



li^ yD;i had trouble compl.etLn^; TLc:n^^'^^ do itonu; 80-8^";. If not, 
jontiWje with Item d? . ^ ^ 



8<^ 

81 
82 

83 

85' 

J 

87 
88 
6'} 



iS-^ Is^ "near to'; the integer 



55 



since * 



On the other han(l,vlf we write 3 as Q 
we can conclude that 

3 . ' - 



331 



Which of the following is* a tru^ statement? 



55 

Fl na 1 ly J c a n c C3 n e Lu d e 

< 



55 " iij> 



.•<f^|) and 



Compare the followirv^ pairs of i^eai nuj-nbers: 
■1.9 and -(0) 



Sr^ and ^ 



and ^i-^) 
(#) an. 



— an. I 



— -f^ ar;!'. ,— 



. ~ 55 ■ 



\ m 

113. 



113 - 



1s<t 



1^) < li) 



IT ^ 



( 1 = 2 










# 


Art 'and vov- ar*-- c^cai:oci ^r. om ^ '^^i "V!^:- 




^"1 .■•j(; = ;-tf,," 


= — =^ ■ 

' t'-Mor-t.-j^Xor), 




aiKi Art 'ii chd^jf thu' no».' = :i?iv/ .\ufnofi 




n ' .) ,v 1 1 I, J (, ! . 1 • 






•i:etn (in and Ai^. .r-M'- Jii'L**!' whl ^^h' i- 














V 


* 




lA4 Art , ' '■■i' : 









Ygu .iiiouid liave oo*! ec tt-d LA] . Ai-t i -j ticavlcr than J'nh and 

is iit?avle:r than Ca..!. , so \y [avi^^ Lvbx\^\^\1wo utuj-'CU' ty , PtvZ 
l_s hcavj.ei^ than Cal , 









^ u.- - J- 


A 




* 


'Aje-q,' -r ! Irm^ Ir-uiu 




^ ■ ■ ■ J ' ■ A . L 


■ , ■ 














^Aiuapor tA;an 




mrin ha;: t'l'j i .1 ui';" 


r 

■ in- 1 W 1 :.n^^^ " - 










t,.'Mi ' A . 




^ I'M? ; 








:■: 1 














Lu,. v'. .y 




















lnvo!\-e-i t}].L:^ .-Ltu 


:i* in:Lj J Mir 










ConDUltjr th':-, T'/aL lu.:^ 










r.on' VA: -un j'v; • :n ! ;.■ 


■.■r Ai^■ A.-! 


! vA.i.r, I.j. ^ 


.r';- ; 


















ThuJ f r r-ii \ . 


a;;;.! --..o!/ 








: Oo 




lA-' .-..1 ; , 






iAJi-A Itl vo 












: Ul 


* ' A ti.L- iiu;:;: ■a^' 








ncga-tive 




1^ -a !. :r;f;J'Mr;.- ( tho t 


':A' : V 














; . v:ri =^ ■ 






":0 tiiH; 


" i: !Au; 




. ■ r i Ln- . ; ^ 












1 r u'-T\\ ■ r A; ; . 






■■: j'-r V.'' :r i .. , 






Mr - A i .: -r--':. ' r- -, 








: -5 U M;r. ^ 




U' \ : ' A . J - r 




.r ■ ; . "■ A' 






' i. :) ' . 




vAf iWUiU 


A 'uA f K;;!.-' 


■ ' V/' i : 




' . — 




^ rru;;^ : 1 i 


i-;rtA,.: Lo 
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X 1 :i tht- opi'os ! f 








'Vhv: 




'V ni.sjnl '1' i ci - 
















', ] .iOi 




^ . nuni! >r>r 1 a 
















]iO:; I 



























0 

negative 



To :)\iwmar\ y,c: f ' ' ' ' 

nunibor whiai^^n^af. an '^'piaf ffi;:Kanon ri'Oiii Q on tho real 



' auniboi^- ! Ino ' "^^^ ' ^ 

'.ir a no^ativo iv. unhcr \ ::■ !. j vo , 

in ava^wriiTi to writa; ''tJu? ujjfjf-:: 1 t.C; . Wn wlLi u:30 a.lowor (iaah 



= '(^) la nho L)ppo;;it.-;' ol 



v/o w^aihi rtaul l.hii^ a:: 



[0 roaa "bho 
i u roaci 'u^ " 
1;; Ma- ivuiii oj 



th€^ oppOBite of 
-0 



tho oppDGlte 

of 2 
negative 2 



a 



■Is 1 



2u 



With iniG new ^ymboLijm^ wg recognize that P and -2 are both 
names- Tor the aame nurnter. Hence, it makefi n6 difference at what height 
the 'dach in drawn.' There in no need to retain both uymboln. nirico the 
upper dayh refers only to negative ntimberG whi.^e every - real nunu er han an 
Opposite J we Dhal L retain the lower dash. 



32 



What^ would we mean by the notation "-x"? 

Wo mu:::t irndei'stand i'lrat that x is a variable 

representing a real . 



Since :i is a 



nunibcr^ 



X mm/ be a positive ' ^ 

a number J or the rea.l nugiber^ 0. 

By "-x" we mean the "otH^ooite of the real 
nuinber x". 

II" 'X iij a neyaLive real number^ 
real number. i 



- X i s a 



If X Is a positive real niLinberj is a 

^eal number. 

If X la 0, -X is ■ ^'^ . 



real nuniber 
positive' number 
negative number ^ 



PQsltive 



negative 



If we attach, a dash to a variable x^ obtaining we are 

indicating^hat^ we have perf^ormed the operation of "'detef^ininf^ the 
opposite" o^ X . . V/e roa : ■ "-x" as " onposite^ . ol^ x " , 



numbers , 



ml'use this .-cith sub traction j, which always involves two 



"i? 



Here is some practice in deteiTninin/j opujosites . 
No tice- "tiiat we can^lMnd the oTjposite of any real 
niunber , , 



if 



then 




3 



:.aij ■ -]^; 1 hi.' ,> : f;i: 
'.Kt; a^;::a-r i L.a:M 



1 
i 

-A 

y 



V 111 V:;ri 1 ^ 
i. - ;■ a r-ja I ^ rr i:;:La:r X;: 



.■/:ii.jh 'jI^ Kh-:: I'ollowinr. arr time nr^a^.i^meai::: ahjut: real namt'OrG? 

laa i-'jai ;,a;!i*aia: ara '^Q&cd ^a/io:^ o]'c?i'ati'ja: 
. ''citj':,,ai:iU,r.- -^ho ap:a3Di'a''' , 



all ux.japt o:"i<' 



'00 



ERIC 



If you believe that any of these statements is false, you 
, • Ght)uld review Section 6-3 to this point. [B] le correct. 

• } 

On the number lino -LJ iy- to tiie left of Tliat Iz ^ -i: ^ P In 

hrua . Id =: al.ju tr'io? Siiu-e ij another name ior / 

v/e see that -(-i) =; is faLje. In I'aot =a --r a tnio onlv ij^ a 

ia pocit. Ive . 

Gujnjojo v.- • ntar^ with a t air ol' i^oal nuintcrn^ na;; a an^i I uubl^ ^ 
that " a I. ^V/>:at -;-ain we -onc-lude about \he order -f -a anrl 
try ^iomo ^u^-uiu. I^n;; ! ^ _ * 




%]-:rir:iu-t vatu:^ vjtl.or 'e::am: J -u , It i:^ h'jifUuL to ucc a muni. or Lino, 
Yuu will ccj tfia-f-. tilore 1:: a r^-;ioral order ]=rouerto i^or oi-iociteo: 

^i\u^ r^:a! n'.jtit-r:; a au'i I^ if a - I, 
^'t is';u"! . =1 ' ' -a; 



lii- lo-.:.:r ot tu d 
WfiioL nu:!!l-or ha:; tl 



(ti' t.h'.: tVo miral '.0%" 
rr- 'at-' r 'U rO'.oLb-"^ V 

tid tdr^ tv;>-. n'iird.^jr.' 

OT'OLt-.O- ji i to ? 



:a;i to _j 



Or 



:.V/o dilO^'O-pjiL no:nL'-;rj. 
(■0'uat-r/:-::!:-^r j 



wn.i lO": iia:". ifi- 



iaro-r n\:^]:b'-:T v/i-^i have 



-2^97 



.9? 



-762: 







" ;aLi\; .o' no[::o;;r.. in a tru-j oen tLaooO vitiid 












1 , 1 ■ ^ 




v'd_^ =jr , " nO. 


'^(^ ' |(a+0 o.. -((: -17)4 ^1:^^' 0^ 




dtirn ^0 .:a^:e iii to .;h*j? 


jlo your work , 



dOl 



^4 /j 



6-3 



Wo can use tke order property of opposite^ to h^ip in findings the 
truth oeta and the i^raphs of certalrv open sentences* 
Suppose wo start with the operi c^entanoo 

Then it to 1 i ow^j I'rom the order property ol" opiiOyites that 
But =(=z)4- hence v/e 'jati revi-lte thiL3 Last sentenjo as:. 



63 
06 



^us. the truth set o£ -x < 2 is the same as the 

I 

tr^ath set of -2 < 



TlviB tn:th oet is the set of real niimbers *^.xicii are 
than -2. 



( i_:reat.er ^ 1 esser ) 



-2 < X may also he written x > 



llie fjraph of^ the sentence x > =f is 



llUs is ai.so the graph ot^ tht^ sentence _ 



70 



ilie uioith se*: ov 
v,Puoh ai-e 



;^ rreater J, less ) 



= is the set oi" rea ; nuinber: 
thaii = 7;. 



ilie truth set ol' o = is .the viimj as the truch 

set 01" X ]> 



the truth sec :jr -x 
set Ox' X 



is the same an tjio truth 



greater than ^ 
see answer below 



-X < £ or 
-2 < X 



greater than 





An opf^ii s enter. Co 


.:uu-,;: ■ >n'Ji:ir 


t J sh- f^r^Lih 






1 i 1-- 


-~t^-^ — 






-2 0 




TL 


is X ^: , (or 


1 > x). 
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Graph 




[Hintr ^of} Item 70. ] 


Graph 








-X < 




Graph 







CompLeto the clcL^cri pt J on of the tnith out of each 
of the foliowin/^: 



Sentence 



pescriptton of truth :jeb 
jet. of all- roai numbers excerpt 



^ real 
( nosl tivo_, net^aLlvo J 

nujfiher^j , 



.lOt ol' alJ. 



( rion-pQs j tive ^ non^nep^ative , 



rea ! numuern -. 
1^0 1 Ol a] : 



Tnnn-idjizil I vo ^ non- no^ativel 



real nujiiberL.i 



Cotir^iaer the- praphr; ot Lhe two ojjen Jnntencen 

b f _v > '-, 

V/j.ifjh oi' the f o 1 lowinp in a' /orreet. ;;tat-ementV 

[a] 'Hie prapha have no ];oirit:i in jomiTion . 

[Bj l^ie praph oi' =x P ■ ic a ^iub-et op the praph ol' 

[['J The praph;: hav^-.- nnly th-j poinLs between =j and 
III ■'^jmmon, 

^^'J '-^"^-^ prapha hav- only the poiip..: between =p and 
in evjrnman. 



J y 'b.> 




-3 

posit iya 
nan-po$ltive 

non- negative 



If you chose [B] Vqu are corrects go to Itein £5 . 

If you chose any o tWr s t a t erne nt ^ e ont i nu e wi t h It em 8l , 



^03 



2] 



6= 



~?r — ^ 

Til" rr^ii n r, 



1/ ^■.iiiiic 



^ -J ■ill 



-I 0 



^ -4 'S 



^T.^ .-J ^o-iL^-n;'?:: s*;rr^- '"'-^ t ■ I'> - ! i ov I. - worn r r^'^; ; Cf:i;: . 

1-! a' 10 ::!V i'lnaiuiaL ■■onai^^fr*; 

•HiiL :.a;; [■aid i q.L' -.Ie ^ : " ulll ] ov/er; ::;or- '-harv |r:P , V.l.a-' 

v/a- 'ire amoMfi*" O *-au! ' e i ; IV 

_Tsz^n "^:o raru 111 lo -jliock v/liat vou hav-; ;-rri-^:beru 



2 1 0 



6-k 



\ 



Absolute Value ■ 

For each of ;Lhe followinc nuiTibern writG itis opiKnute >. 
and thun choone the losf^er of tho nimlber and lii^ . ^ 



opposite . 

..J 

=7.2 

-O.OL 
^ =(=2) 
(1 ^ 



Lesser ici 



-3, -3 
7.2, -7.2 . 

0.01, -0.01 
-2, -2 

0^ neither 



i 0 



We know that the statenient: If less than 3, 

then J is creator tiian - _x is 

FtruG , i aloe ) 

Usin..: the symbols and " > wo can revn^itc the 

above sentence as: i:^ . -3 < j tdieii i ^i. 

Ir is the lesser of ^- and thon is the 

"G^eat^er of =j and 

'--i - and ' > ^-'^ mean the same nhinn, 

tne lesser o!^ an.; ^ ; and "s In the 

- "and =;d' mean the saiue things 



true 



3 > -3 



'3 and 3 



greater 



Its 



We rna^' rewrite Items UT by inittin- the greater of the number and 
Oi)pojibe in the^ third sc^iumn: 



rtsnber 



Greater of^ the lumber 
and its C^pocite " 



J 

O.Oi 
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I / 

10 

I',' ^ 



-(-;■:') 



-(-g) 

neither 



From Itonir; ir'=lH wr aro \nr\ f.n iHirf'.ajri 'joivO' 
rol lowing: i\Uili:mcn\A] ar>; t,jMjoV 



V/hjjjh Qi' the 



1. ill llamL) \'.^-\(, t.ho fUJfnhfjr:^ Ui tiic thli-ci -ohinin arc 
' a 1 wa;/r: poB i 1 1 v-v , - 
II. Tlie iiTcixtCT oV a iioti-i-ci-o riuml-ci^ arifi L hn ojuhk; i Lo in 
alvr.yj ];or: 1. l.ive = 
ilf. Tlie op|:UL;lLc o!' 0. In 0^ hen^'^e neXtJicr 1:: creator, 

4a1 I, TJ and Tli . iB] I and Tl [C] none are true 

[a] . in correct. Don-t for^iet that -(-2) is the majnber 2j 
and is a pooitive number^ Aii of the statements are tr"ue * 



"4- 



YTom the dofuiition of ^'oi)]Kjn 1 ted^' ancl ''t^rnalcr than'' wo are able to 
he iolLowinn aonDral Gtaternerit: 

itie greater or a number and it:^ u]'i'0:;ite always 
pocitiYe or zero. 

In Section 6-^ v/e jonslderccl the operation of "takino opposltes" which 
meanL that for every real number, we l-uuUI rind another nuniher an eriual 
distance iTum D on the number line. How we are ready to define anothor 
operation on a □ 1 n£ Le real niunber . I'lila operation will rei.atf; a uniijue real 
numb e r t o e v e r y real i vumb e r . ' 

The absolute va 1 ue of a non-i^ero real number in rh-f i ned to be the 
greater of that rnimhor and it.: oidio-ite. The absolute vaiue of 0 in 0. 





Complete 


the following table: 

Opposite of Greater or Number 


Absolute Value 






Number 


and its Opposite 


of Number 












21 










22 






. 3 










5 . 06 




2k 


(6 - 10 






(6 ^ k) or 2 


2^ 


0 




neither 















..a a ■ 

Oj 0 



26 
27 



Since the absolute value of a non^sero number is^ 
de fined to be the greater or the nuinber and its 
opposite; we can say that the absolute value of a 
non^zero number is always 

Tl'ie absolute value of 0 is 



As usual J we find that it is convenient to agree on a symbol to indicate 
the operation. We write ^ 

I n I 

to mean the absolute value ^of n. 



30 
31 

33 
3^+ 



ill e s y mb o I \h\ 1 s r e ad t h e 



value of h. 



Write "the absolute value of =jf" usino absolute 
value symbols . 

|l.5l ^ ^ ' 



absolute valu€ 

\-k\ 
k 

-3 

3 

0 
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'6-k 



IrdU + 0)1 ^ 
I - 3 1 



bar that 



2|„ 



is read: 



''The ■ 



^^raph -k^ and k, 

Wmt is the distance between ^ and 0? 
it is the distance between h and 0? 



^Graph 



I O; and |. 



The distances between 
and 0 are both- 



4 and 0^ and between = 



The absolute vaj=ue of 
and the absolute value of 



is 



The distance between ^ and 0, is the same nujiiber 



as the 



The 



as the absolute 



tJ^n 
^lu 



e of 



^ and 0 is the smi& number 
2^ 



You have noticed in' these exajnples that the distance 
between a real nu.mber and ____ is equal to the 
of the number. 



In fact^j we could have defined absolute value for 
every real number n as "|n| is the 
between n and 0"* 



. i 

3 

r abBQlute 



-4-2 Q t 4 



k 



absoluta value 
dietaDce ' 



absoliate vaXue 



diatance 



Keep in mind bhat the distance between two points on a number line is a 
non-negat i^ve real number. Therefore^ we can say: 

The distance; between a real number and 0 on the rea^ 
number line is the absolute value^ of that real nujiiber* 

There is still another way that we could have defined^ the absolute 
value of a real number. Let us^try to develop this^ alternate definition. 



52 
> 

?^ 

55 

56 
57 



First we examine the absolute valur; of some .non- 
nagatiT^e niim'bers: 



t1 = 



III 



0 . 



We conclude that the 



of a 



rlon ^ ^egatlye number is, the munber itself. 



In symbola , 



if X ia non-riegatj ve , 



58 
59 
□0 



6i 



Now let UG consider the absolute value qi' come 
negative nuinbers , J 



The abjj o lu;te value of a negativ e niu^jer Is t 
opposite of the number, " 




In symbols 




11' X is ne^^atlve'. 



V 



10 



a'bsolute TOlu 




If wo combine the statements .which we made in ItcmG 57 and Gl, we have 
3. statement that could te used as the definition for the absolute value of 
i real number. We can state » 

I '< I - if X Is nan=nG£:ative , that is, x > ^h 

-- ->^^ if X i.Li nc£;ative^ that is x < 0, 



21 J 



6-1* 
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^ For 


any 


real 


number^ 


it is alwaya 


true that 






lA] 




= k 


1 


:b] |f! > 0 


[C] (x| > 0 , 








If 


X ^ 
X - 


0/ |x| 


^ 0, Eiua 


= ' 3 

1 3c ^ X is not ftlvmy tru# # 
x| > 0 is not alvmyr t;r^i| f r 







correct chQice.iB IB] 



63 

* i 

66 
67 



Let us summarize: 

, (a), ' ^e absolute value of a number is the greater 
of that number and Its ^ 

(b) The'^istance between 0 and n on the 

, number line is equal* to the '1 

. . of n* " 

(g) For every real l^umber a^ '|a| 0* . 

(d) If y > 0, |y| -= 

(e) If y < 0, IVI - 



68 
69 

70 



71 



Let S ^ (-gj'^ljOjljy) * Let A be the set of the 
absolute values of the elements of then 



A a subset of 



Hence 



(isjls not) 
of taking the absolute value. 



(yes j no) 

closed under the operation 



Is the set of all real numbers clcjsed under the 

Operation of taking the absolute value? 

/ . (yes J no) 



Oppoeite 
absolute TOlua 

If y >0, |yl-y 



yes 



6^k 
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73 
71^ 
75 

76 
77 
78 

t 

79 

80 
81 



Horn Is some practice. Write a ooramon numeral for 
each Of the following. , , 

+ |3| = ' 3 {Thm sum' of the absolute values) 

|2 + 3| = Isl =' {The absolute value of the sum) 

|-2| + |3| = 

t-2| + I -3 1 - 



Write a comion numeral for each of the following : 

-d^hsl ) - -f(a)( )) - ' 
-(hsihsi) = 

3 - l3 T 2| = ^ . 

'(h7| - 6) - 



iillBliilii; 





Judge each 


of 


the followinH 


as true or raise. 


82 . 


i-7| < 3 


(H.: 


emb©r | -7j = 


7) . 


83 


■h2| < h3 








81* 


2 M |-3| 








85 


h\ ^ |2| 








86 


-2 < |-3l 








87 


|-2|^' = i+ 









10 
10 

-(ca)(5)) - -10 

-10 



false 

false 

t^e 
true 
true 



We may have open sentenceB invoiving the absolute value of a variable* 



88 



89 



Fur example^ consider the open sentence Ixl 2 



Since 



(is J is not) 



in the truth set of 



The truth set include' numbers 

{ canj cannot ) 



Krealer than 



Is not 



cannot 



2^0 
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91 



92 



93 
9 k 

93 

96 
91 



Sirica. j.-.fi| ^ 2, -g - ' in the teith 

get ^ t^l 4 fi* 

The a"beilute value of a number less than =^ is 

. _ _ 2* (Hemember that^ 

Tlees than^ greater than) - * 

for example |^3| = 30 ^ 

TOierefore the tnath set - Include numbere' 

(canjCamtot ) 

less than -2, * ' 

The absoltttfe value of i number between Q and 2 
leas than 2. ^ ^ ^ 



( i s ^ 1 s not } 
The absolute value of 0 Is 



The absolute value of a number between -2 and 0 
less ^han 2. 



(iSjis not} 

The truth set of [x| < kf consists of all numbers 

between -2 an4 , 

The graph of lx| < 2 is ■ 



— 6i 



98 



99 



100 
101 

102 



^e graph of X < 2 is 
The graph of x > -2 1e 



Another way to describe the truth set of (x| 
is the set of elements in the truth set of 
-and in the truth set of . ' > 



The truth set of | x | < 
of the truth sets of x < 2 



Is t'm 



( intersection^unlon) 
ind X > - 2 . 



Ms not 



greater, than 



™ot 



la 



see answer heldw- 



*a -1 a t t 



-1 0 1 2 



X < 2^ 
x\ > >g 

iatwsec'ti&n 
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Graph \k\ > 



-3 



0 I .! 



If yoyX 



iee answer: 



4& 



you/ were unable to graph |x| > 2 or if you are not sure of how to 
: f$ind the >toith set oi' Jx| > 2, continue wiTO^Item 10^+. If you are sure 
''^'^4f^hese/ ideas ^ go on to Item itf . 



105 

106 

\ 

10? 
108 
109 
110 

111. 



11- 
1 I: 



|3| ^ 3 5 therefore J 3] 2 
If X > 2, J> 



T^ercfora^^ the truth set^of;=|x'| > 2 

i n c 1 u d e a L L n imh e r e £^ r e a t e r t ha n 2 , 
Tlie oraph oi^ x > 2 ^ is , 

I -J I " ? therei'ore | -3 ^ 



( does ^ does not ! 



If X ; ]; 



( doea .:jCioeG not.) 



Therefore, the tiiith set of ix| > 2 

incLude aj I number:^ lei;c than =2. 
Tiie {:raph of x < -2 i;; 



The ti-uth set or |x| > 2 in the set of numbers 
irrcater than. ---2 and t,]ie net of numbers Lcr^s than 



Another wny of saying this la: 
The tnith set aV |x| > 2_ is tho union of th^, 
tri^th f>et:: or X 



'nw Kra[ h of 



>2 an.] 
> - is 



3 ■> 



X > 2 



does 



-2 =1 Q 1 



-3| > a 



X > 2 



does 



'2=^1 0 1 t 



X < -2 

see answer belov? 















,Flri4 the truth set of: 


( 






Ilk 


|x| = 0 _ , 






(0) . 


U5 








{=2.2} 


''■ U6 
117 


|x| < 0 , ' . 






f> ■ 



• pi cl y OH j-eGponc] correctly to Items II 6' or 117? Remember that the 
a'b's 0 iu t e va lu e o f any numh e r • c an never be less than 0 , 

118 

















|xj < 8 


has the 


□ame 


truth net as 










X < -^8 


or 


X > 8 


* 






[B] 


X < 


and 


X > 8 








m 


X > ^8 


and 


X < 8 






[D] 


X > -8 


or 


X < 8 




\^ 





If ' X 4= 9^ |x| > 8, If X 
[C] ia the correct choice. 



> 8, 



^20 



Uslno the absolute value £iymbol write an open 
sentence whose graph is: ^ / 



—I — #111 

-5 ~i -3 -2 -I 



I 



t 



Using the absolute value symbol, write an open 
sentence whose graph in: 

c i i i I t 1 — i I i i 

-5 -4 ^1 ^1 H 0 T 2 i 4 



|x| < k,. or 
|x| ^ it 



|x| > or 



121 



wiiich or 


the folioulnc open 


sontonces 


m su^G^sted by the. Encllnh 


sentence ^, 


/"The; ttjmrieratL4ro 


stayed wi 


thin decrees of 0 today"? 


[A] 


.X < 5 




f 


IB] 


X < 5 and x" > -5 






- * t CJ 


X < 5 or :t > -5 






[b] 


1x1 < 5 








|x| >5 










2lh 


'(:' If 



Ito mre' corr^t If ym. i«l©ct#d either [B] or' fD]j ^ they * ' 
iaave the same tmth set, Ic)- li tx^ie for aU real' nxMbars xv 

*15/ and 15 de^^s below ^ero Ib not within f4^va degrees 
of ^ai?©* 



*lg2 


Are the sentences: 


X < |x| 










-X < 1 x| 




% 




all true for all n 


x| < X 

lal values of x? 








[A] yes 


[B] 







All three 'fient fences toa trUe. "Koticai 

If ^ > 0^ then' X ^ |x|s if x <'0^ then x < ^ 

hence j X < |x| ia -true for all real values o# x. 
If X > 0^ then »x < |xj| if x < 0^ then -x = |x|j 

hence.j < jx| Is true for all real valuee of x* 
If X > 0^ then -|x| < xj if x < 0^ then ^\^\ = x^ 

henae.>. -jx| < x .is tme for all real valueB of Xi 




6-5 . Summary and Review , ' ' ' 

1. Points to the left of 0 on the nujn'ber line are labeled with 
negative numbers; the set of real nijm'berB consists of all 
numbers of arithmetic and their opposites * 

2* Many points on the number line are not assigned rational 

number coordinates * lliese points are labeled with iiyatlonal 
num"b^ers * - ThQ set of real numbers consists of all rational 
' and irrational numbers . 

3' "is less than" for real numbers means "to the left of" on 
^ the number line . 

Cogiparl son ^o_perty^ . If a is a real nujuber anc^ b is 'a 
real number^ then exactly one of the following is true: ^ f 

' a < b ^ a s b ^ b < a :. 
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•5. ^ansltlve ^pperty\ f c ay's real = numbers a^d if 

a < b and b < -then a < ^6* ^ 

&. Th^ opposite of D is . 0 and ttie opposite of any .other real 
number is the other numher which is at an equal distance from 
0 on the real nujnher. line , ■ 

If X is a positive numbe^r^ then is a negative numher. 

If X is a negative numherj then -x is a positive number. 

7* The ab solute value of a non-zero nmnber is the greater of 

that number and itf opposite* The absolute value of Q_ ia 0* 

The absolute value pf the real number n is denoted by jnj » 
AlsOj |n| is a non-negatlye numbe'r which is the distance 
between 0 ' and n ""on the number line. 

■ . If n > Qj then |n| = ni 

if n < 0, then |n| = 

6. If a" > 0, . ' 

the truth set of |x] < a is the same as the truth 

set of the compound sentence -a < x < a. 

the truth set of |x| > a is the same as ^ the truth 

set of the compound sentence x < ^a or x > a* ^ 

The dorrect 'Answers fpr the 'following review problems will be found 
on page ill . ? 

1 * - W>i i e h of t h e following sentences are t rue ? 

1 . fO + 1.S 



(b) ^(5 - j) - -(2) (e) =2 < U5l 



V/hich of the following sentences are I'alse? 

(a) 5 > .(.2) + 6 (d) and =|< 

(t) 3 / >or ' J > • ' (e) !fi| < ' 

(e) i / and . > -3 (f) ' 2) > -(|=5 



3 . ^aw the graph of each of the fol loving sentences , 

( a ) V > 1 and v < 3^ ( c ) ^ x < U or x > 2 ^- 
M \t\ - 2 / Cd) |x| - X 

Describe the truth set, of each |entenee* ? 

v;— (a) ^ < 3 and^ y > U " _ (d) ^ |x|.= -x 

(b) -[uj < 2 (e) |y| < ^2 

(e) -3 < X < 2 (f ) lv| > 0^ 

fi-. 3* Consider the ppen sentence "|x| < 3"^ ^aw "^he graph of its truth 
set if the .domain of x is set of: 



(a).- reaL numbers (c) non-negative real, numbers 

■(b) integers ; - - (dj negative integers' 



6* Describe the variable used and wi'^lte' an open sentence suggested 
by the fplibwihg: " / 

On Sunday the temperature remained within 6/? of "-5°/ 

7* ■ If R is th^ set of all real, numbers^ P the set of all positiYe 
real numbers^ F the set of all rational, numbers^ I the set of 

all integers^ which of the ^following are tiiae statements? 

u , ^ ' , - ' 

(a) F is a subset of R.. 

(b) Every element of I is an elem.ent of F* ^ 
(o^-) I^ere are elements of I which are not elements of R, 

(d) Every element of I is an elem_ent of P* 

(e) Tliere are elements of R which are not elementG or F. 

8 * Draw the graph of t he set of 1 nt e e ^ s less than 6 wh o s e ab s o lute 
values are greater than i- Is -ti an element of this set? 

9i When a certain integer and its successor are added j the result is ■ 
t he^ su c c e s s or i t s e If . 

(a) Write an open sentence suggested by tha' English sentence above. 

(b) Find the tmth ^et of this sentence. 

iO* ^e perimeter of a square is less tlian 10 inches* 

(a) Wliat do you know about the number of units ^ s ^ in the side 
of this square? Graph = this set. 

(b) Wiat do you know about, the nuriber of' units_| In the area 
of this square? Graph this set, 
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Chapter • 7 



\-^v '^ PBOffflTIEB OF ADDITION ' \ . 

7-1* Adrtltion of Heal Nimibers '\ ^ 

You have known' for a long time what it meaiiG to add numbers of arithmetic 
that is^ non-negatlve^.reaJ numbers. Now ve are dealing with the set of real 
numbers^ of which the set of numbers of, arithmetic is a proper subset. Your 
experience in adding non-negative numbers^ both in arithmetic and on the 
number llne^ should give you clues about the addition of real numbers. ^ ^ 

. Let us consider the daily profits and losses of an ima^^lfi^^ry ice cream ^ 
vendor during his 10 datys in business* These profits and losses are summa- 
rl^^d^in'the left-. hand column of Panel 7-1^ ^ich you find on the .response 
sheet for this section. 
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*We^ qould usfc? pOijitlve numbers to represent gains. 
Slnce_ a loss is the opposite of ^a gain ^ we would 
use numbers to represent losses* ] 

During his first two days of business ^ the Iqe ure^ 
vendor recorded profits of f'7 and ^ ^ See Panel 7-1 

For this period^ a sentence expressing the net gain in 
dollai's io: ^ + 

He had a net gain of $ ^ 

To show on the numbei' line a gain of ^7 followed by a 
gain o f p^j J we use o u v u s li al idea o f ad d i 1 1 o n 6 n t he 
rruinb e r 11 n e , We f 1 s t dr aw an ai' I'O w of 1 e n^^ 1 1 1 7 .? 
s tainting at 0 and, extending to tin: 



Iright^left) 



Wfc: then dry=w a second ai^row qV li^n^^th 
at 7 and also extGndin^^ to the ri^^'iht* 



starting 



-7 — 
J U 



Thus we' have 
^ 



J L 



L 



L 



0^7 

The second arrow endB at the point' 



negative 




rieht 



IjuoH at the first, entries In Colujrm 9 and in CoJuinn -■ of Panel 7-1' 
Note how tl'iey exhibit your responses to Itenui ^ 6 un^l 7* 



7»1 



^1 



10 

' 11 

12 



13 
15 



16 



17 



IB. 



iv 



4 



Durir^. tHi next two d^s- of business^ the vendor 
recorded a profit of $6 (onT^dnesday) and a 
of $U (on Thursday) . ^^ 

During^this tworday period he maae in all a 

, ^ \ ' ' ^ -.^ 

(gailn^loss) 

--* 

Ih^fac-^^ his net gain was . = 

A loss of ^ is represented by the number 

Msredvei'^ the net income fo^ two days is the sum of' 

each day's income. Hence, it is reasonable to writer 

^o"^-^ to student : The correct responses to certain'* 
items are "underlined with a wavy line! ^^^^^^L„, This 
wavy line as a signal to you that you axe to "record 
your response in the appropriate space on tfef panel 



Consider the number line illustration of these two- 
of business. 



Cays 



To show a gpn of $6 ^ we dimw an aj^row of length _ 
stat^ting at and extending to i the right. ^^Then, 

to indicate a loss of we dj'aw a second arrow of 
ler^tth , starting at 6 and extending to the 

left. We have: 




0 2 6 

(Enter thl^ diacrajn J.o^e panelj 

The second cirrow ends at the^oint 



LtSz^LzJ 
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For the nevt two-day period (Friday and Eaturday) the 
vendor reportpij a, looc 01' $ _ an6 then u proi'it 

For thece two days, he had a net of 
We thun write tne ye^it-nce^ 



loss 



a 0 :.> 220 



20 



To llluctrate . on the numbei- lino, thrj reuullLj of Fi'lday'; 
and Saturday^G buDiness^wfe firnt show the $7 loss by 
an arrow ©f Ibnrth 7 which' startn at 0 and extendD 
to the * 

We then eomplet© the. draw inn- It looto^.liko thiu: 



—I L — i i t I \ I 

^ (Enter in the paiic-l) » 



left^ 



Can you complete the rest or Pajiel 7-1? if you canj do .so and nk-ip 
Items 2i-2U. - If not^ review Items 8-20 and continue/ 



21 



On tlie next line of the panel ^ referrinn to .Gunday ajici 
Nbndayj you chould enter ^ in Column 2^ the ■ sentence : 



Dr-ciy the diagram for tlils line of the p.yjiel. 



2k 



Corresponding to the net income for the last two daySj 
we write 

Ifraw the appropriate number line dlfi|^rain. 



How that you have iMniahed Panel 7=1? compare your re suite with the com- 
pleted panel on pa^e v . You will see that these accounts Illustrate almost 
eveiy possible sum of real nuinbers : a posLtive plus u po|^Itlve^ "a positive 
plus a negative, a nenatlvc plus a positive, 0 plus a ncKative , and a ^ 
negative ■ plus" a negative. . 

Notice how our experience with adding' non= nc^^atlve nuinbers has given us 
a clue as to how to add real nuitibers. 



26 



We we re ah le , J u st ~aD b e f o r g , t o , 1 1 lu s -^^at e ad di t ion o n 
the mimber line. We used'' arrows' extendible to the ri^^lit 
to represent riuintaers , while netflitive numbei'S 

yere represented by arrows extending to the 



positive 
left . 



i 



7-1 



£7 
28 



29 
30 

31 



The number line illustratloni agreed with our common 
sense ideas about combining gains and losses,' 

We used positive numbers to represent 



/ 



(gains^lossas) 
numbers. * — 



3^ 



35 



37 



ho 

hi 



and we repi^esented losses by 

^To add two real nuiriberfe a and. b on the number line^ 
we first go to the point corresponding to a. We move 
from a to the right if b is .. If b is ' 

negative^ we move' to the 

No motion from point a occurs if b is . ' 



Item jl illustrates the fact that for any xeal number 



Let us consider some further illustrations. 



If a football teajn lost 6 yards on the first play 
and gained 8 yai^ds on the second play^ its net 
yai^da^e gained for the two plays is yards. 

Draw the appropriate nujiiber line diagram. 
Write the appropriate numeri^-:al sentence. 



..Suppose. John paid Jim the 60 cents he owed^ and theii 

lTohn collected the 50 cents that Al owed him. After 

these transactions J John had cents less than 
the amount he g tainted with. 

Draw tlie appropriate number line dla^^r^iim. 
Wivite the appropriate niunerlcaJ rentence. 



r- . unjet on a wintry day tiie temperature iu zero 

dcr:reec. By midnight li hay fallon to =15 degrees, 

Tl 1 e n , h o twee n mi dn 1 g h t an d ca mr i n e , t he t e mp e i* a tu i^e 

rises 10' . Tlic' temperature at sunrise 

in degrees zero, ^ 

( above ,1 el owl 

Draw the approprLatc number .line diogr-ajti.. 

Write the appropriate numerical rjcntence. 



positive 
left 



1^ 



10 



(-60) + 50 = ^10 



3f below = 

-■1 

-15 -5 ^ 0 



EKLC 
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Supposa the tenqperature was zero degrees at sunset^ 

dropped to -10° at midiidoht^^ and rose 15° by,* 

siinrlee, - The temper ature at simrlge was 

degree p . ' . _ zero* 

- (above J be low) , r 

^aw the appropriate number line dlagraJnl 
Write the appropriate numerical sentenee* 



k6 
> hi 



^Uss Jonec lost 6 pounds during the first week of her 
dieting^ lofet 3 poundo the second week^ gained h 
pounds the third week^ and gained 5 pound^ the last 
week* Her net gain (or loss) was,^ pounds* > 

^aw the appropriate number line diagrem* 
Wj ite the appropriate numerical sentence^ 







0^ or 












i J 





-s -am -« 9 



h9 

50 

52 

53 
5U 



56 
57 



58 
59 

61 
6S 
. 63 



In performing the indicated operations on real numbers^ 
thinking about the number line may help you* 



(k + (.6)) + (=5) 



+ i-t 



k + f(.6} + (.5)) - h + ( ) 



-(U +*(^6)) I ^( • ) 

(.2) + 2 = ^ 

The sum of . the nujnber -2 and lt£ 
is ^ " 



2 + 



^^2) + S) = 

(0 +^(-2)) = 2 + X. 



((-3) + 0) + (.2.5) 
|-2i + (-2) = 
(^3) + (i-3| + 5) 



%7 

a 



ojipOBlte 

3 

(-2)' - 

0 ' 

-5.5 
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To go from a to a + b on the numter line we nmve b units to the 
right if b is positive. If h is negative^ we move to the left. 
How tor do we inove if b is negative? 

[A] We go b units to the left, " . .h* 

; [B] We go ^h units to the left. 



^€ ambar of units 1b a m^er W w^itbMtlci ^at ie;- a . ! : 
iLm4m$mt±rm suffibep, if b is nagfttive/ tben ig p^^^ 

[B] Is the eorrest choice, 

^ We can summarize oui- process of adding real numbers: To find- a + h on 
the number line^ % 

start at point and " " . ' ^ ■ % ' 

if b is positive^ go b units to the right ^ ■ " . 

if b is negative^ go -h units to the left^ 
if b is 0^ go 0 units. 

Let us see whether we have a notation that will state this more c-oncisely. 



65 
66 



67 
68 



6y 
70 
71 



When b is added to a on the. number line^ if b i: 
non-zero^ the direction from point a depends upon 
whether b is positive or i for every h^ the 

cli stance from point a is a non- number. 



We saw in Ciiapter 6 that foi' every real number n 
distance between n and 0 is 



the 



We can use |b| to describe the 
in adding b. 



Wfc^ go from, a 



Let us verify that this says the same thing about b 
as the last three lines in the su!imiaj"'y of the procesE 
of adding real numbers: ' 



if b is positive., 
if b is negative^ 
if b is 0, Ibl 



b 



non^ negative 



distance 



.0 



♦ 
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Boy w8 can restate the process of- adding real nujnbers in terms of 
absolute value: If a and b are any real numbers ' then to find a + b 
on the number line 

start at point and 







if 


b 1 G n 0 n = n e ft at i v e , ft^ o 


1 b 1 ^ units to 


the 


ri^ht- 






i 1' 


Ij i £i nef^ative , £]io j b | 


units to the 


left 






To find 


7 + 


(=10) on the nimiber line 


j we be^in at 


7 




72 


and move 




unite t o t h 0 1 e T t . ' 






l-ioj 




To find 


-10 


+ 7 on the nu-noer line ^ \ 


ve ben in at 


10 




73 


and move 


i7| 


unit.: to the 






right 


7^4 


To find 


= 5 + 


0 on the numbei" i ne we 


begin at 






75 


and move 




units . 






0 



76 



Here ai^e sevei-al nimierals invoivin, 




0, 


7, 10 and 


their 


oppo sites : 


P.: 7 + 10 


Lh 


( 


^7) ^ (^10) 






Q. 7 (-10) 


V, 


( 


-7) + 10 






K, JO + (^7) 


w. 


( 


= 10^ -f- 7 






(^10) + (^7) 


xt 


{- 


^10) + 0 






T. 10 + 7 


Y. 


0 


7 






Which of the following otatenients i 




10 1 


true? 






[ A ] I'h e p r o r e s s o t ^ ad d i t i o n i n P , 




T_, 


aiid Y Is 


t-xacti 


v" the same 


as I'D r t he nuinl) e vi' oV bt i t imie t 


i c 










[ B] In ^Qj U ^, find. X you can 




the 


^iid d 1 1 i 0 n b ;v 


f i nd i 


ng the sum 


oV two numbers oT jo^ithnu-jtie lunl 
siiru 


tllL 


n tal-ririf^? the 


oppo s 


i.te ol' that 


[CJ The numbers represented in Q, 






V, and 


W ar 


L' negative* 



Tim numbers represented by Q m\6 W" ai^e negative, but those 
represented by R and V Eire positive^ hence^ [C] is the only 
false statement. [A] is true. Notice that ( B] is bIso tnie. 
For exafflple, (^10) > (^7) and; -(10 + 7) both nmne the nuniber 
-17^ We shall return to this point. 



In this se.:tlan we have iilust.rated the addition of real numbers on the 
number line. Now we are ready for im algehraif^ dernution of real muTibers, 



Y=2. Definition of Addition 



Use thef.e problems to test yoursell'* 
(-7) + h . 

— • 

(.^>) * 0 ^ ^ . 

M . (:2) :: 

(ir you missed any. of Items review SGction 7=1, 

items n-7^. ) 

r 

In computmn :3umy like tho:jc you can u:;c the number 
line. You 'havo Jeai^neci: 

B to t'lnd Li h on the number Itne 

rir-rt, move to a on the number line 
second ^ from a- move 

|bi unito to the right it h ia 

I b I units to the if b is 

negative^ 

units if b is 0. 

For exampie, to find ;j + (=8) on th^ number line we 

move to ^ and, from ^j, move |= [ units to 

the 



-3 ' 
-15 



PQsltlife 



14! 

left 



In other word;-^ you know how to tranniate the sum a + b into addition 
on the number iine wh*jn a and h are f^ivon. In thin section we are Qolmz 
to E-entatc the proces-s ot addition on the number line in alnebraic lan^ua{?e. 
When we have f Lnishedj we shaLi have an aJnebraio definition for the sum of 
two real nimibers. 
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We want to expres;:^ distancen and direc 



number line In ali-iehrai',' symbols. It 
you reniembei^: T?r- dirrtance between a 
is tlie abi^olute oi' the number. 



etaftnG 



on the 
help you. if 
er and ^sei^o 



l^iere Is 
of 0, 



on th*-' number liik-? It Is to the 



value 
left 



11 
in 



ih 



■Wo r-e'Lfl:u' !,hu: \^h\ ^ ^^jj o.' ■.■our;;- i;- 

L-aji'.T to writ,.- th'xi; |-^|. ^ Huwi.'V'jr, vnM 1 1 nr; | j 
i'^'frJnd;.; ui; .thut ui" - 1 1 j iki rv=: of t )i> ^>\l:M:xn-u bolW'/rL 

III feiuM-a! , :'(jr an;/ rfii Minii:'^':' '■'i^ 
hciw-u'ri n air i 0 , 



i a:i/:uU]-0. .p!'',M' ; iy what ' ri^ui! a t- b. 

i'— '^^'-O! ail, ll' = a M.ai! ii ^i-- nan- ii' -y ci^ ^ v ■ - , -Uu.-w w kaov/ ;':<-^!ni 
of a + L rrorn^oiir n- r i - a v/:?/; ' ii- -i: ;:;a .ra-; ■ ■ : : ' M,r i i am- -i i a ?jo;-:f, Wt- 
oxanilra- JOina ■aiw-;: wh'/i"' :aih n:in;:-a":; ^a^-- ivfa 



'i'h' , i"n t ':'a^ ■< ras: .■/!-■ i; av- ■ -i"a"t : 



Vlwri: liar wi th t 



111 '"'a>,v 



a^! a a::; In.' t . 



negativo 
opposi to 



■ (- i a 



'1 
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'Can yuu see a gc?nerQ.] i-ulo Tor addinn two nef^atlvc nuinbors? Try to „ 
state it In word:] for yourceir, thr::n compai'e your statement with thin one: 

The i^um or two nef^Qtivc niimborc ij ne(^ativ-?. The ahyolute 
va^iuc of thiL; tMim in the L;Lim oi^ the abrolute" v.alueD ot^ the 
numbe v^. , 




Now /-c to PtUio] 7=r o:: the- I'o.'uoiuu; rh^^et, - Plli'I 1 huLbaJl ready boon 
?orTTiKiated ; you ar'e now ready to comph'te Vra^i. :\ 



I 


ii" a ^ 0 b 


< 0, Lhei. 








i 






In Itomr ■= -^i , m 


t i')^' i nit I onr 


in Pan^M V-^ 1 o 




^ I'in-i ;.L .■oinrion n^ir:,i 


-■ I'or f'.i'/ft ;_;ani; 






(-.■) ^ (^Y) =(h 










^ Y) 




























-0 

' i 


( = i ^- ( = 7 ) -( 










1 look :it Fart 1 o; 


-^hr dray;, J t ion 






an P-LiiK; 1 'J^lJ. 






















Ufl .r,.-: . 


luriiber 


n 0 V ar i t hnint b.^ . 




c 







[A wai^y line 
meana to enter 
I'esponne on the 
paiiel * ] 



■(■!-s| ^ 1-71) 



.(i.u.6ni-i.ij| ) 



• 93 



I 
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Ml ui" the lollowin^^ i:tatementn arc ti'ue , Which one best ili .o^trateE 
Part r2 of Pari^l 7 = 2? 

[A] ( = 6) + (,10 . .(u +- h) 

[B] ( = 6) + 1^ . '.2 ■ ■ 
fC] ( = ^ ( = 10 ^ .(L6| -h 



[C] 15/ the best illustration, fete that [B]^ though a true 
statement; caniict. illustrate .Pa^^, which begins, ''If a < 0 
and b < 0". [A] Is i^ea^lly a conBeguence of [CJ* 



Ncvw that 



wo nnve .'on!p]Mt--i uiul dUciu/jed Part ^ of Panel 7=^, let us co 
the JL.fii Dl two reaJ niiniboi':^ whr_--n one niiiiibei' 1,- non=iie/:';atlvG 
l;-; iirrnaLive. In Pari .;; of the ponel-v/e have,' "If a > 0 ^ 
whilv; in Part, h wo have, /'Ih b > 0 ana a < 0", 



<• ■upport' c) 
inuni-rT ir 
hat . 



alive, IhUiJ 



0 V 



0 aad the other 
niiribei" ]_Ino, we c 



ii I ve niijiibor h 



*7 



3 



0 i- !- ■ b 
b ar^fj nQn=r 



I 'A H U - " a ai'e aiLuj true 
itivu; hut thtaje oa:wv- ar'.- 



riJi hertnr Part; 
ajei; wh- a^e e i tl 



ana h oV Panel 7-2, we may concentrate 
'-i or b iL^ nenntive and the other 



C'un. ldcr :'CM lowing; uxairipLer ob pi-obit;- an 

Prom ub $7 ana lorr ot ( + (.t) . 

Pvo {' : ! ai' ^' ^ an. i 1 o;;.; oi" :p7 : 
l^jrr ul[ ^{i ^_av^ uroVl i of | ( = 7) ^ 
l^na^ Oi' |> , ana proi'it ot '^Vf : (=0 ^ 7 



^ ^ (-7) 



Tiio i'uur exrjjnp.Uj.. above ::uf^^;^eat the following Gtatemente 

23/ 



k 



Kaf'h ha:; t.o do with i:h<: ;;uni OJ' iyo luinihcr:^, oiif 
pou i live aiid one 

In eauh, the abi^olutc vaJiK^ of' the renult i 



In oarhj wf' I'lnd \.]uj abL'olut:^* value O!" tli!'' roL^iMl by 
:-libt j^Ci' ^t I • I'i'-om 

In l^Ut^ t , In ijw'ii t hij ? ib.;Q i u t v a 1 1 K' o l ' th* • iin 1 n thf" 
Hi !'l"'j-'/nre o!^ thf- abrjolulc vaiiuM' oJ' two niutibcr::. 



The ::\m I:) pOLwtLvo li' the poi; i t I..v numbcjr har; th^/ 
>^r'oate r vaJ.ufj , 



Filij} llv'': L'liin oi^ tht; To ! lowing pulT';- O l' r'^-/.U numborL'i 
rfoii''0 thai eaf-'h pair' ] \]< ■ \ oiv po-'itLvo and r-nc? 
nv^^at'. i Vf.- jiuji;ti02\ It you iiav-; J i. tt I '.aJ 1 t.v , .yan ;/^av yl: 
to r'oi"*.jr to . n ';^rni; ^^O-'^^':-, wh^-^nr- \-oi.i v;i;i j rind 'jx^urin"! c^; 
and ;:i)f';/'';r' i on , ' 



+ o 



(- 



- - 



^1 



.1 
TT 



2 . 



7=2 



Now t,}iai wc liuvi/ r,'iLncd i>omG cklli In afidln/j two real numberG , we shall 
thirik uhout, how to rornpi.r^tf: Panrj 1 7=2* 111 in panels when completed^ will 
pf-ovifif.' a procuit; iiiatc^nof it ui' thn flutinitLon oV addition for real nUJiiberg. 



7 ^ (- :) 
7 > 0 aivl 



The nu/n 7 ^ (=0 n/i:^ t.^n iorMn 
> 0 and < 0, -irul 



b J whor'( 

h)l. 



- - ^ 7 - 



0 and h < 0, and LI 



tlicn a + 



(^3) < 



|7l > l-3| 



a > 0 and b < 0 



a + b ^ ja(.^ (bj 



' t.liat 



Uol. l<-r- that |u| ai^^J-lil ar^o munbcta; gl ?tr i thmf? t i.e . If | a[ > ]b|^ 
' o ijut'*^ Vr 0 m o u r K no w [ c d ^^'e ""tsS^^t u b I a i:- 1 1 o n V o i t h e rauTib e r a o f aj:" i t hnie tic 
ta| = |h| n^unc:; cxa^:l 1 y • oi^^. n^ljo of ^ aivl Ihmetic , 



70 
■f L 

7^ 



7^' 
77 



You i'(juld ciotf^ r^mi nr; tho to J Lowtri^ f^uiiic at a ^1^^^^ = 
\a ' t i 1 ; ; ^ ho we V ■ J u r:. t Ki o r I e f " i n L t a O r i In It e m 6 ' f' L n 
Oi'dfjr l.o '■Ofiv i Hf- f ■ ouT';u_; L vo:; tiiat thu field nl tion ^m voc 
tho roLMiltiJ that we teel :;urc ar^e for-reet. 



(-DO I 



(- ;) 



- 3 



1 1 
1 

6 ^ it 



4i 



l-M 



7-2 



^ We have a definition of addition which we can use when we &dd a negative 
to a non=negative nvmlmr in cases such as 7 + (^^)^ where the non^negative^ 
number has the greater absolute value, 

Now suppose that the negative nuinher has the greater absolute value. 



78 

79 
80 

81 
82 



3 + (-7) = 



83 
Qk 



Bimilaiay, 5 + (^11) . 
and 2 + (^3) ^ , 

In these examples the sum is and 

(positive j negative ) 
its absolute vaiue is equal to thf^' of 

( sum^ difference ) 
the absolute values of the numbers being added. 
Hence, Pai't 3 in Panel 7=2 should readt 

If ^ > 0 and b < Oj and 

(a) if I a| > [b| , ^ then a + b ^ . 

(b) if |b| > |a|, then a + b ^ 



negative 
dlf farenee 




By now we have a pattern for completlne the definition in the panel. 



86 



P.a2't in the panel, shOiUd read: 

If b >^0 and a < 0, and 

(a) if ibl > iaL then a + b ^ 



M if Ul > |b|, then a + b 



Compare your completed panel with the one below. Your panel should be 
exacti y like this one. 

PANEL 7=^2 

fe'lf^tion of Addition for Real Numbers 



Puxt 1, 


If 


a > 0 an i\ 


b > 


Uj - theri a and b 


are nujnber 




arid 


a + b has 


its 


usual meanin(^ 




Part 2. 


If 


a < 0 and. 


b < 


Oj theri a + b ^ ( 




Vart 


If 


a 0 and 


b < 


0, and 






(a) 


if |a| > 




then a + b ^ | a| ^ 






(b) 


if IH > 




then a + i, = ( U' 


= Id). 


P^art k-. 


If 


b > 0 and 


a 


: O j and =^ 






(a) 


if |b| > 




then a + b V b = 


Ia| 




(b) 


if |ai > 1 


b, 


then a + b i= = ( | a| 


- |bl) 








2 


232 

















\ ' 7-2 

i 

You are not expeeted to memQrl?.;e thiG definition. Given two reaj. 
numbers j you should te able to add them withoi-it referring .to the defLiitioru 
On the other hand, we hope yoij ■under staiid what haa been accomplished, iV^hls 
deflnitiQn.,G±; . addition, If a and b ore any real numbers, then we can 
compute a 4- b by applyinr the appropriate part of Panel 7-2. In order to 
do it you need know only: 

'l) how to find the suiTi of two nurrfberD of arithmetic, for Parts 1 and 2; 

2) how to subtract one niunber of aritlmetic from another which is at 
Least aa lar^r;e^ foi' Paints and h; 

j) how to form the absolute value fuid the opposite of a real number. 



■33 



l£t u:^ suinmaTM ze Parts -(a), ^Ka), ^ta) of the 

dej* i n j t ion . Tlic sum of a nc'j = ative -±11^ a non= negative 
numbe:': 

Ir; equal in abnoi-ute \i'_iiue to the oi 



Csuni,diit^er e n c e J 



the absolute values; 



is non^neijativs if Ihi: nori=nej;at ive number has the 
aVvoluie value: 

is ne| = atlve i:' the !iefat:v'; numLer^ has tiic i:rc:xtor 



difference 



greater 



o_.b soiute value 



If a and b aj^e particular r(?al. numbers , ve can find e:<actly one part 
■ of^ Panel that applies. From the appropriate part, "we find exactly one 



1 j 



number . a + l, ibus, 


we fiave 


succeeded in / 


■;ivLn[; a complete 


def initi on 


the 


binai^y ope ratios c 


if add i t 


on m the set 


of reai numl^ers. 




JO 


bln^;e "liie sim: of 


ai=y two 


seal number^: 1 


a unPiue 


I'eal. 




number, the set r 


f all sr 


-al nujnt.'ers i s 


closed under^ tne 




ji 


Operation or 








addition 



i'or eacs oi' tlir- j'oi Lowiru; open seiiterh-er^ finu e real 
numrer wnbhi wilt rnalo- t h-- SvnreM:.'e Urue, li^ you have 

trouble, you nsiy :M rsi II uelpruJ ta tb i r-k asout th'.- 
ramu^er ! Is^' . 

X + V 



y - '7 

n ^ 10 



5 

-10 



7-2 



95* 

96 
97 
98 

99 
100 

101 

102 
103 
lOh 



a + 5 = 0 
b + (^7) = 3 

7 - '(-5) + a 



3 1 



f + i^h) = 6 
(y + ( = 2)) ^ 
(3 + x) + 



= 3 



10 
106 



107 
i08 



Bill earned hO^ on Tuesday^ spent 60^ on Wedxiesday^ but 
doesn't remember how nruch he had on Itonday* He had 305^ 
deft Wedjiesday night. To detennlne what ainount he had 
on Monday J we can write an open sentence with the 
variable x representing the money he had Nfcnday, 
TYie open sentence is: 



X + kO + (-60) ^- 
Blll began with 



^ on ffenday* 



If you 


drive kO miles north 


arid, then 55 miles south, 


you ai"€ 


'i then mile 


'iB of y 0 ur 




( how many ) 


( north ^ south) 


start ir 


ig point, 





.-3 

0 

12 

3 

a 

1 

% 

£0 
3 

^1 ^ 



30 
50 



SOlith 



Fur each Bentence below^ tell whether it is true or is false. After you 
have recorded' all of your responses^ turn to page v and cheek your 

109. ( = 1+) + 0 . 1^ iih. + (.3)) = ((.7) + (.5|-+ 3 

110. '=(1=1.5 1 - |0| ) =1,5 

111. (-3) + 5 - 5 + (-3) 

112. (h + ( = 6)) +6 = 1+ +(( = 6) + 6) 117. ( = + 7 = .(3 + (-7| 

' ■ = -10 



115. =^3 + ( = 2)) = ( = 6) + (-2) 

116. (-7) + (-9) - -(7 + 9) 



113. (=5) +^(=5^= -1 



Look at Items 111^ ll£% and II6, and see if you can gues 
ideas that. will be* discussed in the following sections, 



sumti of the 



7= i . ' PropertioD of Addition 



In Chapters g aiid 'h we described in detail and then listed the pi-'opertie 
oV addition roi' the nujnbor5j of arltlunetlc > 

We now have a detinition tor addition that we can use to add any two 
. i^a.l nujnbei^j. (hemember^ the net ol' real numbera^ includes the ne(;ative 
nujTibej^y ay well ai; the numbci^s ot ajvlt^mietic . ) 

We want to i^co whether^ the pfopertie::^ ol" adtiillon already diucut^Ded for 
the numbei'L; of ai-it:hmet uj-e aluo ta-ue in the set of' real numbei-s. Further 
we wa:it to uee whuther Ihere fire any new pi'Opertien of addition for this set. 



Complet-..' the foilowlno irtatemen is . Ihey will help you 
to i-ecali the pr^opcrtio;:i of addition we have studied. 



th- 



'f is a ti^ue ^entynce that illustrates 
p roper ty o i" add i t ion , 



6 r 0 = 6 1::: a ti^ue .sentence that. illuEtrates 
the _ prop'j I't y 

llie truu sentence 

(7 + h - 7 + Vj h h) 



illustrates the 



p ro pje r t y o f ad d i 1 1 o n , 



tatlve 



asEoclative 



Wc have seen that the propei'ticL: of addition can ot'ten 
be used to :w.mpliry computation.^ Here 11: a detailed 
1 liustratJon. Tell which pi-operty of addition is used 
in each step* 

ir - I) ^ - - r ^- il - i) 



if 



— ^ 4. — 



7 



property 
property 
property 



associative 
comnutatlv© 
associative 



1 + 



ttiink 



Uften, we do not. t.hlnk ttirourh cacli step in su'''h detail. We E^imply 
k C' ' r (r . ~) ♦ 



In other words, we have convinced Oimselvee, "by many exajnples, that the 
associative and cormmtative properties of addition for the numbers of 
arithmetic permit us .to regroup and reorder the nuinbers in a sum in any way 



that we like. 



8 
9 

10 

11 

12 
Ij 



Cumpute each mm, by any method that you like^ 
+ (-j) - , 'ana 



r(^i8) 1. . 
k ^ (^18) . 



and 



, iuid 



1 

I 

k 
k 

^8 
-5 



It appear;; that when ve iMnd. the num of any t.wo real numberL^ , the cum 
the san^' rO[;ardlc:^^^ of the ord-^a- in wlil^h wu add. 



Thin ];j the Commutat [ve Property of Add ft ion; 

For any two rea.! number:: a and i> , 
a + b - h -H 

L . .. 





nin-c; (^V' 


+ {-■■)) and 7 


ar^e 


both 


real 


nuiriberr:^ ^ the 






vt; prGp'.-jM._y o:^ 




iun . 


:iowr- 


i.ui "that 






(=-)) , 




- ( 


) 






ir X L 


-iMv r-al. nunila 


I--. Ti 














.-) 


.) 






17 




; v.A^ troi:i t h^■ ^ 




prop 


-e'1 y 


oi' .'.i;!d Li h.au 



^"■■^ --^ '^^'^^^ -uurhi.-^ w;i--tn-!- ^.r^ not, involvin,^ three real numl^er 

^--^-^^d^ (u!- :.r.-u>^P.P-) th-^ iii:::ie:rr t . ■ ruj i „;U:' ■ -MnV.ai P;n-e , 
know iiiat. I:' a, b, q.n.i ■ -:r- -aiy nurii urr of :um t hrn-t , tiicn 
' • ' ' ' 'i^^'^- -i:- ^-iai :v^. rr.:t^.u-ty of additiun. 

*'d .a- w!rd. a^.pn-a/ wh.':: .-p- , u' ;::,.r^- >-r in-- nuinrr... rr a. b. 



7= - 



IS 
20 



2h 



(corrmion nurnc' 



Ai- (, . (= .)) . 
('^) ( = 1.)) 



arnur; lor t.h':; i:tui\' ■ nunn>^ 



, fu'o , in'fj not 



(-2) +3 
1 

^7 + (^6) 
1 

yes 
-7 

( = 3) + :i 

-7 




is 



have dpcri thai tii,: To 1 low i ri/^ ">:ent.--nrL;::" arc. all trii 

+ (-7^ ^ ^ 7 M ^ _ ) 

((-^) + ^ ( = ^0 (^7) M ^ I 



T + ((-9) + :^ 

(3 + (^6^1 



4 + 



Wo coulJ .look at iiumy f^xarnnh 
di tie rT^nt ;:omhI riut idn^j oV iio^^atlv- 
would Irbli'jalo thai, uh-iition i a.- 



')c\a'li\'€: for all roal nimibcrr;. 



'Uu- A.u:o<u alive 



Fl^oporly ol' Aci 



Oi 



Oil 



the w;i;; 
proijor-t 



'i:\:]0 -lativ- arhj t ■urruiiu t. at ivu projjorlleL^ iio 1 



tvxi:: III .•-vera: Lnrtai:.; 
eV'-r;,' Inrtarf'o. In riiit ' 
thai tfi^j la-jL-^rlA-.- ulw: 



"i larairte 



: r i h i ^tinranTor- i , 
no \ A , T}iC: conniii t.at. Iv! 
1 h- ■ rea 1 nuiriicia; a^' 



:iohi inii^ In 
i V ! nr. -i proui 



:wo (.{iinr 



■ ad.il t ion I'or roal number-:; find thp i'furilllar 

!iri-\]i uv-l \ r , Haw^vo^, hcfaiu'c th.-rc proorr urn 



'77 



9 .f 
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7^3 ^ 

. ' ' , i 

very .detailed aiid very lengthy_j they will be oniitted tiei-e.- At this poirit, 

we shall Bimply take i'or Bi'^^t.ed thr-it tho properiief; in ^lueption do hold in 

the i]et of real numbern. 

Very Doon^^ln Cection 7^^) = = yort will benin to learn how we can prove that 

certain relut lonchipu rniu't tollow from ottior'n. An you become tainlliar with 

the idea dt" prooi', you will f^ain a better uriderctfind I of the real number 

syytem and ol' how itu properties aj-e i^eUited to thoL^e oi the numberD of 

arltiiiTietic . 



j2 
3< 



50 



ho 
hi 

hD 



Let xiij now Inventi {^at.e another pi'opet'ly oV iiddl'ilon, 
h > i-h) 

We iiotu that -h 1.; t.h./ _ _ _ ot -1, 
.(-'0 -U; the nni.g-itc oV (-■>), 

W^iat is the opponite or' ^? 

: - ^ 

^ 



The X'retn'dlnr rerponcer^ ind b-nte^ thn t Mi'.' roijowLfb: 
r^talerik/nt. li- ti'ue : "Tlu^ ;uir:^ 0 1' a number ;a\ \ 
Lt;j ir nerob'. 



0 ^ 
8 -f 



0 

0 



0 

opposite 



0 
0 
0 



opposite 
0 

(^8) 



TlU' [na.'i'( ni 1 M'- '^x^i/np 



apjjori 1 i> 



I'br evMrv r'C^a! liUiiibe r a, 



a ( -a) - 0 and /|( ^ 



i1-opf r ty of 



lb'- ■M.ldiMun pri-u>! t M"f nyp I \ • : b'''U^ rp'-.v^4. inn^n^'U^t rt'/^eiur- it i: 

u prnp.'rty of i^ual n umb'ua; Init t b'/not a p.rupf.'r1y v [' nU!:i["jr;- oi/ ar btiiinet ] <■ 

Wu'U we T';... bier, tl:- • .^^d uf nuiub'-ir. .>f m r ; 1 r:.;^ • t p ■ , \ h=n .'piorile ■Joe; 
ncM. o ■inuu 



- - r 7-3 

As in the caGe of the auuO" iutive and commutative properties of addition, 
the tiddition propei^ty ol" OTOOsites fop real numbers follows from our deflni- 
t Ion of addition fitfid from properties of the niimterB of arithmetic. 





Let uLi now inveGti(^ate 


3tlll another property of 








add it ion . 






■) 
1 




Hcfcr to the dei Inlt'ion 


of fiddi t ton to complete the 








^fol lowing ' 




















+ 0 - ^} 






k 


k6 


(-9) + - -9 






0 


hi 


0 ^ C^7) 






-7 


HQ . 


+ h h 






0 




Wc b c> Qrvc : ac ] d ] r i / ^ 0 


to any number clveG^'as the 








uurrij that uanic number* ^ 


Li kewl ae ^ ad di ng any number 








to 0 fz^^^^ thr/ number. 










We may Dtate our conr'lu: 


.Ion an the Addition Property of 0' 





For t'Very rejal number a, 
a + 0 ^ a and 0 + a a, 

« ■ITiis property for real nuinbern followG from our definition of addition 
and l"T"om the addllLon property ol' 0 for mimbers of arithmetic. 





We c an u 


the propurtiOLi oI' addition to clmpllfy 






phr'aucd 


and :^entenf 'er. , 






In order 


to aimplii';/ the phraLU:/ ^7 ( = 7)) + 6^ we 






note i 








Y ^ (^7) 


I J e f. : au o i ' t h 0 ad d i t . 1 o n property 


0 


[jO 


or ^' 




Opposite 
6. . 


^'1 1 


0 + 


b e au r. e of the ad d 1 1 i o n p r n pe r t y 




or 




0 


'j 1 


Thu::^ we 


nee that fv + (-7)) + ^) ^ 


6 



4.' 
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• 5k 

55 

56 
57 

58 

59 

6i 
\. 62 



Here Is another exai^le^ 
3 + ^-3) + . ( ) 

- 0 + If 



by the associative 
property of addition 

""hy the addition 
property of 



Hence , 



3 ^ ^-3) 



by the addition 
property of 



66 



67 



5 + (3 + (-5^ - 5 + ^^5) + 3) by the 



property of addition 
(5 + (-5)) + 3 by the 



-0+3 
= 3 



property of addition 

by the 

property of oppoBites 

by the 

property of 0 



3 + 



(3 ^ (^5)) 



Consider the open sentence 

Let us look at the right side of the equation.. We 
know that If X is any real niimber^ then 



X + 



((-x) + 3) - + (=x)) + 3 by the 



^ 3 



property of addition 

by the addition 
property of 

by the addition 
property of 



We have found: If x is any real number ^ then £ 
s-iir^ler najne for (x + ( = x) + 3^ is , Nov 

suppose that the open sentence 



(C-x) + 3) 



i s tru^"; 



X + 

Tiien the s^entence 



is true for this B^Lme 
for X + ^(=x) + , 



is" another name 



Q . .. 

' cpmrnutatlve 
aisoqlatlv^ 
adMtiDii • 
addition 



associative 
OJ^siteB 



2^ > 



2k0 
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69 



7 b 



But the truth set of the sentence x = 3 is seen to be 
the set containing only the number 

We cm easily verify that 3 is also an element of the 
truth set of the original equation* Hence, the truth ; 
set of X ^ X + ^(-x) + 3^ is , , 



71 
'72 



Consider the open 


sentence: m + ^7 


+ ( 




We can apply some 


of the properties 


of 


addition to 


obtain the slmplei 


" sentence: 








= m 






What is the truth 


set of m + ^7 + ( 




) - m? 















Find the 


truth set 


of waQh sentence: 






(r7) + (- 








73 


'0 - (y + 








n + (n + 


2) + (-n) 


^ 0 





1 m m 

m 



{-11] 

(-2} 



The aasdciti^tlve prciperty of arJditlon guarantees that 
(h + (.1)) + j o J4 + ((.1) + 3). ' 
T\ms. , we can ih-ite the sum 

h + (-1) + 3 

without indicating how the numbers are to be grouped for addition ^ since the 
way they are grouped does not .sXfect the final Bum. 

T\-ie oorranutat ive property of addition enables us to change the order of 
addin/3 two niunbero if wo- wish. 



In compu]t.lnr + i-l) + we may think, if we like; 

+ ( = 1) + ■ - + + (=1), 
■l) + : ; + (-1) by the property of 




7 + (-1) 



conffliutative 



2'ij 



7~k 



Am the previotis exanqple . suggests, the arsociative md eommutativs pKopei-^ 
ties addition, ■ taken together^ mean that the sum of several ni^bers ie 
independent "both of the order in which the numbers written anff of tlie ' 
in vhlch they are grouped* , # 

This general conclusion is exactly lilce the one we have already usfed in 
many exanples with the numbers of aritlunetlc. Just ae we found for the' 
nymfeers of arithrotic that reordering and regrouping numbers in a sum helped ' 
in coirfputing, so \rm find for real number B that reordering and regrouping is 
often helpful* ^ 



77 
78 
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In each of the following items ^ consider v^ious w^e 
of doing the confutation and then perfona the addition 
in the easiest way, 

0.27 + (-18) + .73 + 3 = 



i-p + 7 + (-2) + (-|) + 2 



w + (w + 2) + (-w) + 1 + (.3) = 
+ I + (-7) + \-h\ = 



S3 + (-67) + (-82) + (-133) - 



se 
3 

V 

1 

-29 



83 
84 



Find the truth ^et of each open sentence , 
X + 5 + (-x) = 12 + X + (.12) _ 
n + (n + 2) + (.n) + 1 + (.3) = 0 



m 



f-k, Mdi t'lon and Equality 

Consider the tnje numerical sentence >^ 

6 + 2 - 8. 

In this sentence, the symbol " = " signifies that 6 + 2 and 8 are 
names for the same number. Suppose we add -2 to this niimber. Then 

6^-2+ (-2) and 8 + (^2) 

are again names for one niimber^ which has the common name 6. 

rj - - 2k2 
^ -J J 



Here ie another example, ' . 

1 + (-5) - C-l) is ^ sentences 

(true^,f al¥e7 

2 ^ + (-5) and (-1) i^e two names for the swne 

Eetp us add 3 to this nnjnher. Then the phrases 
^ + (-5) + 3 and (-1) + 3 axe* i^sin name a for 
one ..niiinber, whose conmon *name is'^ * ^ 

Hence, we write the true, sentence 

h + (-5) * 3 = . 

In a slmlleLr way, 

^ + (-5) + 5 = (-1) +5 
h + (-5) + (-2) . (.1) + C-S) 
+ (-5) + I = ( = 1) + I 

3-=-^.^ a3"e all , sentences* 
(true j false ) ^ ^ 

In fact^ if c is any real number , ve can conclude 
that ^+(-5)+G=^(-l)+ Isa true sentence , 

since we beg^ with the true sentence 

h + (=5) = (il). 



true 



true 



10 



Let us generalize from these exsmiples* 

Suppose a and b are names for the same real number* 
Then a +* U and b + are also names for one 

number* Hence ^ if a ^ b, then 

a + ^ h + 



In fact, Lf ■ is any real 'number ^ we can conclude 
from a ^ - b that 



a + 



We rest at e this as fo 1 1 o w s ' 



For any real numbers a^ b, and c 
if , a - b 

then a +- ^ b + 



idmilarlyj for any real number n a, b, and c 
"if a = b 

then t: + a ^ e + b* 



2h3 



h ^ k 



a + c 



a + c - b + q 



EKLC 



This generalisation is an iir^ortmit fact about addition* It is^ a con^ ^ 
sequenee of the fact that i:€ a ^d c are two numhers, there is exactly 
one numter which is their -sum. Thi^ number does not depend on the. particurar 
numeral we chooge as a najne for sT. (Remember "a ^ b" meajis "a/ and b 
name the sme nuniher'' * ) 

We stiall use this generalization so often that it is useful to have a 
special name for it. We will 'call It the addition- property of equaMty . ^ 
* For any real numbers a^ b^ and c^^ 
If a - b 

' then a + c = b'+ c . aiid c + a ^ c + 



11 



Which of the following e^^resseB the idea of the addition property of 
equality? 

■ 

[A]- If ^ and b, ai^e names of numbers, then a + c and b + c ^ are 
also names of numbers. 

^ name the saine number,, then the m.Lmber named by 
^ + G Is the s.ame as the number named by b + c , 



[B] is the correct choice. Although [A] is a correct sentence, 
it is not the generalization which we have called the addition 
property of equalltyi. :.• • 



12 
13 
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ID 
lb 



If' X -2 y . then X + a - y + 
If ni - , then m + p 

r V -: w. tl:-. ^ + V A S + 



n + p , 



li' m 
IV % 



then sun + 
T.'^hen 



Item It/ Jo;id:: ua to wonuei- if the adrlltion property ot equality mi^ht be 
iUUMUl in rindinr tiiith t^etn cV open ,r-ntence:^ . Uj. to now we havo iound truth 
set:; vy intellir;ent ^-ueri- voii-:" . Unlnr the /uidii Ion property ot eHuaJity we 
eaii determine the truth jet;^ of eertain open L^enteneu)' in a more nyrtematic 
way . 



oinf- we ore d/jaUnn with a property oJ' u ui-il it;: , w 

nenteneer iMh-h a:j :•: 4- ii 7 whert-- the V',-r\ 

havinn Ihi:: ver». Vouu ^u'e gftefi call led e.juatiun.^ . In tii. equal 
0 J^M't r. 



mninr- ope!") 



o 1 II' " ■ . Uperi ecMit en 



wc f^ai ( V + a 



and 7' tlie 



L/Uit ::ine 



Phh 
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^ 5':" an efrjuation. 

. ( i s ^ 1 s not } 

The open cejitencr ^ 2 + x ,^ 5 + (^3) is an ^ 



(ic^lu notj ■ 5. 

^ + ('7) (^x) - an equation. 

(i&fin not) 



An 



is an ^pen sentence that contains only the 



verb fbrm '* 



J 



is"/ 

is not 
Is not/ 
equation 



Imt us return to the equation ^ ^ 

X + ^+ - 7/ 

Slnc^ this Id an open sentence, it is neither true nor faise^as it stands 
In order to fln-i the truth set" of this equation, 
following items: 



we ^'ah reason as in 'tYu 



If (the^"if" la In^ortant) there is some^ number, k, ~ 
that maHes x ^ k . 7 a tinie sentence, then th^ sajiie 
number also makes, (x 4^ h) + (^k) - 7 + ^ ) a true 
sentence. 



We are able to make this conclusion by uslnr; the 
propei^ty of equality. 



[Can you \£^uess 'why 



addition 



we criose 



as the nuinbei- to- add?] 



Now we can proccod as follower; 
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+ 7 + i^h) is true for some x 

^^^^ X + (U + (.1,^ - 7 ^ for that 

sajne x , 

+ - '"i^i^o for that same x 

and, finally . - t,-uc for tliat sa/f:e x. 



llie truth set of x ^3 in obvious. It in 

Hence, if there is pom^- number x which makf 
X + 7 tinjc, this nujTiber must be 

S niake the orlfrnuil sentence true? 
Tec, since + a 7- 



true 
0 

X 



EKLC 



We have- shown thftt If there ii a number making x + k = 1 trusj then 
*the only number which x can be Is 3, After we check and find that 3 Aoe^s 
make the -si^tence tme^. we have found the one and only niiniber which belongs to 
the truth set. = ' ^ 

Let us sii^lify our language a bit by agreeing to the following 1 

Instead of "determine the truth set of the open sentence" we shall often 
say '' solve the equation". , ' . . 

^'instead of "truth set" we may say " solution set " . 

Instead of "a member of the truth set of the open sentence" we shall . 
often sajr "a solution of the equation". 
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The solution set of x + k = ^ , ±s * 

The only solution of x + U ^ 7 is 

3 iL> a of the equation x + 4 = ?. 



(3} is the 



feet or truth set 'of x + ^ ^ 7- 



C33 
3 

solution 
solution set 



In solving an equation ^ as in Items £2=295 may use many different 
properties. Tlie first one that was used here was the addition property of 
equality. We were very careful to say "If x + ( ^ 7 is true Sot some x^^ 
etc* In our next example we shall continue to make this statement and at the 
same time we shall examine the use of the vai^lous properties. 



Solve the equation -j + 
If + 



then 



is true for ^ome 



is true 



f o r ilui c cm c x , i u:- i n the ad d i t i □ n p r op e r t y oT ^^^^ 
^ + + - X + ^ =) + is true for 



the L;anie 



the vjame Xj u.;int' tiit 



p I'o pe r t y o f ad d i t L 0 n , 

in true for 
oi QppoC'iteD* 



1 n^; 



7 oiiJ th 




equality 



associative 



addition 
property 

addition 
property 



2U6 



ko 



If X is 7 J than in the original equation 

the reft side is. 5^ 3 

2 

and 5 + 5 ^ 

2 S 



The rieht side is ( ) + (.i) 



2 a 



Hance^ the solution set is 



(?) 



In aolvlng X + it = 7 we began by adding .1+ to each sids of the 
equation. Of course, we cou.ld have aMed aonie other number, such aa 5, to 
each side. ' If we had added 5 we would have obtained the, equation x+g=12. 
By adding -1+ we obtain x = 3, in which the left ilde contains,, x alone. 
X - 3 has an obvious solution set. 

In solving 5 + I = X + (..i) we began by adding | to each side of the 
equation, obtaining, T ■ x. The truth set of 7 . x Is obviously {71. 



^5 



In solving 
X + 9 ^ ^11 
X + (-2) - 5 
-3 + X ^ ^1 
5 - 6 + X 



we begin by adding to both sldeg 
/ 



2 

3- 



Consider the following example' 
Solve the equation x + ^ ^ (-2) 



then 



X . i 

-J 

(x . |) . (.1) 

X + 0 



? - (-2; 



is true for some 



+ i-^)' is true for the same x, 

13 ^ 



13 

5 
13 

T 



is true for the same Xj 
is true for the same x, 
is true for the same x. 



1% 

Ctmcki If X Is ^ then In the original equation 

the left side is . (-^) + | , 

and i-^) +1^-2 



and the right side is 



Hence, the truth set of x + | ^ (^2) is C-^) 

Whic^h property was not used i^ the above exaji^le? 

[A] Coinniutative property of SLddition 

[B] Addition property of .equality 

[C] Associative property of addition 
[ D] Addition property of opposites 

[ E] Addition property of 0 




All of the proparties exeept [ A} wre used, Beviev each gtap 
in the example and note that the propartles [B] to [1] ate 
listed in the order in which they were ueed^ 



It is important in studying Tnathematlcs to learn how to organize written 
work. Well organized and neat wbrk helps in two .wa^s* First, the chance of 
making careless errors is reduced* Second^ good organization is an aid to 
uhderstanding and reasoning. 

ExaJTiine Item ^5- Notice that we h.|.ve not stated the properties used to 
obtain each successive aquation^ In solving equations ^ it is not necess^y 
to write down each reafion hut it is essential that you iinder stand ^ach reason 
and that you are prepfii'ed to explain each step, 

Tlie first line o^ ypur written work should "begin; ''if is true for 

some X'" ^ and the secoH^ line should begins "then By writing this 

we emphasize the logic ofj our argument. You may wish to omit writing "Is true 
for the same at the en'i of each line, 

As you gain e^ej^ionce, you may be able to do certain steps mentally* 
For exarr^lCj you may wiGh to proceed from (x + ^) + ^^^^ ^ (^2) + (-^^) to 

X ^ in one step* 

Finally 5 in simple equations^ the "checking" may be done mentally, butr 
it IB Irnportant to undef^tand that the "clieck" is essential, - 



r 



sh'c 
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Solve and check each of the fallowing. Organize and show your work on 
the response sheet a ^fom slirdlar to that shown in Item k^. Since 
we wish to fimQomm familiar with the use of the Mdition property of 
e^^^Jtyi be ^e to show each step that ma^ei use of this property. 
Con^paj'e with '^fces v and vl. • 



X + 5 ^ 13 



k6. 
hi, 

(-1) + 2 + (^3) ^ U + X + (^5) 
^9. (x + e) + X - (^3) + X 



[Hint: Begin by finding a single 
ni&ieral for the left side,] 



, Hint-i Nothing prevents us from adding 
(-x) to both sides.] 



H«r^ are two easy exairples of how the propertieB we have developed can 
help us to^solve problems. For each we shall write a related open sentence, 
find its truth set, and then answer the question In the pi^oblem. 
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After Bill added six books to those on his desk, he 
had 2h books in all. How many -did he have at first? 

If b represents the number of books he had at first, 
represents the number on the desk after 



then 



ded. 



2k. 



A related open sentence Is 
The tinith set Is 
Bill had ■ books* 

To verify: If Bill had l3 books on his desk and 
then added 6, he would have books in all. 



b + 6 

h + 6 ^ Bk 

{18} 

18 
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Two numbers differ by Uie siuri of the nwriberG ii= 

10 m.ore than the smaller nmiiber. Wliat are the 
niunber s? 

If n reprecentc the smaller nuinber, tl-on 
represents the lai^jei' nuinber. 

Their siun can le represented by . 7 

An open Genterice which nayc that the r^iim of' the two 
iiiL'nbei's Is 10 more than the c^maLler number is 



n + 2 



n + (n + g) 



n+(n+2)^?n+10 



25/ 
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If n + (n + 2) ^ n + 10 is true for eome n, * 

then .(-n) 4- n + (n + g) = ( 2 + n + 10 

, true for the same n 

and 0 + .(n+2)^ 4- 



Is true for the same 



n + 2 



is true for the same 



The truth set is 



The imaller number is 8 the other nimber 

is . ^ 



To verify: 10 



and 



10+8 is 10 more than 



0+10 

: m ^ 

10 

6 - ^ 



In this problem we reasoned: If there is ^ number which fits the con- 
ditions of the problem^ then that number is an element of the truth set of 

n + (n + 2) ^ n + 10. 

In solving the open sentence^ we concluded: If there is a number in the ~ 
truth set of the equation^ then it is 8* Since we are interested in solving 
the' word, problem^ we checked 8 ^n the original problem. 
Suppose we try to solve the equation 

(^2) + X + (-3) - X + ^|). 
If (-2) + X + (-3) ^ X + (^2) is true for some x^ 

X + ^) is true for the same x^ 
X + (- =) la tiTie for the same x* 



then x"+ C^a) + (^3) 
and X + (-5) 

(^x) + X + (^5) 



(-x) + X -»- (-^) is true for the same x* 



(^5) = (4) 



is true for the x. 



Remember, our method depends on the as'sun^3tion that there are ntimbers foi' 
which the given equation is true. But there is no real number x which will 
make this last sentence true. Therefore j our assxiTr^jtion is false and the 
solution set of the original sentence is 0. We also express this by saying 
that the equation has no solution. 



2j 
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Hwe is a slightly different exinple* 
= Solve (-2) + |x| ^ 5 

If 



{^2) + |x| ^ 5 is true for 
some X * 



then uaing toe 



property of 



we have 



2 + (-2) + |x| ^ 



By uiing the appropriate properties of addition^ 

]x| = 7 is triie for the same x. 

The iolution set of this last equation is 

Dd hoth solutions of |x| ^ 7 make the original 
sentence ^rue? 

Hence^ the truth set of (^s) + |x| ^ 5 is 



equality 



{-7,7} 

yea 
{"7.7] 



Solve the 


following equ 


ations. 




|x| + (-3 


) - |-2| ^6 










) ( Careful f) 




X + (<0 . 








(-^) * (x 


+ |) - X + (x 






(=1) + k = 


\3 + |x| 




£0) 



In this section we have stated the addition property of equality and 
have discussed. briefly how this property together with properties already 
familiar to us may be used to find the truth sets (''solution sets'') of 
certain open sentences. In the process of finding the truth sets of 
("solving^') these sentences ("equations*') we have laid stress on the logic 
of replacing one open sentence with another until we obtain a sentence whose 
truth set is obvious. You will encounter this sajne pattern of procedure many 
more times. Later on we shall exainlne more carefully the need for checking 
whether or not the soluAr.ons of the final equation ^e also solutions of the 
original equation* 



^5 



J 
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7-5 • The Additive Inverse 

We have pointed out that 0, Is the identity Element for addition. This 
Is simply another way of expressing the addition property of ^Oi the sum of 
ajiy Ifeinber ^and-« 0 is equal ±q "bhe- number,,! ' " 

Suppose we have two numbers whose sum Is^ 0. These two nLimbers are 
related In a special way. 



3 
k 

5 
6 
7 



10 



What number when added to 3 ■ yields the .mom 07 

^at number when added to -4 yield g the sum 0? 

In general j if x and y are real numbers and if 

X + y - 0, we say that y is an additive Inverse of 

X and that x is an additive inverse of y. 

Since (-2) +2=0, 2 is an _ inverse of ^2, 

(-^) IS an of 



If y is an additive inverse dt then x + y ^ 

s — 

An additive inverse of (^^) is 
An additive inverse of 0 is 

If t is an additive inverse of is it also true 

that s is an additive Inverse of t ? 

TyesTnoJ^ 

Given two i' e al numb e re, each 1 e . t he add i t i v e i nv e r s e o f 
the other it' theii' sum is 



edditlva 

additive 
Inverse 



5" 



yea 



Cun^idti' 


the following pairs 


oV i^eai numbei's 


- — - — — ^ — — '-_ — 

W^iich pairs are pairs of 


additive 


inverses? 










and ^ |7| 






U 


U 








and - = 


• 




0 


.Lijid 0 , 








aiKl (^h) + 








and -i-Z^) ^ 




[A] all 


but one , ' 1 B] 


'jA \ [ C 


ail but two 



Since for each pair we can^ verify that the sura is 0^ {Bj le the 
correct choice* If you answered incorrectl;^^ convince yourEelf 
that the sum of each pair is 0- • " , 



/ 

. FerhripD you have not i^jed that wc hcivo m'o ri;! 1 - rvi''.^rrai\ to an aclclitive 
invei'ce of a niunber I'athei^ tliari H-rio uitiltLvi' invr^r:-''. 'I:' we think ot ^'Oim' 
poi^tieulai' niimber^ uay 3, we quiekly ro^-al 1 that =. + (^ 0 0 and , 
th^^etore, =j ir an ridditlve invor-o oi* AM our cxperi^.ncc with nimibern 

suggontG that = s 1- tho only add-itlvG invor-^^s 

Previousiy in thli: eour^vt', whenever our^ oxneri^nic-e Gtronrly ^Uinyerrted a • 
^property, hav^e a-^:.ninioa 1 h^- truth oi^ i.hai property, Thii; war; tiio caL:u with 
the vai'iou:: properties of the number- ot ajvothm' ■tie w}ii'-n we have aDeortcd. 
Mathomat arie havo round, r:ov/evc:o that rnaiiy i^rueeri Lol; nL^eu uui ne areun:iMi 
beoauae th^y/ eaii he uhow!; to be lOi-Leal eone-queneer ob prouertlee whL 'n have 
already been aMoinned. 

Let us try to .diov ('^prove'') that y har Jujt one additive lnvei=i:e. 





We v/Ltn to 


rh 


jw T, irat - br";i.:"; a \ 


nleuc- ( r:ite.uiin 










one'*) addi-i 


: e 


e inv.ae-r, 












Fleet or a.. 


1 , 


W'j k!iOw o[\i- a ! i 1 : 


ve invrer-../ ob 
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- 3 




lb any ruunl 


er 


ir an adddi Iv- Lnv 


e:r^t"' ol^ ■ it 


irin- 1 


' e- 






a eo Urt ion 


n r 


1 Hi- i-' ]u'j.i i on _;. \ 




( hejia' 




0 




the r?lea!:lnr 


0 


/ add 1 t i V inv---rr- 


y Iveii i n It ■■"r;! 










We riTMvd to 


rh 


"■w tin t th'^- nund r r 




!;/■ rreh 








tlon ob 




' ' 0. 












lb ^ t- 


0 


i.-' 1 rr'.- ff.jr rcr:.? ■ 










1 , 


J I- -I ' j 




:■)' ) . 0 


br t:;-- 






addltiori 
















property 


■ ). 




1- 


:) H (=-:) 0 


bv ^a- 




rly 


assc3Clative 










Ob add 1 t. : uiu 








lb 


ibno'-. 




0 : : (=0 u 


re M:'' 


pi'Op^ 


i-ty 


addition 










01' oppor.i t er . 








If > 


1 ioftllv; 






bv ih* aedit! 


-)n j:n'Oi 


= 










-rlv ob 


. ]-:Ur t 




0 










/; hrr i !(' 1 rr ' ■ 


:Mr tr^ 
























Any nii!:ie>':^ 




vdi ; di or.K-r - \ 


(. 1 i'ir-' , r. 


n--t a!r 








::rjK-- .1 




Sre-o brb t!r'"- ; 


.ie: 1 uir ■ ir ur 








1 V 


i :i- 1 re ■ e rt 


0 


' ■ b r ■ , r aru > ! r 












llr-r^- L^u^^*, 




i •' ir e die- 1 '.in a> 


d It i vr ' [iverr- 








■[ • ' 


i». ir in- ai 


id i 


1 ! V-r 0 








Inverne 



l-'J 



ThuG we did not need to aiJDume^ that the nimiber 3 has only one additive 
inverji^--wo Wcji-e able to ruaoh that conolunion a logical argiiment that 
dopondeu only on I'actij which mo already knew, 

Cui-ely, tht/re U; nothing jpuciai about 3. Do you think that 5 has a 
lUilquo additive inv.-i-U'? Lbuo 0? Dqu^; ( = 0.3)? We suspect, that the answer 
il; yuLj in i-acjh cauO, Bjiliap:j you see that we could check by repeating the 
:-easonl:iK ot Itemc IL-18, Wc ';ertainly do not wi.jh to cheuk ixll niiifibers. 
Wliat we ni-vi\ i'u a result whi'-h is true tor any real number x,^ We know that 
aidltlve inverse or We would like to state: any real number 

X h-ii) ex a',- 1 ly one aciditive invei^sej najne.ly =^x. 



WfifciU WO say that 3 iias a luiique additive inverse 
w<; rea; ly Irriply two Ideas. 

i'lrst^ has a:i a^iditj-ve 

^^o-^ntl^ -_, has 'Jiuy une additive invei^se. 

3 das a u a>.ldLt ive invei/su ;net:u"is: 

i'd-rt'- Ls ■ s<a^- 1 1 y one nujiu>er whi^di is the 
add L t ive ' nversf ■ of , 

ihat \.:^ iuH-^]\it' I'onvey^ the iiiea oi oxaL-tdy 



Wt; ;;a'/'' alseaiy stat.es. in idi^: uddLtlun ;jrupei'ty 
^ j iiist tor^ evr-iy real^nuinbor a, 

a ^ ( ) - 0. 

Th- ailditi.ui: [JSOSLU^ty ut oppn;w t.;-; thus :.:tates that 
'--■vOrVr' niunber iias outj additlvo 



imique 



opposites 



now w- ar»- rn\:\c t.u pr-ove; Ariy real number han exactly one additive 
= ' at L-[::es1. s oV ri-w larts ;r i-rupLu^t is's which can be shown to follow 
i^'d :'a:-t, ar^' I'rt^.iunfrtdy I'alif-d "th^ajrems" . The 
^■■ni is .diown \u be a con.;<'quenco of otber tacts oi* 
' t fpa t hctavn:. 



1 i''.ir;! pf-.-'/ . um. ! y saS ai^ 
af^-UH;:-n t by wh i ii a \ \\- 'V 
* \:-''/V' '!;,.■ i ^a I 1 i 'a a crao 



t!i-:i, .-tal-; and pr.:u^^ a fh' C-e:iu Wh' this crooit we .diall paralle 
t [if ' ar\ MJHS t ,( s' i r < ■i^:r ! 1 = I d ^ 



/ 
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Theorem Y-^j^i , Axry real niimbesr x haj. exactly one. / 
additive Invei^cej najnely =x. 

Proof: 

Firsts we already know tliat is an aUditlve inverse 

of since x + ( ) 0. 

Suppose z is any additive inverse of x, then 
X +- z = 0, by tiie definition of additive 



We wish to show that z ^- 

If X + E - 0 ID true for some 2, then 



(^x) -+ (x + z) = 



by the addition propert^^ 

of equality. 

^x) + 0,, 'by the associative 
propei^ty . 

■x) + 0, by the addition property 

of opposltes. 

c by the addition property 

of 0, 



llierafore^ =x^' in the only add 1 1 ive ^ inverse , 



0 + s 



We have cpmpleLed the proof of Theore:.; Y-^a, It would be natural for you 
to a^k^.J'Wliy bother with a prL-ji' pi' Gomethin^^ which we strongJy expected to 
be true .all alon£^?" 

The 'ausvc^f to this cjuestLon^ i'or the present.^ is tliat we wish you to 
become fajiiiiiar with the idea of a mathematical proof. From time to time we 
shall prove niort- theorems In order to help you to become tnoi-e accustomed to 
mathematical 'reasoning. Eventually we hope you will be able to prove syite= 
ments whosfJ ti^ith is not obvious. 

Note that in the proof of llieorem T-f^a we added (-x) to each side 6l\..-. \ 
the equation x -f- z - 0. Why did we select ( = x) to add? If you recall / 
your work wltii solviu.; equations, you will see that addiuf^ ^(-x) — ^-&mj}i- 
side cnabN-d us to cddain s alone on the K'tt-hajid side, We often n'-edto 
"iMr" tlif' pr\.!ijf of a : ht'Oi'em in this way by ui-in/'; pfcvioiis knowj.ed^e in a 
manner whL'h learis towiu'ds our i':oal , 





Theorem may bef- used to solve some equatlono. You 






should able 


to lirid. the solution sets of the fol'ow- 






ini;^ at a G.lajice,^ 




31 


(-k) + a - 0 




(s) 


32 


Zi ^ J + y " u 




{^8} 


33 


X + (4) ^ 0 








= H) ^ y - 0 




i 




2 + V + (=1;) - 


0 




5'-' 


3 + (-x) 0 


(Be c.^-eful J ) 




37 


i-M + 3 + (-0 


-I- c - 0 




:3 


: + X 0 




l-V] 






0 


(ll,or[a 









Oil t.wo . U''re.^:: iVt; p-lay^; the Keciskini- rainod 3 yardo 
■iU'i yard:^, respectively, Ai'ter llie next play tlie 

; all wa:; back where it ^-tarteci at Y^he bef^laninn ol the 
.aiecoseion oV playc^. V/liat happenaii on the 'hird down? 

ir uuj:!::ci- oh yard.; the ball moved on ihe thii-d 

'■o-ni i:: i'epre rented by ^ then an appi'opriate open 
::enten;/e i;-. 



The .-ohrMon 
On th-- thl--^ 



'I is 



iher. 



i y-ir:!: 

To ve r ; : 
hrr^ or 



:::\A\\i hr i.nrr 1 1 



■lAA' \./ , \'u'} ] owed by 
'ul 1 [■■a.'!: %A\'.jr(j it 



3 + 4 + y ^ 0 
loss 



ha 



Mary liad ^^'d in Imr purtje before Mrc, Jo^^^id her 
'loi- baby- oittiiii]; . Ai'ter cho got paid nhe went chopplnc 
ajiH bpu£:;ht a nweatt-r i'or ^5? which took all the money 
L3:ie had. How miieh wao Lihe paid for ba"i;y= ::ittinc? 

If X is the nmnbei' oi' dollai'D ^ztie rfci/eived tor 
haby- ijittinp; 7 aii appi^opi'iate open jentenjc i:' 

S + X + ( ) 



The truth i:^et ic 
Mai*y wac paid ' 



I or baby-r' 



To voriry: ilt'ter cho addod the ^ 
to tJu- $2 :uie iiadf tlu^ $ lur t 

all her money. 



or har.y=:att Lnr; 

:v/tsat^';^ tOOO 



+ X + (.5) 



( ) 



Now we chalJ ti-y^ to d.i;:i.^ovor -ajother i^eriei-al pivsperty aj^J t'lv]. tu prove 

that thi.^ prc5perty in valid .r^Dr rear niLrihcio:. V/o ^Mi:^t pi'ove a "Lheoi'er;; 

until we nunpf^et oiiv : .let on- " "> ^.n-JT^e'd . 

Comp^a^e = ( - r fO ^; ] 



Huve we d LO'/overed a .-en-.-j-ai pi^oporty? 
T:ry .'-oiwt- rrioi^e ex:a:ip ! e... : . 
^ Th^; eoonon n-a:>; l"or -{2 + \0 ■ i- 

(^2^ - (^^0 ^ f i:^ a 



noln 



in 



th' 



o r "1 h' ^ ; -.LOf •[■■.' v/» ' h'oo.' . ■ 



Ill 



ini'-- , 1 



- 11 
-11 

true 



Dppositen 

+ (=b) 



We now state our Guopected property as a theorem. 

Theorem For .any real nujnbers a and b, 

= (a + b) ^ (-a) ^ (.b). 

Before we hegin the proof of thin theorem, let us think about what we 
already kiiov and what we must prove. 



55 
56 



\:0 



How may we prove that =(a + b) - (-a) + (^b) ? . 

We need to v-':iOw that (-a) -*- ( = b) riames the saine 
number as = ( ) , 

-(a + h) nai n(^Li the 01' (a + b)* 

We have Juot seen that the opposite of a nuniber is the 
uni jUf; additive of that number. 



l^at is. if (a + h 
niirnbei' ao ^ ( ) , 



0, thi 



n^anes the same 



Tlius_j Li' Vi' oan show that 

(a + b) + (^a) + (^b) 



then wo will know that (^c±) f (^b) and -(a - b' 
both riojTie the additLvtj invei^se of (a + b). 



Theorem l^^yo . For ariy real numbers a and b 

rja ^ b) - (^a) + (^b) = 

Proof: Consider (a + b) + ^ = a) + ( = bj) . We Ldiall 
::how that this is equal to zero. 



(a + b) + ^^a) . (.d| 



I'll ere fore, 

of 



a -^ b + { = a) + ( = b) 

(a + (^a^ ^ (b ( = b^ 

uslnn the associative 

and proper^ 

ties of addition 

0+0 uslnr- tiie addition 
propei'ty oi' 

- 0 us inn the 

pi'Opei'ty of 0. 

(-b) riajnes the additive Inverse 



.(a + b) 
opposite 

inverse 

"(a + b) 



c 011115.11 1 at iva 

apposit^s 
add? tl an 

(a + b) 




6^) 



Biit =(a + b) al:/o n:iuy'i) th*^ ad<] it i it- uivornt ■ _ ol' 
since it the- ol}po^^l\f- oi' (it t- t). 

However, by Th- 'O !*•:•:'; 'i' = ^a, ' knnw tiiat. (u f b) ha;' 
only on\: atbUtivr irr/''r:'o. 



It t'ollowL^ that ^:ind =(a + 1 ) nc 

jaine number. 

Tliororgre, ^(a + [■') ( = + 



the 



(a + ^) 



= (a+b).(^a) + (-.b) 



Did yoii noti .:e that we'uned lliooreni Y=ba in tlie proot oV Tlioorom 7 = '^b? 

i 

It iu quite Liyuat to ^pT^ove.^ one reruilt by n/; othflfr rceutt!; yhLcli have 
aU'oady been proved, ^ 





We 


'■an u^'e Tlp'^oreni T-',''^.' to de.'ido wh 




rL th.: 






fol Lowin/: ap-?n ;"':t; t,o:i -fjp af'V' t.i"!':' .:'o 


r a.! 1 j'Cal 








He-: 


pone -bru- or tulri.' t,o eui.du 












- y) (^x) (^y) 






true 


'■■'( 


-(x 


+ :0 ( = :.;) + . 






fa3.se 


63 


-(x 


+ - ( = x) (-e 






true- 


f.j ^ 




+ (-z)) (-■.;) t - 1 he.^al ! 1 hat 




. 1 


true 


■70 




+ (-y)) ^ (-y) - -X 






tinie 


"u 


::in 






nl In to 


n;p-"'eb that 



= (u + I.. o) (.-O . ) . (- ■). 

It i r In f'ae'O ii^n- t;:a: 1 ;K' oppOiU'C- '^t a:.; rLelte run o:' 2-ea.l nuribGra; 

eqiialr it:^- yUiu oi' tn^:- opi-"*.- L t er , • v/i i I not piv.v/- ; ]y ^^xtenr'lon ot 

iTieoren; 'r = \-\o ^^-t we wj 1 . n.v- [-i v/ji-'n'-ver it iicltn- write iU-urieraj in a 
dLbrer-nt. fc^rn. 



4. ^ : ^ ^ ) 
^(bM ^ (^::y)) 
^(x ^ (^y) ^ 
^(a ^ (^n ^ 



(-^^) + 3y 
(-x) + y + 1 
(-a) + b + yc^ 



in !hi.- :--o-t..ion iiave iirt rodip no i ti;- blea tbv additive iny^srjQ 
real nnrtUie!" ami hav-^ n:-e'i a]]ii;V*^' i ir/^-"r::v.- t > ,;ye t jic w i 1 b the addition 



/ 



2" 9 



7^^ 



property oi' equality to ^olve^iome e,]uationL5. Equally iniportant, we have 
ntated and proved two theorem-. We not L^oinr to prove ricorously every- 

thing we ac-ert trom now on-= = we caiiiiot at thi:; rta^;e=-but we are tryim-^ to ^^ive 
you u little experienee witli t!ie kind ol thinking we -all ''proof". EtonH be 
dineourared it you did riot lollow every uetail ol the ai-riunentr. We hope that 
by the end ol the .-ourc-e you will have some leeliny lor the nature ol proof, 
and fiance a setter leeu of at/ebra and a creuter if/i:erent in mathematics. 
Then you wiil be able, not only to ui^Q airebra in .-olvinr prohlemn, but alt:0 
to un ierntajir; ;:omethl!:r about Itr lo[fieal development. 



7- 



Complete the loliowiny pi-oo:' ol the ^;taten]t-it 

r'or any real nurd.e?^ a, anJ any real numhe?- b, 
and any mji:d. ^^r . ii' a ■■ h 

lui'-n a 



Add i tioii nrop'/U'ty 
or e lua! itn 

_ =prepe:'1y 



Ale [■; : on propLU-t;. 

or upi.O:d-n-:- 

].u"Cjni.'rty 



(a + c) + {^c) ^ 
(b + c) + (^c) 

addition/ ~ 
a + 0 ^ b I 0 



Addition, \ 
^.ero j 



v/h • ■ 


.. Ob -t;- :'e; ! 


...W!i:n .y 


ann-.'-nn- J. 


-t!;-- i ett.a- de.^ 


■r l]d bju o;' v/hat we 


-an 


; y a t a- ■■-^rc:: 


V 








A; 


A i !U:o!-'^;;; i:" 




rt Ion will 1 




a:, we knf;'W to be 




irn^-, b;n :d. 




ar; ^'ru^ove'' 








A tb'an-^a,, 


a ! i a . ■ . ■ ■ 


: ■ "on whinb 


J id'O!;! '.n<pi.adun< 


^e, w..; .:u.aject to le 




br'U- and w:- 1 




fu^ove'] on 


■t.h- na/b V: 


ii;t a i I'oudy 




■■/tai 1 : .:;.ud. 












;B] in nut a 


prer L i.tf 


aottnit Ion 


, but It nerve n 


- - 

to ^ive rjome ''feel" 



'or what a theoi-em 1;:, and [B] ic the better choice. 



you a^:.ree or ri Uia^^ree with thu roLlowin<^ ::tLitemcnt? 

A pi-ooi' or m\ Qi^nertlun 1;^ an aivumcnt whlcli proceed;> 
= nop by Dtep, each jtep beiric Juirtif by pre- 
■--IouL;ly o:^tab.Lii;hoLj- rac'tr;, unt..i .1 th>j desired. ::on= 
i- lui'Ioii II; reached. 



^aln, this statement is not a formal definition but it at least 
presents the idea of wtiat ve mean by "proof ^ If you dleafree , 
perhaps you should restudy some of the proofs of this Beotion 
before proceeding to Section 7^6\ You should have chosen [A]* 



[jTOiury a: id jev Low Prolyl eni:: 

We fiave dej^ned aad.Li.iori or retil i:uirib^:r:.' u;;; iOLlowi;: 

The !;u;n oi' two oon^neoal i ve nuriilL/ro I- rariu.Ua.r rroni 
Hrilhr>t;e. ^ 

The ^'lui: of two nefrativo nuniberi; 1- netrativo; t}ie abLnoJutt value 
o-f th[:: oiim 1:; tno ^:uin o:^ th'^ auoolute value;; of the numberr. 

Tiio oV 1 vo riuinbefo:, ox whieh one io ])0::.n..ivo (or O) 

aii.i the o1do;r Ij ne^:ativ^:, le obtained, ae i'oblowe: 

1710 ab-olute vaiuo of t}-,e ;;um io tlie dirfGronce or' the 
alo;oJme va.iuee or the number e. 

llie ;;ui:i le porUive it the ponUive nuinber ha:.; the 
rreater abroluie value. 

V 

; 

iTr. eurr; n-oatlve^ it the ne^^ativ^: nunuxpr bar: the 
:rr^/al.tr ai:;y.Luto value. \ 

The le 0 -Lt the pojjbLIVi; and r^eratlve nuinbo^e- 

iv.i\^e tr;- :e.ir^:e abveLute valiie. 



7^6 



We have satisfied, ourselves that the following properties hold for 
addi t i o ri of re al r. limbe r s : 

Ccynmu t at i v e Property of AdcUtion: For any two refal nujnbers a and 

a + b - b + a. 

Associative Prope Ay of Addition: For any real niimbgrs a, b^ and 
( a -H b ) + c - a + ( b =H c ) . 

Add It J on Property of C^^poi-.i Les : For every real number 

a (-a) " 0 and (-a) + a = c. 
Addition Property of 0: For every real number a, 
a ,+ 0 a and 0 -h a =• a. 

We aim stated a fact^ already clear from our cai'ller id^ao, which we 
called the addition property "of equality: ' 

Foi' any real numbers a^ ojjI 
if a by then a + c b + c and c + a c + b. 

lliis j.dea supplied us with a usel'ul pi'ocedui'e for determining the truth sets 
of open sentoficec. 

We have proved that the additive inverse is unlque^-that is, that each 
number has exactly one additive inverse , whic^h we call its opposite. 

We have dlBcovered and proved the i'act that the opposite of the sum of 
two numbers is the same as the ^ sum oV theii' opposltes. 



Th- f/orrec/t answer;; ior tlies^' Review Problems are on pa^'te vii. 
Find a common name foi' eacli of the following ^ 
(a) i(8 + ( = f^)) (d) (4) - r 



(b) ^2X3 (o) IPIIS + i^i) 



K 

(r) ^ X 7 4- l^ih) (r) C{i , \^h\) 

Whii-'h of the i'ollowini^ sentences arc true? 

(a) ; ^ (^3) (^3) + J (o) ^ < . [. 

(t.O '1-31 (-.3) 0 ^ (r)'-'.(|iO - Tl) - :, • 

(c) n X , = J 0 (,0 . , „ , 



o 



7-6 



Show how 


the properties of 


addition can be 


f oiiowi m 


7 sentence is true 






2 

3 


* (7* (=3)) =T 


Find the 


truth set of eanh 


of the 'following 


M I- 






(b) X + 


5 4- (.x) = 12 + ( = 


x) + (=3) 


(o) X + 


— + X - 10 + X + 


(4) 

£_ 


(d) |x| 


+ 3 5 + x| 





For what set of numbera Is each of the folloyi|Tg sentences true? 

(a) |3| + |ai > |-3| 

(b) l3| + |a| = h3l 

(c) i3l + |a| < 1-31 

Two numbers are added. What do you know about these ninnbers if 

(a) theii^ s\m is negative? 

(b) their sum is 0? 

(c) their sum Is positive? 



7. A ::.alenman earned a basic salary of ^SO a week. In add.ition^ he 



received a connTilSH.lon of 



of his total sales , IXirlng one week 



he ear\ned ^3 116). Wliat was the aniount of his sales for the week? 
Write an open sentence for this problem. 

(if you had trouble writing an open sentence for this problem ^ do the 
f o 1 lo wi ng steps:) 



If n is the niimber of dollars in his sales for the 
week, then h i s c omml s s i o n on the s ale s ^ at % , 
wo u 11 I) e ( . 0 ) d oil ar s , 

Since his earninf^o of ^^llb include his basic salary 

01 J and his com_miosion of .Qyn dollars, bxx 

appropriate open sentence Is 80 + = 



r 



80+ (.03n) = ll€ 
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A fiBiire hao four sides . Thireje oT thc;-i are 8 f eejt , 10 feet, arid 
5 feet, respectively * How lone Id the fou2"'th nlde? 

(a) Write a curnpuuntj opt?ri sentence f or tlil s problefin . 
(t)) Graph the truth set of tlie ope^n sentence, 

(if you need help in wi'itinn this compound open sentence, here are 
some things to think atout r ) 



Ljince each of the Ibui' sides rrauit 
have some len^tli, if x is the 
lencth of the loui'tli side^ we know 
that X > . 

Is there any poai^L:ue niunber x that would be too 
(jreat? If x 6 - 10 + the figure would, look 

like this: 

! i — I i 




In otiK-r words. 'Jiq fin^ui^e would be a lino se.'ment^ 
inst.ead of a fli^iu^e of sides. 

Can the lent^th oi^ the foui'th side be i^^reoXev than 
2-;? 



yes.noj 



iferice, we see tliat for tills pi'oblem x < 

These two i-esti' i ftloris on x llvu stated in the 
''Qinpoiuid open sen to nee 

x" arui ^ 

or 0 - V < p . 



X > 0 



four 



X > 0 and x < 2 ^ 



If a, b^ and arM- nuiiibcrs: of cud. Lhmetic ^ vrrlu- each of the Indicated, 

iuuns as an Iridijated srociU'^t, asd eat^h of the Lndjcated pi^odujts as an 
Inrl i ■ ^a1 ,nmi i 



(a) (Ob -f- Oa 

(h) ss(s . .) 

(c) ,a -f ;:b 
(ci) -f- lOa:': 



(e) x''y^+ xy 

(C) e-a^b ^ -'^ab''' 

(r) atj('.LC t- -h) 

(h) -.a (a ■}• 21 + 



Given the i^ot f =S ,0,^, = /n-h] 

(a>^ II: thlG set *'lo:^eH unJer thp operation ul" tuk Lnr the oppOL:itG of^ 
each elcni'jnt oi' th(^ n^^t? 

(b) I- thi-- :;ot i'loned uruier the opei'atlon ot takini' the absolute 
value or e-xeh oJ ementT 

(") I'/ --t ■•lor.^ed under the operation ol^ talUnr tliu opponite, in 
It -iO:^ed under trte operation ot taking; tiie abjoiute value? V/liy? 

Given the net i^^^.O,^/. j) 

(a) I.' thle r-et ..•le.^ed luidej- tlie operation ot takln/' the absolute value 
oi' eaeh element ot tlie net? 

(ii) I:: thi.i:n;e1 rir/ed under t.he operation o i' takin-- tip-; opporite oi* 
eacfi tt \ ejiu-^nt ? 

('') ^'^'b i- ^Moned unde?^ rh^" opej^atlon of tn.kin^^ t-he nb no lute value, 

in it. eJoned under^ t n-.- onef=at:o?i ot takinr the oppor^ite? Wny'i 



Chapter 8 
mOFKHTlFS OF MULTIPLICATION 



-i^ Mu 1 1 1. p 1 1 c hi 1 1 Q n of Kejal Niimbers ^ 



Until-we- were introduced to the negative niunbers^ all our work was with 
niimbers of arithmetic. However, quite often we bxo faced with prcDblems which 
call f^or the use of negative ay well as non^negative numbers. For exajr^le, 
in the .launching or miaciLe, the upward force of the rriissne 1^; counteracted 
by the force of gravity. If one of the forces ia considered po^iitive, the 
other would be considered negative. Problems Involving suc^ concepts son: 
times require operations with negative nmbers as well as with^' numbers of 
arithinetic. * 

As another illuBtration, let's consider the case of a merchant who 'is 
offering w--ekly '-leaders". lliese ai^e items which are sometimes offered af a 
lo3S,/to attract customers, I^et's say the merchant is handling reoord albums- 



^^ppose the ^erchaiit makes a $3 proi'Jt on each albuin of 
brSnd. X ana a ^2 proiUt on each of brand Y. If he 
sells 1^ albums of brand X and 20 of brand 
then his net proi'lt may be represented by 

^ i20 ){ ). 



to)f3)+(20)(2) 



On the other hcmd , suppose the merchant maizes a $3 profit on br;.uid X and 
takes a loss on brand Y. What were his proceeds from the^sale of 1^ sets 
of brand X and 20 sets of brand Y? • ^ 







^ ^ 


1 — — — 

li" we repi-esent 


the 


$3 prbfit as ( 3 ) and the loss 


aif ( - 2) , then 


the 


result of the sale may be repi'e = 


sen ted by 






\ 




-)( 3 ) (P0)( ). 



(15)(.3 ) + (S0)(.2) 



iHudhMrmure, if Ih- d-Lilv^r hur. to accept some retuinied merchandise^ say 
:. of brand X mui '{ uf brand Y, thun the resulting evpression may look 
s ti 1 i moru Lnvo 1 ved r 

We may neofi t,. know how tu Ir-uid 1 e 'Uie mult ip J ic at 1 on oV two real numbers, 
AU that we •em say u' present L that we know how tu ^ mu 1 tipiy ^non- ne^^ative 
nubbt-rs (tliat iJ, numi.'jr:; uV a.iu tiunct 1 c ) . W- wajit tu givu m^:aniMn,to products 
whi .If iuvol ve rH-gatlvo numbt^rs. 



8.1 



Let us recall some of the things we know atout multiplication for the 
nujTibers o_f arithmetic* 



We noted that among the properties of multiplication 
that hold for non-negative real numbers, that is^ for 
the numbers of ^ are 

the commutative property of multiplication, 
the associative property of multiplication, 
the multiplication property of 
the mul'^iplication property of 1, 
MoreojAer , for the numbers of arithmetic ^ the 

.y connects tlje operationFi of " and m 



prop 




arithmetic; 



diatrihutive 

addition 
' Biultiplication 



We u^se these propertiey repeatedly w^en we use the numbers of arithmetic. 



Piirthermore, in Chapter 7 we found that for real 
numbers^ Just as for the numbers of arithmetic^ we 
have the conmutative and as so dative propertieG 
of * 



adjditiqn 



We foujid that we were able to define addition of real niimbers in such a. 

. way that 'certain properties holdin^^ for non- negative nujnbers were maintained 
for the real numbers * We shall find that we can also define multiplication of 
real numbers so that the proper"^ieE in If ems 3-5 ai^e pre seized,* To be useful, 
the del'lnition nhoulU be such that when it is applied to actual problem.s, the 
interpretation is realistic. We will '"'see that qur definition will fulfill 

= this requirement. In pai""ticulajr/ since all numteinn of ai'lthmetic are real 

, numbers", the definition of mliltipli cation should, give the* fam_i liar results 
whe n we mu 1 1 1 p ly num be i- s of ai^ i 1 1 imc tie, Thu s , t he de f i n i t i o n app 1 1 e d, to 

- (3)(2) muL-it give f) to a^rec with our knowledge of the ntimbei's of Laathmetlc. 
However, at thio point the sj^bols (=2)(o), (0)(=2), (3)(^2), (-2)(3) 
^ d ( - P ) . ( - 3 ) ^- ^^-^ ari 1 nc 1 e d h t o us , Eac ii h a s th e f o itti o f aii i n d i c at e d: prod ua t 
and eacli has at loaGb one negative nujuber. We are going to Refine such 
products In^ a way that presei'vcr. the basic propei'ties memtioncd above. 



7 


We l^now 


that if a ie any- nQn= 


r^Mil, number, 




8 


then a 


' 0 ^ ' by the 






9 


^ 


property of aei'O, ^ 

















non- negative 
0 

mul-tlpllcatlon 



'2'7 - "^ 



8-1 



Aa we extend the set of humbers from the non= negative real numbers to 
all , real niimhers^ we shall want the imltiplicatlon property of zero to hold. 
T^at is^ our definition of rmiltipllcation miist insure that a • 0=0, and 
0 ^ a ^ 0 for eve;:^ real nuinber a. * ' 



10 
11 

12 

Ik 



If the multiplication property of 
then (-2)(0) = 

(0)(.2) - 
(:/2)(0) . . 

(0)(^^r) . 



is to hold^ 



mroj or 0 

0 

0 

0 

0 



Now let lis cjonsiden 



1? 

18 



19 



20 
21 




Wtiat real niunber shall this represent? 



If""^e miiltiplicat Ion property of 
then 1,^2 + (^2)^ ^ 

Biit we also want to define multiplication so that the 
dlst2"lbutive property holds true .j ' . ^ 



2 + 3( ) - 0 



H^icej we want 

3(2 + (-'2)) 

Now we ai'e (getting somewherej 

If multiplication oV real numbers is to have* both 
dlatr Lbuti ve property and the mu.j^tiplication pi'oper^^ of 
zero J then.: 



Now 



6 + 3(-2) 



muat^' be true , 

we see that 
,jriust be true. 



He n < j e , t o b e t ' o n s i s 1 e n t , 3 ( = 2 ) mu ij t b e the ad cl i t i v e 
of 6, 



Biit 



is tlie addltivs^ invc-rscf rjf h and a real 



nuniber has only ones 



Tlit'i'efure j our dei'lriition of 
t^iat 3( = 2) ^ -6. 



muiiit ai'antee 



inverse 
0 



3*2 + 3(-2) 
4 



6 ~ 

0 

inverse 
-6 

additive inverse 
lilUltiplica'tlQn 
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8,1 



Note to the student: Be careful in your thinking F We di^j|^||prove that 
3(-2) must be -6. We showed only that if ve want to define multiplication 
In a way that preserves certain properties, then we must define 3(,S) as ^6, 
Note, also, that this g^rees with our intuitive notion of ■ 3(-2). 



27 



If record albums s^e sold at a 


loss 


of $2 


each, 


then 


thfe sale of 3 albums results 


in a 






of $6 


to the dealer* 




(gain, 


loss} 



dost 



Observe that if we deflns multiplication so that the distributive property 
is to hold, then 

JX = (l + 1 + l)x « X + X + X. 

If X Is -s, then 

3(-2) = (.2) + (-2) + (-2) = -6. 



28 



30 



It should be, clear that when we state our definition 
of multiplication, it must guarantee not only that 
3(-2) = -6 but that 

7(=8) = 



5^1) = 



A/ 



We are ready now to consider the product (.3) (.2), 



-56 



20 



31 
33 



J 



35 



Let us proceed in this manner 
0 ^ (0)(-2) 

0 = + 



Iff the rnultlplication property of 0 
is to hold for real numbers* 

We write (3 + (^3)^ for 0, using 
the addition property of 



^ If the distributive property is to 

hold for real numbers. 

^ + (-3) (-2) We have previously found that our 
definition of niultiplication had 
to guarantee that (3)(-£) - -6. 

Now (=3)(-2) must be the additive inverse of 
Hence, the only possibility is that (^3)(-2) is 



opposlteB 
(=6) 
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8»i 
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37 



The same line of reasonlr^ would' lead to the true 
sentence . . 

It would appear that we should, define multlplleatlon 
for all real numbers In such a way that the product of 
two negative niimbers is 

( P o a i t i V e ^ n eg at 1 v e^ 



7 
5 



positive 



So far we have been concerned with preserving the mult ipll nation property 
of 0 and the distributive property. We also want to preserve the comutative 
property of multiplication. ' . 



38 



39 



kO 



hi 



We desire. that for any real, numbers a and b 
a * b ^ 



Thus, if 3(-2) - ^6, then^we must have also 
(-S)(3) - ^ 

The p 1^0 duct of a positive number and a negative number 
houid be 

tpQGitive J nefgatlve J 
The product of *3 and the opposite of 2 Is the 
of the product of 3 mi6 2. 



b • a 



^6 



n^ative 
opposite 



We have now covered all the possible cases of multiplication of real 
numbei's ; 

orle 01^ both of the numbers are zero, 
- both numbera are positive j 
^ one niunber Is positive and one is negative^ 
\^ both nujnb^rs are negative. 

We have reaijoned as to what the products must be, if certain properties are to 
hold, How should we formulate our deftnition of the product of two real 
number G? I^t*s look at the vai^iouG products we obtained above: 

■ (2)(3) = 6 
(=2)(=3) - 6 
(2)(=3) ^ =6 ^ ' 

' (^e)(3) . =6 

Each result is 6 or Its opposite, ^6. Both 6 and .6 have the same 
absolute valA-ie, ^ Tliin absolute value can be obtained by multiplying the absolute 
values of - the nujnb^rs on the left. These examples suggest that we might think 
of formulating oiir definition in terms of absolute value. We must notice. 



S71 



2 7 



8-1 



however, that the pi'oduct is -6 when one of the numbers is positive and 
the other is negative. 



k2 
k 
kk 



hi 
U9 



First we review some facts about absolute value* If 
the real number a is non=negative , it is either 
positive or . 



Cf a is .0, 



If a is non=negatlve , then | a| ^ 



If a is negatiye j then | a| 



Applying the definition of absolute value ^ we have 



1-7 
10 



|ol ^ A ) 



0^ or ^tro 

O . 

a 



-(-7) = 7 
0 

=(0) =0 



Let un now try to express xuur definition of products of real numbers in 
terms of absolute value, 



It follows at once front the definition Ol" absolute' 
value that (2)(3) = |s| |3U 

Thu s J 11" we f 0 rrnal 1 y de f 1 ri e ■ ^ 



ab -: ] ai 



i'or posit Lvo numbei's a ^ Ad b, we shall not conflict 
w" 1 1' \\ wh at we al v e ad;/ k n o w ab o u t t. h e pr o d u c t o 1' numb e r s 
o V Bi' i t. limet 1 c . 



1" 



No w c o n K.- i i J e ( - H ) ( - 3 ) » ^ ^ f-' P ^ ^ ^ o f ^ ' o ^ ' i^ 2. s i c 
propei^ties i^equii^es that (^2) ( = 3) 

Notlrp that |=2||^i| ( )( ) - 

li wou.iu Mprseai' that toi' any palrj a^ of n?:^gatlve 

real nujnber:;. we waMt It to be true tiiat 



ft D 



(S){3) = 6 



ab ^ a 
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5it 
?5 



56 



57 



53 
59 



Let uB now try the same approach on the predict 
(-2) (3). We found that our definition had to give 
the result (-3)(3) - 

However, l-S] |3| - i )( ) = 




Thus, (=2)(3) - -(|-S||3|). 

From this exan^le it appe^s that for a pair of real 
numhers of which -one^ is positive and the other is . 
negative 5 ve want it to he true that 

^ ^ -(I II \h 



FiitoLly^ consider the produQt (o)h^ where b is ajiy 
real numher* We have said that our definition of 
multiplication must insure that 

, (0)b . 



Since |b| is a number of arithmetic^ and since 

|0| ^ 0, 

w^can state |o| |b| ^ 

and. - ( 1 0| |b| ) ^ 



^6 

(a)(3) = 6 



0 
0 



Remember that for every reaJL numbei' a^ 



is a number of arithmetic* 



Tl^e principal achievem.ent of the above discuBsion is tha€ every possible 
product of real numbers has been expressed in tems of a product of numbers 
of arithmetic. T^iis enables us to define the new operatloo in terms of one 
wh i c h is al re ady known . 

Definition: Let a and b be any two real numbers* In case a and, 
b are both negative or are both non- negative^ 

ab ^ I alibi . 

In case one of the numbers is negative and. the other is non- 
negative, 

at - ^(|a| ib|). . 

The second statement of this definition may appeai^ awkward. Let's pause 
to analyze what it means. We are glyen any two real numbers^ b^ of which 

one is negative and the othar non-negative* Firsts the definition tells us to 
find, the absolute value of these numbers. Having done this for each of *two 



273 



EKLC 



real mmteTB, a, ym now have numbere of ^Ithmetic cor^eeponding to them 
«d we can fqm the prodiict |a| jhl. Finally, ^(|a| |b| ) tells us to find 
the oppoilte of the product* 

From the definition ^d from Items 58 md 59, we see that for a pair 
b, pf real niimbers of which at least one is zero^ both 

ah s I a] ] h I and 
ah I a| |b| ). 

You should convince yourself that the above definition properly handles 
all of the caeas which ware dlacuased above. 





(5)(-3) = 


= -(|5|h3| 


) . .15 




(=5) (-3) . 


■ (hslhsi; 


■= 15 




(=5)(3) = 


= -(h5||3|) 




- - 


(=7)(0) , 


.-,,.,0,. 


. -0^ 0 



So 



62 
61 

13 

If 



Using the definition, find the slimiest names for the 
following products: 

C-8)(^) = ^(1 II I ) = 



= 1 II, 1 . 


=(l 1 


1 l)'= 




1 l) = 



(^i.l).(-3) - I II 







-32 


t|tl|l 


T 

" Iff 








3 








(1-1.1 1 


l-3|} = 


3.3 



You should make very sure that you understand the method of eoi^utlng 
products whYch involve negative numbers. Here are some questions to help you. 



66 
61 



For all real numbers a . and b, |a| and |b| 
non^ negative ; Consequently^ ia||b| is a non^ 



number. ITiis non-negative number can be computed from 
what we know about the^ numbers of arithmetic. 

To compute the product of any two real numbers you need 
to know: 



how to confute products of numbers of 
how to decide whether the product is 
or non- negative. 



non- negative 



airithmetic 
nagatlTe 



2 bi 



68 
69 

70 

71 

72 

73 

Ik 
15 
76 
77 

78 
79 

80 

81 
82 

83 
8k 

85 
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Ftom the first part of the definition^ we see that^ 

I the product of two positive numhers is a 

mmher^ and that 

the prodiict of two negative nuinb^^s is a 

niunber , | 

Frsin the second p^t of the definition^ we see that: 

* the prodiict of a positive and a negative nuMber 

i 

is a number. 
We can also tell from the definition that 

the product of a real number and 0 is * 



The product of two non- negative niSnbers is a 
nujnber . 



positive 



negative 



If 7w is positive j w is 



3 itive ^negative ^0) 



If (-9)t is positive^ t ie 

If 8u is negative J u is 

If (-2)s is negative J s is 

If (-117)q is zero^ q is 



:pogltlve 

positive 
0 



From Items 68 and 6y we get a synple but iir^ortant 

- 2 - 

fact about x for all real numbers 

^ the property, if x is a real number ^ 

exactly one of the following is truo* 

X > K = 0^ or < 

If X ^ then either 



□r X 



Since X -means x ' x 
product of a 



if X 



0, 



isj the 



end this product is a 
is the 



number a positive ^^mber^ 



number, 
of a negative number 



If X < 9, X 

and a number^ and this product is 

number. 



:Coai5arleQn 



X < 0 



: X > p or X < 0 or 
X < 0 or X > 0 



positive 
pDEttlve 

product 

negative 

positive 
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86 



87 



FTom Items 79'8if, we have the following: 
If X is a real nuiri^r and x ^ 0^ then 




2 

X ■ > 0 



K. (|)(-12) 
L. (^18)(|) 



(^3)(0) 



Which of these statements about the products is- correct? 

[A] Only J and M are non- negative real numbers. 

[B] Only N is a non- negative real number. 

[C] Only K ancj L btq negative real nujnbers. 



If 3rDu selected [C]j made the coireet aholce, ma 
(" non^negatl^fSj so is (-3)(0), 



Calculate the following* The answers are on page viii, 
88; ^^((2){^3)) 92. |=3l(-J0 - 7 

89, (^3)(-^) ^ ( = 3)(7) 93. \3\\'2\ ^ ( = 6) 

90, i-3)(i-h) + ?) 9h. 3)1-21 + (.6) 
(-3)(^^0 ^ 7 95. (^3)(| = 2| + (-6)) 



96 



Which of the fullowing sentences are not true when x i:i 
3, f is ^^10^ m is 2, and a is ^hl 

P.. £x + 7y - 17 

Q. + (^Ul + ( = 10^ - h 

R. 2f + 8 ^ =12 

|m 4- 3| + ( = 2)(jm + (.101) > 1 

T. X + y + f = 15 ^ 

[A] P and Q ai^e not true sentences, 

[ B] Only R is not a tnie sentence, 

[C] Only S is not a true sentence, 

[D] Only T is not a true sentence. 



y i£ 



2, 2 J 



376 



&u Btouia ha^e ieledtad CD] as your choiae, eince tfiey are all trul 
exeept x + y + f ^ 15 feeeomes (^2) + 3 + (.10) ^ 15. 

-9 - 15^ which is a false sentence. 

Items 97-100 give you additional practice in using the definition of 
multiplication of -real numterg. 



97 
98 
99 
100 



Label each of the follovlng true or false. 

a(-y) + 8 ^ 28, if y is .10. 

if X is 2. 
(-t)^-h)i-kf^ + 30 < 0, if b la 2. 

^ g| + (-5)|(-3) + 2k\ > i^kO), if X is 



true 
false 
true 
trug 



Recall the procedure which was developed in Section l^h to find the truth 
sets of open sentences. I^t us apply thl s , procedure to open sentences which 
have products ^involvinc negative nmnber£;. In worklns through the f irrrt " ^ 
example, we shall supply all the reasoning, in order to refresh your memory. 
As you work on through these problemo you may wish to drop some of the ex- 
planatory words, following the pattern of work suggested In Sec^tiion 7-1+. 

Example ; Fiiid and graph the truth set of 

(3)(^3)^ y ^ ^i^h) 

We can proceed as follows: ^ 
(3)( = 3) - y. 3( = M 

+ y + 0 -12 + \) 



I" 
*then 

Likewise , 
Alro, 
Finally, 



is truo for some y, 
is true for that oaine 
is true for tliat same 
t2'ue_ I'or that sairie 
ii- true 'TOf that syjno 



y ' 



noti- thai fS'o::: above, we have only 
is tiiie ''or sonie y, then al'ter :.\ chain of 
llK^re hcLs been no point 



But y ■ ii- iru'j only ir 

claim-i that (^){-:,) ^ j{ 

reasonLn^, finally, y - true for the sajriu y 

during this process where we have detorniinod wlictl^ the original sentcn^'c is 

^3. and this must be verified if =^ 1/ to bo in tne truth 
set. ir y i^^ then the left side is (:.)(=,) ^ ( = ,), or . j : ^ ami the 

right side is ^^^'^n we say that it the first statement is 

true for some y, therr^M|inal statement, is true fo:- the s^yne y. we mean 
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that no other y will do. Hence^ the truth set is (-3)* 
The gpaph of the truth set of (3)('3) + y ^ 3(-^) is 



-5 *4 -3 -a 'I , 0 I t 1 4 5 



101 
102 



Find, the t^th set of x + (*3)( = U) = 8 and draw its 
graph. The truth set is ____ and the graph - 
is . *■ 



Cutting words which show the reasoningj the work for Item 101 might 
appear like this: 



is true for some x 



If X + (-3)(-^) - 8 

X + 12 = 8 
X + 12 + (-12) 8 + (-12) 

X = -4 is tr*ue for the sane 

Check: The left side Is (^k) + (-3)(^if) ^ 8. 

The right side Is 8, - ' 

ITiuSj since the original statement is true if x is -k ^ 
the truth set is . 

s 





Find the truth 


Bets 


•of 


each of the followim 

J - -- - - c 


5 open sentences. Then draw 




their graphs. 


When 




have flnishAj turn 


to page vlii foi" the correct 




results * 




/ 






103. 


X + (.|)(.2) = 


3 




106. X + 


(.2)(1+) = |.S|(.3) 


lOU. 


2(-2) + y = 3(- 


a) 




107 . 1 X 1 


= (=|)7 + (-1)(.5) 


105. 


X + s = ii-pH 






) 





Let us ex^.ine uomB products of real nuinhers^ giving our' attention to the 
absolute values of the numbers and of their products , 



108 

109 

no 



|7|^3| - 
|(7)(=3)i 
LIU:! 



i(T)(-3)| 



El 
21 

|7|!-3|-|(7)(-S| 



2:j5 



378 



111 

112 
113 

llU 



1-811-61 



L(-8)(-6)| 



T^e exminples above might lead us to wonder whether it 
is tjme for all real numbers a and hi | ah | = | | | 



I 



As a matter of factj the statement is^ true for all real numbers^ md can 
be stated as a property of multiplication: « 

For all real numbers a an4 b^ 

I ab I s j a I I b I . ^ \ 

When we take many numerical examples and ariAve at the same conclusion 
each time, we still do not have a pi^oof that our conclusion is true for all 
raal numbers. However ^ the property stated above can be proved as a theorem. 
Items II5-II9 ai^e starred^ but we hope that you are curious about the proof 
and will work through the stai^red item.s* 



l^eorem 8^1 , For all real numbers 

I ab = la 



Bind 



ERIC 



*11^ 



*ll6 



*117 



*llt 



j^ll9 



Proof: 



Suppose a and b ai^e any two real niynbers 

Case I: If a and b are either both negative or 
both non- negative, then 



ab 



|aMb| 



a b 



from the first case of the 
definition of multiplication 
for real numbers, page 273* 

since the absolute value of a 
non- number is the 



nuinber itself . 
Case II f If one of the numbers a aiid b is nep;ative 
and the other io non-f,-negative , then 



ab 



from Case II of the definition 
for multiplication of real 
numbers . 



Thus J 



ab 



^(|a||b|)| 



since ab is a ^ f 
numb e r J or 0 , an d it s 
absolute value is the 
opposite of the nuinber. 



a b 



Henc 



fc^j in either case^ \ ab | - 



279 



fion- negative 



ab - =(1 



negative 




8-2* The Conmiutatlye froperty and the Miltlpligation Properties of 1 and 0 

In the last section we defined the operation of multiplication 4n the set 
of real numbers, ^ ^ 



If a and ^ are any two real numbers, the product 
ab is defined aa I^dIIowg: 

at ^ I a| I b| if a and b are both 
non- negative or both 

ab - -.(ja| |b| ) if one of the numbers a and b 
is non^negative and the other is 



Thus^ for any two real nujnbers a and b: 

either ab is equal to the product of ja| 

and J qi' ab is equal to the 

of the prodQ^- of 



a and 



negative 



negative 



1^1 

Opposite 



Iri the last section we saw that if multiplication for the set of rea-1 
nujT! be r -r. i c ^ t o h av e c e rt ai n p rope r t i e s , then the definition given is the only 
posii^iblo on*:^* 

No w yo 1 1 s h o u 1 d u n d e r n ^ an d t h e t a s k wh i c h lies before us* Beg i nnl ng wi t h 
Qu 1/ d €2 f i n i 1 1 0 n o f rrai 1 1 1 p 1 1 c at i o q we g h a 1 1 i n v e o 1 1 g at e wh e t h e r o r no t c e r t ai n 
ramiliai' properties^ that hold for the s^et of non= negative real numbers also 
hold for the set oi' all I'eai. r/i-unbers, • ) 

To accompli sh this,, we shall first test a given property by trying oiit 
some exarnplos. Doing this will enable us tp, suspect that a certain theorem 
l;:^ true; at timoL" we L:.h.all alLUD see that the reasoning used, *in each of a given 
rroup of ^xarnpios IMts Into a certain pattci^n. In some instances we shall ■ 
orrarLi'^^ this T'easorrLng liito a ^^areful* step=by-step proof. 

In thlr. 'jhaptci" ;/ou wilJ jee :r;ajiy proottf. Do your' best to understand, the 
main i^Joas ol" ea-di oiiCj. 1 ut do not try to m5-:rndrise pi^oofs. ' This is a waste of" 
tinie, i^'e!;tua! Ly you wiil lear^n how to consti'UL^t some proofs for youi;Eelf. 
Th : i t:^^ import ant L:kl. 11 , anci one that takes time and. patience to acliieve. 
ffortunat^} ly . J h- ■ I lea .it proot rets -as!^■r as you ^^o ajong. 




8. 



5 
6 
7 



10 



We are familiar with tfee following properties of non- 
negatiye real nuinbers. 

If a, b, and c are non- negative real numbers ^ then 



(ab)c ^ a(bc). € 

a 
1 



Coinnutative property of 
multiplication 

• property of multiplication 



1 - 
a ^ 



a ^* 0^0 and 
0 ' a ^ 0 



and Miltiplication .property 

of . 

Mu 1 1 i p M c a t i o n property 
of 



a("b + c) --- ab , + ac property 

and ^ 
(b + c )a s ba + ca 

•_ _ ' ^ ' 

we are goln^ to find out that these five propertie 



hold true In the set of all 



number: 



(re,al ^ non- negative ) 
In the proofs which follow^ notice how we use the fact 
that the properties stated above *liold for all non- 
negative_ numbers. ' . - * 



11 



13 



iH 

Here are several products lnvolvin[; the nujnhers 
and 17 . and their oppo sites. The first product has 
been corrrputed for you. Compute the other products as 
fjulckly as you can. 



(i£)(i7) .222 



{iT)(i2) _ 
{-i7)(=iS) 

(-17)#) 



and 



nd (^)(=i7: 



D i d y o u u s e p ap e i' mi d p e n - ■ j_ , o i" d i a you - d o s ( 
Intelligent f^uesslnK? 



= Associative 
a 

1 . 

Distributive 
real 



306 
5 

306 3]^ 



306 306 



If you ^,u^*ssed. intelligently 5 then you rms^t luspect-""''^ 

ithat the property q± rnulti]3licatidn hoMs foi' 

all real nurnbers. 

We know that thiL: propei^ty hol^lri for a.]"] non= 



nujnbers . 



conmkitative 



non- negative 



233- 
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16 



The fiact that the conmutatlve prbprerty holds for . 
non-negative real numbers guarantees that 



|-17|f^.f I = h f i l-17|, tsecause '|.17| Wd |.^| 



axe non- 



1 

E 

nuinber 



17 



19 



Can we conclude withOTit using 'pencil and' paper that the 
follpwing numei^ical sentence is true? 



M3)(-i*7). . (ai)C-53) 
In fact^ we can reason* 
• (-53)( = ^7) = |-S3||=i*7| ' 



I 



I -^7 1 1-531 



(-i+7)(.53) 



■Definition of 
multiplii:ation 

■ ' property of 
multiplication for 
non= negative real 
numbers 

of niultl- 



pllcation 



Can we conclude without actually carrying out the 
multiplication that the sentence 

;. (••>3)ihl) = (it7)t-53) 

i s tinj e ? 



( y e G 3 no ) 

The first step in the reasoning is to note that 



(-53)(I^7) =•=( 



from the definition of multiplication. 'rry to complete 
the reasoning, 



UDn- negative 



Definition 



yes 



'(1=531 |i^7|) 



We can now orgariize the^ reasoning needed in the preceding examples to 
construct a step-by^step proof that the comniutative property holds for all 



real 


nuinber K, 












Theor^^ 


For all I'Cal n 


umbers 


a an b , 








ab 










Prooi . 












Case 


* I, Suppose a 


and b 


are both 


nQn= negative 






01' hot^ 








I 








282 





ab ^ h^ 



negative 
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81* 

25 



26 
27 
28 



-ftb 



Definition of 



property of mul-' 



ba 



^ tiplicatlon for non- 
negative real numbers j 

Definition^ pf, jnultiplioation 



Case II* Suppost one of the numbers ' a and. b Ie 
' non- negative and the other is 



)' Defitiition 9f multiplicatior\ 



Conmutative property of 

niultiplication for 

real nymbers 

Definition of multipllcatio: 



'sRiltiplldation 

i 



negative 

-(I MM) 

oo^^negative 
ba 



Read the proof carefiillyp Try to gee how It translates^ the r^^asoning 
you used in litems 11-16* 

• ; ' — ■ / 

^Another way of proving this theorem is to recall first that at the end 
of the preceding sectionj we proved that foi" all real nujnbers a Bnd "b^ 
1 ab I - |a||bj. A simirar statement can be made for |ba|. Next^ we consider 
and con^sre the products ab and ba for the various cases of a and b: 

} * 

if I a and b are both pOBltivej 
if xhey are both negative^ 
- if one is positive and the other is negative , 
if one or both of these are zero* , ■ . 

&y to construct a proof along these lines and coir^are youi' results with " 
those cm page ix* - ' , 



*30 



^31 



The reasoning in both of these pi^oofs is similar. 

In l^oth ways of reasoning , the ess'ential ideas we need 



the fact that the cornrniitative propei'ty 1:; knuwn 
^ to hol3 for the real numbers; and 

the definition of multiplication. 

The moral 1s' A theorem can be 



Xsometimeo ^ nevei' ) 



■pDroved in moi'e than one way. 



non- negative 



3ometlm.^e 



283- 



2'- V 



i 



Before we take tip the multiplleation property. 6f i, 
try these examples 



32 
f 

33 

3^ 

35 



^6 



h • 1 



(=3) K 1 

1 X i^S) 



We auspect: If a ir. any real nuinbq 



11 

T 

-3 ' 



ho ^ 

kl 



Let us see the pattern we would follow in working but these examples. 



The iirst two exajnp^e:^ (itemG ^2 and ij) involve ^qnl^^ 
non^ negative numbers. We already know that the mul- 
tipli.'atLpn property oJ' l^lds for non-neirative 

re al ^number n . 

Wliat about (^0 X I? % find a stol-r nan:e for this 
produet by usinr our cieilnltlon of inultiplicatlor;: 

\ 

We knew that^ U ^ - 



1 



( 



Bi^ice the oppoGite of 



property or y) , ur. : 
, we have: 



ii\ul tip 1 1 c at ion 

_ "5 



H.ere Is a point to considering; (^:) x 1 'in so much detail. We could 
have used exactly the syjno reasonlnr with any othsi necative numbers for ^ 
inctojice, we could use it to ex6lain why' (=::/)^x 1 . Likewise, the ^ 

example h - ] . t i i ijictrate;: a ceneral property of non^neratiVv number s = In 
^^^^^'^' "^ordii^ tlK- rejsoninr we have used in talkinr about tliese examples cari be 
used in a proof that if "a If,^ reai nuriher. a'-' ] a ai;u l'^ a ^ -a-. 

V On Pa^iel 0 = P on your ressonse sheet, trv to cornplole for yourseJf the 
prooi' o: the theorernr 

'-'i is aiiv i'ea^. ::i\r^.er, 
then a' • ■ r a. 



^ f 

lb not rer'er^to Items ,Nf.vo below unles- you fiaJduai^ks in Ins proof whi. 
^you -annot ■.^onp.uMc . In sua. n case, rficr to tiiat iten bejoAhMi ur 
numbered to correspond to the one whijj nave , you . troubl e . * / 



"1+2 

kk 



k6 



In Case I, we use at orlce the fact that the 
property of ^ holds for 



all non- 



real numbers. 



In Case II ^ we assume that a *iE 



Slnie a is a negative real number^ the ihxjI lliat 
a ^ 1 - I a| j£| ) is an application of the 
of - for^real niiirihers* 



Sinee the absolute va.lue of a non-negative number it 
the number itself^ |l| - . 

Ktnce |a( is non-ner ative , w- know that- 
[a| * 1 - |a| , hence, .(|a| > 1 ) 



iJin'-rt^ a ic ne£atj#ve and th-? abcolule. v^t lue o'^' any 
nefjative numbor the oppOGi te .of -the nuri:^er. 
ial - 



Ln,;e t -:ppo:: I te oV the oppG:-i. te oi' a r'eal numr er 1^ 
tne niuiu'er w^.- reo tnnt -|a!, whb.'h i 



We ha^/e :howt"; that a 
nam^ J tor ii:-:- /arnT- !.ar 



multiplication,! 



negative 



daflnltlon^ 
^ Jrttiplic^ion 



= Thv p^^OOt 01' 




a^ j'c 




c. 


1 aiiau c/irh 


re a; numrc.r' I ;j 


tiv 






^v^^ or \\'\: 


it i v^-^ /ijih ! 11 


to in ; 




'hpw:; 


-has 




rh-/r; your 


•araa.tc : r :-;ar 






:a;owr; 


0:i th ■ ' t -:> 





2y, 



Theorem . If a is any real number, 
then a ' 1 - a. 



Proof. 



Case I: a is non- negative. 

If ^ a. is non^neggtlve, then a ^ 1 a, bccau^^ the 
multiplication property of 1 ' 
holds for all non^ negative real numbers*'/ 

Case 11: a is negatived # 

Since a is negative and 1 is non^negative^ 



|a| jli 
I ail) 



But^ since = a .is negative, 
I a I = - a 

Hence, ^ [a|^ ^ =(-a) 

^ a 



Definition of multipllG&tion 
of real nimbers" 



Miltiplieatlon property of 1 
for non-negative real numbers 



Definition of absolute value 



The opposite of the opposite of a 
real number la the niomber itself-. 



Hence, a - 1 ^ Since a ^ 1^^. ^ | a| [Item ^7] 

mA ^ I a| ^ a [item 50] 



We could prove, by exactly the saine steps, that for any real number a 
ve h.pe 1 • a = a; You should be able to see how this proof would look, 
Honever, we have already proved that the corrmiutative property of multiplication 
holds for the real numbers. Then it follows at once that since . a ^ 1 ^ a, it 
is also true that 1 • a ^ a. This again illustrates the fact that a proof can 
sometimes be given in more than one way. - ^ 

The proof of a mathem.atical statement helps us see why the statement is 
tinj.e. In studying a proof , the goal is to under st.gnd the ideas and the * 
reasoning, not sim.ply to corrrnit the proof to memory. It is useless to memorize 
a proof that you don^t understand; and if you really underst.and a proof, there ^ 
is no need to memorise it, ■ * 
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52 



53 



51* 



One' lB5>or^ant idea used in the proof in Panel 8-2 Is 

that the nwltiplication property of holds for 

allN qon^ negative real numbers. 



This prbperty ±s used in each of the two cases^ 

If a is non- negative (Case I) a • 1 = 
this property, 

In Case 11^ vhere a Is negative^ we ri^d this 
property to explain why |a|-l = 



^Trom 



Now ..you can try your hand at constructing a proof. 

Try to prove the multipli^-ation property of 0, Do your best to wite a 
cornplete proof for yourself. If you are successful jou can use Items 55-63 
as a check of your work. If you have trouble^ use these items to he^p you. 
conTplete the proof. ^ - ^ 



56 



60 
,61 



We want to construct the proof .that if a is any real 
number^ then a ^ 0 ^ 

As ■ in the previous proof ^ we cpii separate this pi' oof 
into cases. 

We .first supp04:e that a id non=neoatlve and then 
that a is . ^ 



Case I. If 
because the 



is non-ne£^Litivc J then a > 0 ^ 0 
of. holds for 



real number E, 



Ca^fef II, 11' a 



then a - 0 - = ( | a| *0) 



from the definition of' 



'111 e r 1 e X t s t e p 1 L ■ t o ' ri o i. 0 i } i at | a | 0 



U. 



^irice I a| is a non^nenatlve real number , 
because of the ^ ' oV 



we fiave^ i'rom Iterns OU OiiH (^2 , a ^ U - 
The proof iL: comrp'letej sincrz' we Know that 



I a I • 0 - 0 
^0 



-two 



nagativa 



isaltiplicatlon 
property of 0 

i3on- negative 

negative 
Miltipl ic at i on 



multiplication 
property of 0 



.on 



66 



We proved that if , a* is any^^al number, then a * 0 = 0. 

t 

We could prc3ve in exactly the SMe way' ♦ 

If a is ajiy, i^eal number , then 0 ' a = 



However^ we could also prove this at once^ rdnca 
a * 0 0 ' a because of toe property 
of . ■ > 



Thus J we have both ■ 



^ 0 =and 0 



0. 



W^' speak of the mult Ip^li cat ion property of 0 - whenever 
we want^ to refer tc3^ either of these statements^ j 




vuu 



In this arid in the next section^ the e^.a2--red Items are designed to ^ give 
mo re p r ac t i c e in t h 1 nki ng abo u t p i^o o f s . 



In p2-uviri£ that thK multiplication propefrty of 0 holds for all real 
nujn!:ers, which^^ any^ pf the following ideas were not used? 



Tilt: rnuitipllcation property of 0 for non= negative 
real n uinb e r s . > 

definition of multiplication in the set of all 



rea-i nujnnei'^i* 
f^Cj The mult I pile ".it 1 on uroperty of 1. 
^D] Tlie pi'Q-nertv that ^0 ^ 0* 



Look qaref^Llly at [ C] / We proved the inultipli^tlon property of 0 
In the way as we proved the TTiultiplicatiDn property of 1, 

However, we did not use the multiplication property of 1 in our 
proof* We could prove the multiplication pi^opBvty of 0 even if 
we iiid not' know the Miltiplication property of l\ T^us^ [C] was 
not used in the proofs but [ A]^ [ B] and, [ D] were u'&ed, (Look again 
at Items 5>5 63? if you weren^t sure.) 





.^rply the mulfirplloation propertiei of 1 and 0 


f 




(■which we have j-uit shown to 


be true iu. th© set of all 








^'oHoving products i 




68 


(-2) * 0 = 

\ - ^ / w — 


* 


0 


69 
70 


(-/!)((=7) +j^a) - _ _ 

(-/3)f(-8) + 8).= 




0 


71 


.(^3vf)-l = 






72 


(7 + (-9))f« + (.vf| = 




0 


73 


(x + i-y))(y + (-y)) - 




0 



&-3* The Associative and Distributive^ ^bperti? 



Since the associative property of multiplication^ holds for the numhers of 
arittimetic, we are led to ask whether this property holds for the real numbers 



If the associative property for multiplicatdon hold£ 
for real numbers a^ b^ * and c, 



{ab)G a(bc) 



First J we can ai^gue that if a is 0, and b is a real number ^ then 
ab - U, and hence, (ab)fr 0. ' Similarly^ we can show that if one or more 
of the nimbers a, e, is 0, then (ab)c - 0 .and also a(bc) - 0. Tlius 
(ab)c = a(bc) if one or more of the numbers a, t, c is 0. 

To prove that the .associative property holds for non=zero 'real number^ 
we might show that (ab)c - a(bc) is true if. all of the nuinbers a^, 
c are ^ positive^ and also trtie if one or more ol' them is negative.- Hiere - 
are eight different cases^, three. of which are listed belowr 



s a is positive^* 


b is jyositive , 


and c; 


is 


i-iositive : 


a is positive^ 


b is positive ^ 


and c 


is 


negative] 


a is positive^ 


b is negative, 


and c 


is 


positive , 


Tlie detailed prooi" of one such 


case^ namely^ il" 


a and 


b 


are positive and 



c is negative J (is given in ttie starred Items 91=101 at the end of this section. 
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^-3 



You want to try constructing this proof for ^yourself and G^n^aje it with 
the one given there. ^ ' ^ ' 

Instead of proceeding with the proof hy considering each of the eight 
cases separately J we are going" to indicate a more condensed version in which 
severfiLl cases are sometimes combined in one, As usual^ the consideration^ of 
a fe^ ex^^les will help. ^ ^ 



2 

3 
h 

5 



10 
11 



12 

-13 

1^^ 



Confute, the f ollowir^ : 



((^«i+])'(i3) =. , 
^'7)( = i+))'?^3)'- 



Not all of your aniwers were equal ^ hut all had the 
same _ value* 

l^is suggests that it might he helpful in con^aring 
the productB (ab)c and a^bc)^ to confute |(ab)c| 
and J 1^', 

In doing thi^gj rememhei" that If x and y are any 
xy| ^ |x| I I . 

Applying this to |(ab)c|^ § 



/(ab)c 



ab||c| . INI llcL 



which we can wi^ite .without parentheses because |a|^ 
|b| j |c|^ are nuinbers of ai'ithmetic^ and the 
property of multiplication holds for non- real 
numbei's. 

In the saine way, we can write 



ia(bc: 



a t, 



Combining Items 10 and 13, since |(ab)c| and 
are both equal tcj ja||b||c[, we can i.coijcrude 
that Kal!)c| 



ah 

^solute 
lMbc)| 

|fab)amajib| 

■/ 

asE<^iatlve 
noa* negative 



|a(bc)j-|B||bj|c| 
(ab)cjs ja{bc)i 



Hav i ng s h o wn t h a t ( ab ) c an d a ( b c ) h a v e the s ame ab s o lu t e v alu e for 
/"all real nuinbers a, b, c, we will be sure that (ab)c ^ a (be) if we can 
prove that^- whatever ^the nlmibers a^ -b^ and c represent-^ (ab)c and ■ a(bc) 
•-are - either^' both positive^ both negative ^, or both 0. If you tried the second 

9 

I 
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* 

proof for the coimnutative property in the last seatlon^ yoH^notlced that th# 
line of reasoning Colloved there parallels the reasoiftng outlined here. 

We shall not have to consider the case if all of the numhers are positive 
since the associative property holds for sill numbers of io^ithinetic,^ " 



15 
,16 

17 



If one of the numbers a, b) c^ Is negatll^s^nd the 
others are positive^ either ah or c Is negative 
arid tlie other is positive. So the prpjuct (ab)c^ is 



(positive ^ negativej 

Similarly, either a or ^ 
other is positive. 

So the product a(hc) is 



is negativej and the 



Hence, in this case^ (ab)c and a(bc) 
both ■ 



\ 



negative 



negative 



) 



Thus^ ve have proved^ If one of the numbers a, b^ c^ is negative and 
the others are positive^ (ab)c and a(bc) are both negative, Morfover, 
we have proved that the absolute value of (ab)c is the same as the- absolute 
value of aCbc). Hence ^ 'in this case (ab)c ^ a(bc). 

For the other cases^ we can proceed, in the same way, , ' '* , 

*If two of the niimbers a/ b,^c^ ^ are negative and the other positive^ 
either " = 

c is positive and bot^ a and b are negatli^e, or 
c is negative J one of the numbers a, t 
and the other is positive. 



*19 

*S1 
*23 



In the first case^ 
b ar^. negative. 

Then (ab)c is 



since both a and 



(positive j negative J 
In the second case^ #b i^ ^ , and 

( ab ) c 1 s 

i - — 

In either case^ (&b)c is J * 



Continuing in the same way, we ca_n show that If two of 
the numbers a^ b, c, are negative and. the other is 
positive J then (ab)e and a(bc) are both 
Finally, if a, b, c, are all negative^ then 
j^(ab)e ^ and a(bc) are both 



positive 



' poai 



2 J, 



positive 

negative 
positive 

positive 



positive 
poiitive 



Since we are now sure th^ the associative property holde- for all real 
nufnbers, we can wrlte^the prftdi^ct of the mimbS-s a, b, and c ao aba, 
^mltting parentheses J wlthoat fear of confusion. 



26 
27 



28 
,29 
30 
31 

32 



The connmitati^^ and associative'" properties of multipli- 
cation permit us to compute the prodnct of three or 
more rmmbers in any convenient order and grouping* ^ 

It is oo^enient to find (^qq) as follows: . 

((^5)(-^(l7) - ( )(17) 



Perfdrm the conTpiitat|^ns in the easiest way. In each 
indicate the grouping. 



(-7)(,2:))(3).(-iO - ( )(ioo) . 

-i 



(f){-W)(-3){50) . ( )(- ) 



(-1500)(i)(-A)(.32) . ( )( 



(100) (17) 
1700 



C-i)(|)..^ 

1-1) (-1) = 1 / 

(10)(57) - 570 ^ 
(I00)(i^) = ifOO 



Recall that for any real nunjber a, 1 ' a = a. We may also ask; "Wliat 
is the prodijct (-l)a for any real numWiv a?" It will turn out that- the 
answer to this question will be very usel'ul in our later work. 



33 



36 

37 

38 



Complete, .u^ln^ the simplest nc 

Tl'ie oppoGlte of 6 is 
The opposite of =3/ if; 



Fiivi the values of the followinr 



(4)(-f: 

(-l)(S) 



.J 



The last item can be real: 

3 

prnluct of' -i anci 6 Ir, the 



of 3. 



k 

2 
f 

-8, 



opposite 



2% 



ko 



k2 



Similarly, the product of -1 and -3 is the 



'1 



If" a is any real^ number J -a is the 



of a. 



Kie preceding responses should help you suspect 

_ _ % 

useful theorem: for every real nmnber a 
(^l)a . _ 



Theorem B-j. For every real nuinber • 

/ ' - ■ (^l)a ^ -a. ' ^ ■ . 

After we have discussed the distributive -property for i^eal numbers we 
shall give an interesting proof of this theorem. However^ you may want to 
prove it nov7 u'sing methods similar to those* of the .other proofs -we have 
studied.. We can start by eicpressing^ the absolute value of, (-^l)a as 
"product bf two absolute values. Try the proof if^you ai^e curious. If yow. 
try it, use Items 3 to ^^-8 as a help or a check* Otherwise , proceed, to 
Item U9. " ^ ^ . 






AJthOLv^ii 


your 


prool' need not be 


exactly like this^ it 




probably 


useF 


the same main icfe 


as , J 






- Ui| 

1 • 


1 1 
ui, ■ 


Theorem 8^1, 
since -1 ^ 










from the multipiica- 


i ' 


r 






t i 0 n p r op e r t y o t ' 1 , 








)a^- iUid -a a=r'.-;^ 


e 1 1 bs e I ' b 0 1 h p 0 y 1 1 i v e ^ 




both ncgr 


^ive, 


or both 






In ruct, 


ir ^--L 


ii^ pOL^itive^ th 


ill ( = l)a. and =a 




bo til 




j wlrll.L' lA a 


L iie^.^it i ve j then 








riTv- botJi 






Hen^'o, fc 
jar!;n abso 


r ail 
1 i;tc: 


a wc h:iv e : ( = 
/a 1 and a2'a eLt\ 


! )a and =a liavo the ^ 
i^r Ijoth poi;itivej both 






QV b 




ley tjj^i' , 













U:"'c T]i>'0refn 8= ■■ to rewrite the following e:-rprennIon 
a." ind i v^ated : 

(^!)r ■ , 

(=l)(-7) ■ =(=Y) - ' 

-t . ( = 1) ^ 



O J 



4 



negative 
positive 



equal 



-r 
7 

(-l)t . 



0-3 




^\ ' ; 


) 






Here are some 
\'''i-3)(8) 


examples that sugge 


sst ariother theorem, 






^ ' and 


8) . ^ ' 
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^ ^ (-5)(^6) 


- > and ( 


.6)) . ■ 




5^ 




and -(^-7)C) 







30,, 30 



28, ^ 



We might guess th^t for all real numbers a and b 
-• ' * 

. ^ (-a)h - -(ab). ^ 

We cQuld prove this in the same way as we proved . Theorem 8^3. But we can al 
prove it in a. different way, usi^ig Theorem 8^3. Try to construct the proof, 
using_ this' method. Then read on. ^ ^ , - 



55- 

56 
•57 



We would like to prove: For ai-yr i^eal 'nuMjers a ai^d. b 
(-a)b = -e ) . 

r . 

From Tl-ieorem 8^3, we know that =a^^ ( = i)a. ' 

Hence, (-a)b = { )b ^ c' 

. = (-l)(ab) by the 



of miilttplicatlon 
from Theorem 8- 



propei'ty 



(( = l)a)b 

asaoclatiye 



By the commutative and associative properties and Theorem we can 

similarly show that 

a(^b) . :(ab). 

In practice, the expression =(ab) is frequently witter as ^db. In 
suiranaiy, we may state that for any real nuinbers a .and b,: 

-ab = -(ab) . -: (-a)b ^ a(=b). 



Write each pc uiuct without parenthei; = 



50 
60 



(3x)(-7y) 
(2x)i-h) . _ 
(-3a)(5bc) 



3ji 



8-3 



61 



62 



63 



61+ 



LBt us now consider the product (*a)(«b). 
If a' is 5 and h is 3, the^i"'' 



If ^ 



ab is 

i Hs ( 

at. i s 

i/ls ( 
at '-'is 



= 5) 


and 

) 


-5) 


and 



and ( = a)(^b^^ 

b d s 3 ^ then 
and (^a)( = b)^ _ 



and (=a)(=>) 



Even Irom these few examples, ymr-f^obably suspect 
that (^a)(=b) - . 



You can easily show that you are correct|= that 
■ (^a)(=b) - ab) 

Try to construct the proof for yoiunielf and compai^e your proof with the one 
shown on 'pB42^ IXs^ I . 
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66 

68 

70 
71 



From the statement 



(^a)(=b) = ab, 



can we say that if a and b are real numbers, then the 
product of their^ opposite^, is positive? . 



Wi ite each product without parentheBes, 
( = 2a)(=^;c) 

(|^'^)(-^5a) . 



lOac . 

- b 
X 

*27abc 



r/:^t»i^ look into tho aistrlbutive property. Tills property holds in the set 
ot^ Mil roal numbers. llie proor, however, requires many cases. A few exampleG 
will show you why. 



7? 





c- c] :. ;U.r i hut tve d roper tv ici 


Fo V il l [ rca i niLT'sbGi""' 


a, 


ail J 










We 


know alroacl;/ tha: t hJ r pru 


^''■rt-;>- ho.i J,- for al 1 :iaii= 




Ui-tlyi- yonl mumper :\, vo2- u. 








-f^ ) 700 




TV 
73 



Here axe y. few exMipU-ff thut Dlif;ge;-t lhat tin- uiL^trlb- 
lltiv^; property hold;- .for all real niir;ber;', 

+ I-) - (-;;) • 11 -- arul 

(-i) ,: ^ + ( = ::) ■ • - ^Jt^ + ( _) . 



)(J0 + ( = j)(-b)-. + 18 . . 
'^( = 3) M = 7) . ( = ;,S) ( = ya) . 



79 
80 

81 



TVie .Ui.;tr 1 but Lvc ju-opcrty .1:.: Lil.aj illu-trateJ Ijy 
tht';;e yixujnple^: 

3((--) > > • i . . and 

:,(-'■ ) + , -b, J], 

t :i) . ( = ;0( = p) ^, an. 

(-0( = b) ( = -J^ ) 8 



99 + 1 



-33 - 

(-18) ' 

30 ' J 
30 



-15 
-60 



^■■^■^'^^ -^-^ni-Ll nroor th':1 rh-:. ri i .3 1 r 1 rut i ve property holds in 
^■■^ :uv--Liary to iKa- --nrtuin :-uhii1.ar propoi-t i er: ' o f ^;ubtract1bn of 

the nuinbern Ob ai-l i Imictic- The:;- pj'opertie^: have uu- -been dealt with CO f ai' . 

^^^^-'^-^-^ f'l^^^^te- u!- /i:bt r'i:'M..:i wiM t.e cxp.Lojvd. ie Chapter 11..) However, it 
-^"^^'"^ ^-'^^ ^^^^'^ JJ.rtrihufLv., property ^^j^ no.h: Inie lor, ail poroihle .-a^.eB. 
-ha ! i u/^ ■ r i. .• ].e\u>er"i y u b 
bi;rtfi-r ju, i ! :b -e i/e^. * 



■ iiiun: err b-rom now on without 



8s 



Ur- th-- ! b I 1 lu iv- 
! hbv Ln ] i ; ..-evrai b 



^r^riy w;itbrt< hr ! pliij t , iJfrborni 
with "tu- :ni r i iiiuf:; ^-lOiiui ot worl 



900 
15 



8-3 



We tiav'.: inaie fro-.juont u oi' Tti^'orem 'i- • i 

For 5very reaJ niurirei- a. 

It : .1 nt.orOL/t.i iif to reo how we^can une tho du^tributivo property in 



83 



Wo want to prove thai (--i)a - =a: thai. io.. that the 
pro::u-"t oi' =1 a:o: a ir t.h«- ^inver:^o ot a. 

j^t we -a!'i ohov iha' ' a a ( - 0 0, tjion wc wiil 
khov thai . = ;j lie.- .hui- Iv-:' in\w->ina; Oi a. 



rfo- ^^t 



.0 i L L ve 1 n^^eia-e 



addittva 



' FoUowinr "th^'aa/ /i;oa----"'"i 1 on.- , 'try "i^j yivo- ;.! airnpi^^te p:^ooi' oi' thf- theorem. 
Lornpare your compJete.; Pi'ooL^ will: i-n^-^ o-ie h-iow, 

Th'/orerr: h^^, Por 'evL-r>' re- 1 ! n\:?[i['er a. 



Pr.3ar 



' ' a ^- {-;):^ ;t;itl]M i ^-ai ion propertv oj^ I 

^; {= n)o Ih:-t ribirt ivo pruper^ty 

it ' tin --^ ; - ) 0 

C . :t:] t ip"l i at i.on pjajperty ot V 



prvtt' 



I nar::h'-M^ \_. 1 ho 



11-' : 



a i : O ^0 . 

* aa; \. 
-nh'. r 0 



le:::.ai/t rat-;- 1 : 



- .to ;y ,an''.i.roi o aior'.: , 
:1 \ \.'.' n ;-1 i" : tut i vo yvo]) 



. at I \ '1 'it 1 o; 



^*The following Itei^ suagest a. proof for one case of the ass|)Ciatl.ve 
property that uses , the sarne method of proof as wae/used in Secticfn 8=2. It 
Is a cluinsy proof coir^ared to that cai^rled out in Items It is included^ 

however, to show you how you might have proceeded in working out "the proof 
fo:^. yourself . Wi-ien you come to a proof it is always a good idea to think 
about how ^u would construct it, DonH worry, though, if sometimes you 
don' t., succeed , 



*93 
*95 





We want to con 


aider the products (ab)c, arid a(hc). 




where a and 


t) are positive aj'id is negative. 




For example, i 


f a is^ 7j h, is kj and c is -3, 




we have : 




*9l . 


(ab)c . C 


7*^)(^3) ^ 28(^3) - _ 


*Q2 


a(hc) ^ 7( 


^(-3))'^ J( ) ^ ^81. 



If a and h ar^e positive, ''then ah is alsc 



If: 



oi nc e cj is 
(ab)c = =(| II 
mu 1 1 1 p 1 i e a t i o n . 



from the def inltlon^bf 



positive 

negative 
-{iab| icj) 



*y6 
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Iplnce b is ngn- negative and c is negative, we have j 
again from thu^ definition of multiplication, 



b I I c I , uf course , i s 



Consequently, once more using the definition of 
multiplication. 



■J 



i(bc) ^(1 Kit 



lb c . 



non^^negative 
^(jaldbljcl)) 



3 J 




Let us con^are our last result, 

a(bc) = =(|a|(|b||Q|)) \ I 

with om- result in Item 95; 

(ab)c ^ -(]ab| |ci ) 

We see that we can replace | ab | by |a| |b|^ %iid. that 
when we do this we have: 



(ab)o = .((|a||b|)|c5. 



Now we are alinost finished. |a|^ |b| , and ic| are 
absolute values numbers* Hencej they e^e all non- 
fat ive. We know that 



since the 



(|a| |b|)]c| = |a|(|b| Icj) . . 
property of rrTultipllcation holds for 



real numbers* 



ThuSj _(ab)c and a(bc) ai^e equal; because they ai^e 
' of equal numbers* 



aon* negative 



%^ki Use of the Multiplleation Pix^pertles 

Recall that in Section we mentioned some conventions of writing 

products. We want to err^hasize that these are not hard and fast rules^ but 
another convention that we might mention here is that we prefer to write ab 
instead of (.a)(-b)\ I 



l^ie expression ^11 + (-x)J(-c) is an indicated * 

By the use of the distributive property^ 

(ll ^ (^x^( = c) . . 

The expression ll(=c) + (-x)(=c) is m\ 
indicated , 

ll(-c) + (=x)(-c) can also be wi-itten v ^ll^ _ _-^c ^ 
which is the preferred way of writing the indicated suin. 



produot 

ll<-c)+(=x){-c) 



-lie + cx 



In ajM.tiimut:M; or .;Ou?';;o, you 'io not l/rLnk o.:' th- rea::on for ea^:'h rXep in 
a <'omutcLiion, You -oul'i rhvi , ■ * Ql t\iLnuAv^:\ 

- ' '-^ 10) - 

: ^ iO) - , ^ 

I-' you vLi-u o:'K«.u: to vi'Iuc the Luu ' ^utc^fj pi^O^ku^t n:: 'U. In^ii-'atod riirru ' 
^^'^'ur- yoi-i>^c^^^ r---rro2^i th- :;;-inlpi;...u-t^/w: ihcu-t .-toppLuc lo rapply the reurou., 
rov * -xainp L'./ , ;rcu may meroly wiuto: 

^^-■-^ y^-' -'^^^ io:iJ'M.:ii- t uo tcuiuigUO . hovevcM^ it Ir wi-o ^'.o ror^r hack 

I'reguontiy to ine propf/r^ i-O:; oh roa.i uu-ber:; , Thi:; wih^ hoJp you to avol^l 

I 

urro r:u 



-vhivh Oh iu'-: ih^.iloviur .■^:utc:!^.'^^;: [.■ -t]-u^- all i^o-a! 

-■■-■b'-^r.- A? (Copy to- '.ruo ^^-u; ^^u-m = , ) 

:.U:-: ^ 0 > 1 

M^: + 0 --,.>1' - . 

V/ruih two p^opL■rtl^-■ oh tr-o 7^ 
:t y- i-ruu? 



nunihcr^r ::;a!^o ;;ou .nirc 



0) ^Th. 
(h) Tho 



prorr-r^ o h 



distributive 

mu 1 1 ipli c ation ^ I 



uov voo wi:.! :.:.v- .Piajvo to pra"th^o -n;,,. :;:n:j.T:ul-t u.u Try to v.TLte 
yoo!= u:..;v-.;UO ■^o.-:; prLUt-r:-'.i hor:;;. to 001 : hi;' -:^UIuy;c^! at ori-o ii 

vrh-i.,:, ..hLth^uv::;- :y ivi- t uv :-..:p^u;;o;.- yLvou, FerhauL^ your 
''-^-■-^^ -orro-t r,.ut it ;r uot lu U:>- ;u-o tor::.. yd::io oi^ thoao r^rlM ho 

applloullonr oh-ho -1 i ct rlhu ulvo vrop-Try auo :;o::;0 he applif utionr oh tho 

Kii':'o- ] '..y-C: a::'; u^inin.tat ivo p?^opertlo:j. 



10 



yiV'j rpo i:::r"h ooi. Uuunfj hoi' 

) . 

-a(-^! ) - 



= £ampq 



;Jr ". 



..;-.(• 



20 




t?m + mn 

n2a + l8 
-ITinnp +(-imipy 
^3cd + ^(^Gdef ) 
2a + 2b + 2c 
-imi + mp 

ad + + cc 

^32 + 8m 



V -h y 



it c) ^ 



h(K -.- p) 

(a + 



a 
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',32 

33 

35 



36 
37 
38 



Consider the indicated ci&i - Ix + Iky, We can express 
it as an iYidlcated product,^ To do m , \tG need to 
notice that l^i '^7*2, 

Ubq the dij;tr IbutivJ pi^oper-ty to winte the rollowlhc 
indicated, ouiri!:; a:3 indicated /t^roduct;;: 

2a -f- 6h g( ) ^ r 

6x + 12y = _____ 

kx^- + lOy = 

2 



26f^ + 39(=n) ^ 



Since a = a ^ 1^ a:< + a ^ a:< 



1 = a(_ 



Write the foli owing indicated nmris as inriieated 
pi'oductsi 

rx.+ r s 

5x + 5 ^ 



ac + be -H c 



\ 

aU + 315 ) 
6(x + ay) 
2(gx^ + 5y) 

a(x + 1) 



(a + b + l)c 



Consider the' rollowing ways ol\ wr-iting 6;.: + 3O;/ as an Indicated product 



39 


6x + 


30y = 


2(ix + , 


) 




£(3x + 15y) 




6x + 


30y = 


3(2x + 


) 




3(2x + 1^) 


!4l 


6x + 


]30y = 


6( ) 




\ 


6(x + 5y) 



are 



The wayG liEted are all correct; l(6x + 3Qy)^ 30(ix + y), 
also correct ways of writing 6x + 30y as an indicated product. Usually we 
prefer the form in Item 4l. This form^ 6(x' + 5y) has the advantage that 
the nurnbers used .ai-^c all integers, and the indicated sum x + 5y eaj-uiot he 
exfjressad as a^product, without the use of fractions. 



k2 



^^3 



Let.'us try wi'lting 3x + i-6y) as an indicated product. 
We see : 



3x + (-Sy) 3x +. (3)( ) = 3(x + (-2y)) . 
We might aleo have written for the earae indicated sum; 
3x + (-6y) = ( = 3)(-x) V (.3)(ay)-- (-3)( 0 . 



(3)('Sy) 
(-.3){=x + 2y) 



3uj 



30a 



hi 



The lni1I-:^ated product:^ in the last two' items are 
3(x ^ ( = ^^y)). aiicl ( = 3)( = K + 2y). In both of these 
Lniiicateei productn^ the niimbers uGed ai-e all integei^s^ 
and the Luii v: fitQil -dims / ( x + ,(^2y^ arid ( = x 2y) ^ 
-.;a!inot be expreuccd a;.; a prodiict without the uDe of 
rrai^tionr; Here, the Indicated product whlcii would ' 
UL^ually I'Q prctorred 1:; :>(x (-2y)^ . 

E:cpr^j;j.: ih--- i'ol lowing In^iicated L:uma an ii^Ucated 
( = ( = ^- 



or pai^t^-hha^ LrrLef-o.;t 1:. thh) exajfipl-x 

Eyrprf^iM) ih(: Iniji vited :Mm jx + ?x an au 
ind:i/.-ate-J ra-odiit^t. 



+■ ;?x 

Th" ra'-t t h'd. " t 2: 
the prf;5perty, 



COiu;ci:]Uf;rn-t3 of 



Uh 



U::e !h- ilrlri but.Lv- property to write oaL:h Indicated 
;-ijTi "-i:-^ an Iiidi-atDd pro.Juc'l in :;iinp.Ier fornu 

:?x f- (-;;): 

^ i:ct f I . 



d8 



In rh- ^■•v^.trnp]..;: abov-, the indi^'ated product la oimpJ*-r 
in form thim tne indi'ated. oiaiu 

V/e oL^ten cay we cimplll^y -^he exi)reo['Lon jx -f- x when we 

write It 1 t he ^ forni / 

^ y 

We rimp:iil'y x ^ ( = ?x) "^hen we wi'ite it an 
:;(a + b) f- 7(a f- b) (a h b) 



(a + b)x 



5^ 



5x 

dlBtTibutiva 



(Ik + D? 

= llt 
-6^ 



10(a + b) 
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Tho woi'U " i^inip 1 ii'y" I- lu^otJ juits^ i^on^i-a^.^y In mathematics to refer. to 
th'- prO'-o:;;-; oh nuiir expi'osr'lou to a rmv^ t.:ompact or pre! erred form* 

We ^::m irlniplll'y hx *^ :< ' by ui'lnr Viv-: 'i Xntr ! hutlve pi'operty. In fact, 
£x f X .-=■ '^v, ^ 

CiLii :'inipiLi'y ;jx y? No, theru ir; no way to apply the distributive 
pi-opei'ty to the prohj^^i;: o:' . ■ inipll hyl fif; r^x \- y. Hence,' it id cuytomary to 
nay that 2x y In Itr; oJmplect foriii. 





'-Lniplii'y each oi' 


the i'oI.l-OVin?_;^ 


If t:ii*3. I :; por;uIble , 






If it I ;x not poo; 


iL le , copy th'^ 


f-ivon expi^eRcion on 






the re::ponce :;hec 


t . 
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(l.hOb h (2J0h ■ 










^fx ^ 2x I Lx -- 






. ax 




or -f i-lhr) o3' 






0 




= i:y ^ 










■f(x y) + (-3)(-^ 


- y) 




+ y) 


^''C' 








7x + 8y 




-3£i. + !3a i- 3:ha .- 








6B 


3x + oy -^ 7^' ■ 










In the Lntlieiituc 


;:ui:i l. -^^ '/ ^ 'h 


" aji'.] "v" ai'e called terrnE; In a 



phra..;e oP th- horr:: n f- v ^ '*n'', 'h^'', fojih **w" are called tome, e;tc . 

lliL^ te?-::.e In xy ^ c ai-- 'h^y'' -uLy "n^', 'Il\e termc In the phrace pa + 2b 



c" / 



Tne vxnr- " i Ox 
= :cv, r!0^i x:v-_ 


■'X ^ (- 


y) T^xy hia;: tiiree L.oi^nij: tfieee 


teiir!:: su'e : ■ 


Th- t-jc^c III th 


pillXi:c- 


( = 3^0 yx are =ya arxi pa. 




To ,.; ::;tp: L Tp ? xi 


■ ph.rxte^' 


we xxx/t note tlxit 




-.'-^ ( ^x, 


no ! i.tr 




(-^3)a 






X - C^Oa . a. 




V;,. ;p,-.:, 




pxjpexty to r-in'i i ixu. 


dlGtributlve 


-.n f- ■ ■.: 






2 a 


euy, ix '-I,- 


•cxu'px- 


1 h : li WL^ h n V e no 1 1 e c 1 1' h 0 i ' 




.•o::u i n- -c tiX-n:.: , 









Collect Vermi: in the lollov^in^r inUicatod Dumb: 



72 






l]i: i- 


'(-' 




T: 


.L7n ■ 


7f 

77 




7'^ 





13x 

n 



50 



ro:riOllr:ie- we van apply the di rlr I nul'lvc property to 
part o.t CLi; /utei ru:::. l''or exarnpi--^^ 

+ - (l 3)x - __ 

- tlx -f- P;,- 

''^:i^e 1 iu..- tact. uxpvK,.: luoii ounnoi^ ;je wi^ilter: In rlinplf 



ay 



\h^-- :} i!:ip:i cr1 forni oV 



6x Py 



•Li:;p1 i.rp ihe LollowLiip crcpi'ocn Ion 



3-i ^ : a ^ (-7'-- ) -- 
, ft 

X + / IX r ] - 



s 



7x U- :0>:) ^ :y 



8a + {^7c) 
2a + 19"b 

m 

. kx + 5 

0 



.In li 



■xa::rpl*. 



■ :^x^^ . tx, 

■U! ,-n :i fltiM) I'l.rliii.-r ilil.i WriU. 'W' l i ;,.] i., ■ ^rt-Cli I) fOi iiic-t ; 

x(M:.; 'X. 

wil! I tj. t in^fxj In owVwuvk whr'n we ::hall prelor the rorm Qx^ r px 

to x('5x i l). riirthermore, an e^rfjrenrion du 'li nn 'ix^' ^ px + p would Lnaially 
liQ 'loVt an rt Ln aivi not rcvni-tton a;;; x('^x + n) -f- 



8-U 



• 87 

:88 

89 
90 

91 



Collect tems (where possible) in the followine 
ipd i c ated sums ' 

* . 

12a + 5c ^ .(-2c) + 3fc^ = , 

6a,.+ 5tj + c = ' . ■ 
— — ■ — ' , 

9p + i*q + (-3)p + 7q = ' 



hx + (-Sx^*) + (---jx) + gx^' + i S 

y ^ ■ . 



^ + y + y + X 



6a + 5b + c 
3x^ +1 



^ The process or collecting terms is. often useful in solvlng'^Qjen.Gentenceg. 
For example^ consider the open gente*i&e: 6k + 9x ^ 30, If we colject terms 
in the expression' 6x + 9x^ we can simplify the open sentence toi 15x 3O, 
Now consider the opeD-'^eJsntence i - _ ' ■ 

2n + ^ + 6x + llx =^^38^ 

By combining terns, we can sirrTplify the open sentence to: 

19x 7^ ^38, 

Both of these sentences can be solved by intelligent guesswork at thi^B 
tiine* You will see moi^e et^tiatlonn of thin form, in Chapter 9, Tliere you "mil 
le^n how to solve such sentences without guessing. I^reover, the method 
given there can be applied tl^aentenceB that may not be as easily obtained 
by guesswork. - ^ ' . 

Although multiplicaLion is originally^ defined for two real numbers, we 
have seen how the conimutatlve and associative properties of multiplication 
can be used to siir^lify certain expressionn in the form of indicated products. 
For example J, we can use these properties to express (3xy)(7x) in the follow^ 
ing simpler form: 

(3xy)(Tx) . (3^7)(x)(xy) . 21x^y. 

1 n an e aj'^l i e r ' s e%^:3 n we s aw ho w the di s t r 1 bti 1 1 ve p r op e r ty c ou Id be used 
to write indicated products as indicated sums. ^ . ^ 



92 
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9^^ 



One form: of the 



property Is: For .all real. 



(a + b)c V. 



If we apply this f omf of the dlstributivG property to 
the indicated product (x -f- 3)(x -\- P.) we have* 

(x + 3)(x + 2) - x(x^-h g) + ( ) 

3^ . . 

313 



diatrlbutive 



ac 4^ be 



8U 



95 

96 

97 



We can apply the " property threie more times: 

■Pwlcei herei + 2x 4- 

Once here: .x*^ -f- ( + 



and obtain 




X ' + 5X + 



distributive 
2. 3 



X 



98 
99 

100 
101 

102 
103 
lOU 
,105 
106 



Let'i^ try aiiother . iij^lcated product^ 
(•a/+ 7)(a + ('=3)) ^a(a + (.3)) + _ 



= + a(=3) + 7a + 7(=3) 
= af'_ + _ _ + (-21) . 



Wr i t e as i n d± csat e ^sioin s in the s inip 1 "es t rin possible: 

(x + 8)(x + £) = ^ 

(y + (-3))(y ^ (=5)) - 

(6a + (.^Jfa + ( 
(a + 2)(a + 2 
(x + 6)(x_k4^ 
(3m + + ( = 2)) 

(2x-+ 5)^3 




a + i^^a + (-21) 

3 

X t Ite 4- l6 
¥^ + (-By) + 15 
6a" + (^17a) +10 

+ km ^ k 

+ (^36) 

^ex""' + X + (-35) 



The items l^low will gi/e you more practice. The answers are to be immd 
on page- lx 

Write as indicated nums in the simplest form possible: 

107. (y + ( = U))(3y + (-2)) ^ I13. (c + ( = 3^ (5 + c) = 

1C«. (m + (.3))(m + ( = 3^ llh. ■*y)j(2y + (.3)) '1 

lOS). (a + (-c))(b + d) . - 115. (l + ( = n))(8 + ( = 5n)) 

110, (a + b)(a + h) ^ :iln. (x + 3)(x^' + gx + 1) 

111, (3a + (-?)) (a + 1) 

112, (x > (=5^('^x + ( = 3^ 



117. (pp-i t- (-8))(3pq + 7) = 

118. (sy + C-2x))(3y + (.x)) 



Write in the nirnpler.t form thttt yoli can; 



119. (-3xy)(2x'') ^ 



IPO. 100( = ab")(=^ a'b) 
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We have defined 'the product of two real numbers a and b as followe: 

If a and b ^e both rfegatiTe or both non- negative^ 
■■ ' - . then ab ^ |a||b|, ' _ , 

If one of the numbers a and b is positive or zero^ ' 
and the other is ne^ative^ then ab = -(]a| |b| ). 

r ' 

J^om thii definition and the properties of operations upon ninnbers of 
arithmetic^ the following properties of operations be proved^ ^ ' 

!• Multiplication ffloperty of Or For any real nmnber a, 

(a)(0) ^ 0 yand (p)(a) ^0, ■ 

^* Multiplication property of 1: For any real number a^ 

(e)(i) - a and (l)(a) ^ a, ^ 

3i Conmutative property of im^tiplication* For. any real - 
numbers a and 

ab = ba* ) 
Associative property . of multipllGation : Jor any real 

« 

numbers ^}/^s Cj 

( ab)c - a(bc ) , 

5* Distributive property : For any real numbers^ b^ and c^ 

a(b + c) = ab + aCj , 
and (b + G )a ^ ba + ca* 



Review Pi^oblems 



The answers for these revie^problems are on page x* 
Is Change to indicated suiris r 

(a) 3a(a + (-2)) , (d) (m + (=5^""' 

(b) (x+"l)(x+6) (e)# fx + (.l+)),(Sx + 3) 

(c) (a + b)(a + 

- * - 

Write each of the following as an indieated product: 

(a) 2ajc + 2ay (c) c(a + b)x + (a + b)y 

(b) ad + (<bc) + c (d) lOx"^' + (-I5x) + (-5) 



31 



. ' ' ^ ■ . ' .; -sis , 

3, Collect terms In the following phrases: ' . 

(a) _ 3a + a + ( = 2b) 4- kh , (c)-; 6a + (^7a) + 13.2 +-^(-:?)a + (-8.6) 

(b) 7ji+b+ (^3x) + (-3b) ^ \,(d) rx|.H:.i|^^| + (^2)|^xi 

■ - ■ \ 

^. A record dealer makes a $3 profit on records of brandy X and takes a 
$2 loss on brand Y, He sold Vj of brand X ai\d 20 o! brand 
he also accepted 3 returned record c of brajid ■ X ^^nd 7 oV braj-id Y, 
What were his proceeds? 

5, A mutual fund corporation has the following assets in f'bmpanies . A^ 
and F. ' \ 

shares in A; 3OO shares in B; 12^ l hares im, C; 
500. 'share S' in D; UOO shares In E; 17^^ siiares in '^-F, 

At t he e n d o f ' t h e y e ai- , t h o gain 01^ 1 o s s in point s ( d o J. 1 ai^ s ) p ea' s h are 
for each of the companies wei'e as folJ:Ows,' 



What was- the profit 02* cain from this investment pro(:ran"i? . \ 

A rnan^s paycheck for a work week of U8 hours was |;i66J^0. He is paid 
at the rate of 4, . times his normal rate for all hours worked in excess ^ 
of ho hoilj^s. If the rate of pay for one hour's woi'k is x 
write an open sentence correGUondinn to -the piuen information- 



f 



mo 
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Chapter 9 



i 

-1. t^ltlpllcatlve Inverse 



3 + 



3 + 


( ) - 


3( ) = 3* 


^3( 


) = 1 



3: +■ 0 ^ 3 i3 €rue by the 

For ^any real numWei* 

a + 0 ^ ^ 
and 0 + a ^ ^ * 



property ©f 0. 



The niJinber 0 'is called the Identity element for 
addition. 



Anpther way of saying this is that 0 is the 
additive identity* 

Since 0 is the only real number such, that a + 0 
and 0 + a = we can say that 0 is the only^ ^ 

additive , , , . 



3 +.(-3) = 0 is true by the 

oppo sites - " 

For any real momber there exist e 

one real number (-a) such that 



property of 



( exactly ^ more ' 



3 + 0 = 3 ^ 
3 + (,3), , 0 

3(i) 3 
3(|) = 1 

a 4 0 - a : 

0 * a ^.""^T"-' :^ 



and 



The number =a, the opposite, of a, is aiyo called 
the additiire of a, V. ' 

T>ie niimber a, the opposite of =a, is the 
of =a. 



Identity 
"addition 

exactly ' ' 

, C^a) + a^ 0 

-..i ' * 
addlMve invefee 

add! t i V e 1 nve r se 



■^11 



15 

16 , 

17 



■ -. ■ i 



i8 



19 

20 
21 



22 
23 

£'5 



3 -1^3 is true by the 
For mny real nuinber 



property of ■ is 



T^e nuiTiber 1 ie^ called the Identity element for 
multiplteation, or the fnultlpllcatlve 



The product of 3 and i is the 
We called , 3 and (-3)^ additive 

3 ^ (-3) -= 



Identity. 
^ since 



-In the sajTie way^ we call 3 and — multiplicative 

. \- . 1 ' D — 

irlverses^ since 3 ^ = =1 '. 



^ and h s 

(i)( ) - 1 . 



B ^ inverses, nince ^ 

Therefore, ^1 is its owri 



mu 1 1 i p 1 i c a t i V e 



al 



t h(vn h J f'aUecl the multiplicative? inverse of 
t ' = — =^^^^^^ 



26 


The 


SLun of a number and 


its c^ditive 


is 


27 


the 


identity. 






28 


Ttie 


product of a nmnber 


and its 


inverse is 


29 


the 


mu 1 1 i p 1 i c at i v a 








ir 


a and b arc real 


numbers such 


tha^ - 



/ 

identity 



:E^tiplloative 
inverses 

3^4:3) - 0 

multlplleatlve 

- 1 

Inverse 

inverse 
additive 

nTultiplicative 
identity 



a is also called the 



mult Lpl ic'ativc invo?'se ot . *■ 

Doei^ every real number have a multiplicative inverse? At this point you 

do nqt know the aiuiwer to" thin quer:;ti.on, Howovejv do know that every ^ 

non=:'ero numnor^ or ar i Lliriot ic has a mul1J.pJ 1 > ■ativc: n nvorne , Tills inveri^e is" 

aJ DO a non~ 'Avro uumto r- ^oi^ ar i tlimet ic > 

Let us try, to discover somethlnr about the existence of multiplicatiVe 

inverses roi' nef^atlvi- nitfribe/i's, . 

■ • • V ■ 



30 



31 



33 



3^ 



35 



Locate the nmnbers 3 on the niimber line* 



— I 



that" iys^ 3 'and ^ are 



pultlpircative 



Now locate^ the opposite of 3^ and the opposite of 

J — I , u I I 



-3 -2 -I -^0\ I 2 3 

# 

We know that . ■ " ' 



( = 3)(-4) M )( )^ 



:= 1. 



Since (-3)(^i) :z l, we can say that 
ai'e multiplicative 



and - = 



.See tofiwer b^lw* 



inverses 

^ ■ ^ - ^ ... 

See answer balDv, 



inversea 



Frum t h^ f ac t that j and — ' ar e mu 1 1 i p 1 1 c at ly e 1 n v e e s ^ we c oul d 
cone ludi' t hat - 3 and - ^ are .al fb . mult ip 1 1 c at i ve i e r @ e s . Tti i g sugge s t s 
a general theorem 'about negative niiinbers and multiplicative inverses. 



37 



40 



We know that 



positive number has a 



{ eve I'y ^ n o t ^ v e ryj 
mul t Ipl i c at i v e 1 nv e r s e . 

We woulri like to prove that e^ery ne^T;atlve nunber has; 
'a multiplicative inverse. 



We also know thatj if 
a nuinbei^ 



is a positive nurnber 



Indeed, every rie^7^at. I.ve nujnbor 
positive nujnV' e r . 



the 



of a 



II" we can slow tliat the opposite o^' every positive number 
h as a mu 1 1 i p 1 i e a t i v e i n v e r s e ; t h e n we c an f^o n c lu de 
that evei'y riuiiiber has a 

inverse. ^ 



negative 

oppOEite 
(ad.ditlve 



inyerse) 



negative 
multiplicative 



In order to show that every negative niunber has a multiplicative Inverse^, 
we first prove the following theorem. ' 



kl 



k2 



Theorem 9^1 . If a is a positive num'b^ and- ah = 1^ 



then ^ (^a)(-h) - 1. 

(-a)(.h) M )( ) , 
(for all real niimhers (^a)(-b) ^ (a)(h)). 

' ' . (-a)Ub) ^ 



glnce (a)(h) ^ 1 by asBiimpt i o n ^ 



^3 



^3 



We have proved that if a and h. are positive real 
numbers and a and h are inverses^ then 

(-a) and (-h) ^^e also multipliGative ^ i 



k6 



Now let us consider any non-aero negati^re number* 
EvBTy negative number is the apposite of some 
number a^ 



Since every positive number a has a multiplicative 
inverse j there is a positive number b such 
that ^1. 



By Theorem 9-1, if ah 1, then (-a)(-l 



Therefore^ a multiplicative- inverse for (-a) is 



positive 



1- 



i-m^-h) . 1 - 



We can ^ conclude that every negative number Ylbb a multiplicative invers 



0 

1 



Numbei" 

h 

1 



10 
10 



Mu It ipli ea t i ve Inverse 



1 
'1? 



3 

J. 

10 



10 
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i;|i^;;i!«ECr negative ^^^^ -.0^, vm tl^'-^-xtaiM^llceMfm 

i,t&sr6m "by findlpg the .^TKrse of ,0^ and taking Its OHPOaite, 
^^^P^nce {;0£5)(JtOj a 1, liiveMa of ~,Q^ ' Ls -ko, „ 

i||i|jff: ;a*^atljve mMbfer Hjae a aultipltc«fciwe iBveyM. Bw COTreet 

':::';-x ^ ■ . ■ *■ 

ll^jbole^ la I A], ^ ' ■ ' 



Wa have been careful to consider inverses of positive numbers 
negative mmhrnvn^ Wiat about the number 0? Does 0 have an inverse? 



> 58 
59 



If 0 is to have an inverse ^ then there must he 
number b such that 0 ' b ^ » 

^t^ by the nrultiplicaMQn property of 0^ 0 * b 
for every real number b, 

T^ierefore^ for any real number b^- 0 ' b / 1, ^ 
0 cannot have a multiplicative inverse. 



0 ^ b - 1 
0 * b ^ O 



60 


Decide whether 


or 


not each of "the following^ numbers has 


a rmiltiplicative 




inverse 1 ' (- 




IS, 0, 1. ■ 








[A] 


Each has ^ multiplicative inverse. 








[B] 


Each of the numbers listed^ except 


0j has a 








multiplicative inverse * 





iwerse, 2 * Xj ^ 1; 10 * {^) - 1; aad 1 ^ 1 ^ 1 



,cb n^ttfer listed exc^t 0 has a( multlplieativB 

5' 



Jfet does 0 l^fcavte a imiltiplic stive inverse f la other TOrds^ is 
th^pig m Mnb^r b- nmh that 0 * b ^ it tef ' = 



61 



62 



Consider the following exan^le : 

(=2)(.3) - 6. ^ • 

C-g) and (-3) 6 are different names for the 



Let" us multiply (-2)( = 3) by k- and also multiply 6 
by k. Mb have 

W ^-g)(-3)) ^ h • 6 



number 



2h 
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63 



6k 



Since (i2)i-3) and 6 aj-e different names for the 
same number.^^when^ we .jnultiply thlB number by 4^ 
ve obtain ' ' . 

^((-2)(.3)) and (0(6) 

as. different names^ for the same new ntunber. 

.(5) (-3) and ■ -^15 are different--. najiies for the 

ninnber, • . , ^ 

t » 

Tlier-efore, if we multiply this ^miber by. (-i), .we 

can write 



((3)(^5))(--f) = t-15)( ). 



(-l5)(-i) 



are differetit na 



((3)(<.^.(=i) and 

the same nwtiumber since 



for 



1 

5 



mese evaiT^les iirastrate a very useful property of multiplication .and 
equality,. S'l«ce we shall irse this property a ereat deal, let un call this 
the multiplication . property of equality which we state as follows: 

For any real numbers a^ b and -c, 
ll^ a - then . ac = .be ai^d ca cb . 

The multiplication pi-gperty of equality follows, as did the addition 
property of equality, from the ilea that ''a - b" means ''a and b are 
names foi' the Dame number''. 



6[> ^ 



Wiiich of 
multl pile 


the toilowinf: statements is 
at Ion property ol equalixy? 


not 


an illustration of the 




[A] If 
then 






is 
Ir 


true 
true 


for some x/ 
for^ the same x , 




^B] If 


1 

==a 




ij 


tru._. 


Vol' some a^ 




' -then 




^ -(.■) 




true 


foj- the Gaj::e ^ 




[C] If 

tlren 






is 
i s 


true 

tj'Ur- 


for some n, 
for the syme n. 




[ D] If 




■ M 


is 


true 


f02' some ni, 




then 






i'3 


true 


for the same m. 





If - IS is true f or sqpe is ,^n(i*) »^lfi(fj also trumt 

. Ife must multiply^^n -atid IS by the sane , niam^er to ba s\ir€ w • 
V '^Vu^ ■ Qfet^tt the same . aiffl aiffiiber, [C] Is not an Illy str at ion It th# 
fflaltipllcatian prapeTty of equality* 

^ In Chapter 7 we found the addition property of equality of great irr^ortancf 
in solving equations. Later in tffic chapter we Dhall learn more abrfjt the 
: solution- of equations. 

Hie multipiicatlon property of equality will help'uEi prove an important 
theorem about mu-lt|.plicative inverseL'* ^ ' 



66 



67 



70 
71 



If a IB a real nuriber . then there 'is 
one additive inverse. 
What is a multiplicative Inverse of 



( exactly, at leaot) 



Writite- the multiplicative inverse for each of tht: 
followinf^: 

(-1) 



From uur e^-cpei^ience we would ruep.v that , each non-::erc 



real nuinDei" nac 



inverce. 



(exactly, at ieaDt) 



une iTultipli. native I exactly 



Lex. 




exactly 
1 



i 



LtipJ.icativ( 



I ± " a / 0 3 t h. e n a hi a s at least on e niu 1 tipl - i c a t i ve i n v e r s e j 
that is, t-iorv Ic '.i ]■ :-u.^U Ukv: a; -■ a:.,: vu .- J. 

4. Ml! ,"' 'i -- 1 . ^ 



-(ah) - ( 



\1 1 1 Pile at : on 
rc^'Uilive prop= 



c(ab) ^ c(ab) 



Ub) ^ (ca)b 



317 323 
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13 



since ab = 1 and 
ca ^ 1. 

nultipllc at Ion 
property of 



We have proved to^t the multiplicative irwrerse Is uniquej that is^ evei^ 
non-zero reaI*nufltiDer haa exactly one rnultipllcative inverse. 



9^2* Reciprocals 

We know-that every non-|ero negative number has a feique multiplicatiye 
Inverse*^ TtiBX is ^ there Is exactly one real nuffiber b such that 

ab - 1 and ba = 1 , 

We shall find it convenient to use a shorter najne for the multiplicative 
inverse. We use the nme realproeal . This parallels the use of the name 
opposite for the additive inverse . 



5' 
6 

7 



ThB additive inverse of the number a is 
written ( ^ , 

Another name for the additive Inverse of a is the 
of a i 



T^^i© reciprocal of the nujnber a is the 
Inverse of a . 



We agree to write the reciprocal o£ a as i. 

— ~ — a 

Thus if a is m. non-zero real nuinbe*^^ its multi- 

pllcatlve Inverse may be writteh 

For example^ i is the reciprocal of 



= ' Is- the 



is the reciprocal ^ J. 



Th^ number = is also a rational number* F^om our 



experience we know that 



mltl^lidative. 



reQiproeal 



1 
7 
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Thue^ calling |- the multiplicative inverse of 5 
agrees \d,th out knowledge of arithmatic , 



The definition q£j = as the "multiplicative inverse of* a" agrees 
^wlth our experience from arithmetic. What about other rta'l numbers ? 



9 


Can we say that 


every non-zero real number 


a has i 


1 reciprocal? 




[a} yes 


[B] no 







S^ej^ noii*^wo reel nianber aj hag exactly one ffiultipllcative 
laTOrea V 1*^ oalled thig mltipllcativa iwera# of a 
"the noiMOcml Of a"** mm mmhrnr a mst have a reciprocal 



10" 


Does 0 have a reciprocal? 












[A] yes 


[b] no 






V 



Dois 0 %mm a roulMp3,l_oatlv a iHVgyge l SinW W6 have ^yoyed 
tha^ 0 4Qfe8 noj. have, a multiplicative ikverse, we know 1^;: 
does ^aye a i^elproeal i BeiQero"b8r tbat -^riclproeal" le ^ 
simpler tmm for ^6 nSAltlpn©atlTO. lavirse * > 



Since 0 hag no reciprocal^ the symbol = 



as no meaning. 



11 



If a Is (-1) 


whi 


:h^c 


3f the following nmnbers have no reciprocals? 


H. a + 1 






S, (a + (-l))a T.^^ a" + (-l) 


[A] /. 


and 


S 




[B] R 


and 


T 




[c] a 


and 







[Sj Is tha oorreQt ^bolei* ^"fed T hav^ no r#ctpi^wle if a ; 
19 frl^K F^, if , ^ -%fc^:^l), then a + 1 and a^ + (-1) 
^ar e %|b ajitf . Q^^ -haa ^ no r^clproQal . lowe ver ^ a + ( - 1 )) a 

1^ ji^ :: 0 . if';^^-; !^ and heneej It has, a ^eci^ocal. 



9r2; 

12 
13 
Ik 



li" a is then ^ ^ Is meaning lea 



When a is 0^ 



15 



16 



17 



a + 1 



Hence 



a + 1 



(has, does not have) 



a reciprocal 



when a is ,0» 



/ 



The Bet of values for which a^ + (-l) has no 
reciprocal is [ ] . 

Since a + 1 is different from 0 for all values 
of a/ the set .of values for which + 1 has no 
reciprocal is , 
1 



has a reciprocal for values of a* 

1 (all, no) 



does not hav^ 



all . 



18 



20 



\ 



We saw that every real number except 0 


has exactly 


one multiplicative 






^.We can restate this 


: -^Evei^y real number 


except 0 


has exactly 


2"ecjlprocal( s ) , 




~- is the 


of 




3 


j 




We know that ^ ' 3 


' ^ / J so that 3 


is also the 


r e c i p2' 0 c a 1 o f i . 






bince =7 hag only 


reciprocal 


(s), this 




how many) 


means that j" -- i 













lnvars6 



reeiprocal 



iNe can use the sajne reasoning to^find a simpler name 
for , " V 



By d e f i n 1 1 1 o n j m e an s " t h o 



of 



2h 
25 



Knee ^)(- 



- — is the 



3 



of 



Since = has only V reciprocal ( s ) ^ --7— 



1 h 



reciprooal 

reciprocal 
one 
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27 
28 



■ 29 

30 
31 



33 
35 



The reciprocal of 0*25 ^ cm be written 



0.^ 



The' QQmmon name for — 



IS 



^is is tmie since 0*25 - 
Hehcej k is th© . of 0*25 



nd ' H 0 . 



Try this problems . ■ 

What number is eqiiaa to its reciprocal? if ■n 
represents the number^j we may write its reciprocal 



An open sei^nce suggested this problem is 
n - * 



The truth set of this sentence is { - 1 ^ j , 



thB reciprocal or is 



Hoover (-9)(- h - (9)(|) 



Wiua j - — is the multiplicative Inverse of 



lhat 



^ is thp 



of -y* 



Sinc^d the reciprocal is unique^ ^ 



Similarly J we could show that- =^ - oj 
We suspect that for any non-sero number a^ 



reciprocal 



1 
n 



1 
n 



-9 ' 9 



36 

37' 
38 



Let us prove that: roi" every real number . a exce'pt Uj 
1\ 1 



-a a 



Since (- i)f -a) - (=)(a) = 
a a 

reciprocal of =a. 

But -a has exactly one 



i is the 
a 



^a ' 



Therefore: — 



a 



reeipropal 



ERIC 



The fact that every number except 0 hae exactly one reciprocal was 

used to prove = = i, ■ . 
-a, a . 

A nmber of other useful theoremi can be proved easily in a eimll&r. — 
way. Suppose we ylsh to find a sin^ler expression for — where - .a^, Us 

a 

any real number except 0. As usual', trying a few exan^les helpe us to' 
state the theorem we would like to prove, . " . 



39 
kO 



is the reciprocal of 



is the reciprocal 'Of . 
9 ^ 

Since |(9) ^ 1, we see that 
reciprocal of& , 



is also the 



1 

But ^ has only one reciprocal^ hence, 



1 ' . ^ 

9 



k2 



^3 
46' 



Since ^-^^ is the 



reciprocal of 9; 



of -p, which *is the 



1 

9 



c an be re e 



'the reciprocal of the reciprocal of 9 is 



Is it true that for any a except 0, ~- ^ ? 



Is the reciprocal of the 



of a the nuinber a? 



Of course, we must be sm^e that i J 

a ' 

to have ' a r e c ipro c al , ^ 



if i i 



Since a^.^'O, i ^cajinot be 0, ^^^rhus, for any real 
number a except 0, ^ ~- is a real nisnber. 



reciprocal 

a ^ 



We are ready to prove that the reciprocal 4f the reciprocal of 
^ero number is the number itself. - 



hi 
ha 

k9{ 



For a ^ 0^ 



1 

a * — 



^ is the reciprocal of 



of 



and a is the reciprocal (multiplicative 



invei^se) of — , 

' ^ a 



% definition, the reciprocal of ^ is wi^itten 



1 
a 



r 
1 



1 . 



50 



51 



Since = has only ohp 

a - 

1 
a 



reciprocal 



i 



We have proved that the reciprocal of a number is the i^/Limber itself. 



53 



5U 



55 
.57 



iVom arithmetic we know: i * i = 

J il_ = — ™ — = 

How shall we compute ^ ■ ^ ? 

Remember > m.eans "the _ of -3* 



Uan be su^re that a nile which works for the numbers 
of arithmetic holds for niiimbern nuch as ~ and 



( yes J no) 

In computing ^ ' ~ we note that 
1 



i 

I . I [ ...... J_ 

-3 



I 

3^ 



and 



1 


1 


-3 




1 . 


1 


-2 


3 



:■ ■!■)(■ ^) 



2ii 



PVum the previous theorem w-^ know that 



Tlierefore ^ ' i 

= r' ^ ^O 



In ^';enei'al, fc^r all. nunibor:j a and 
0, -is 

a ' b lb ^ 



dJj;i\nvnU. .L'rOiri 



12 



reciprocal 



1 



1 

T5 

|)(|} 



I^ot us pruve Uhat^ L'or all I'oa ! nuinboiui a and 

1 . i i 

a " b ■ ' ab * 



dll'i'eront from 0, 



We remember tdial — u(i tlu' 
at' ^ 



We nhali anai.n une .Mir know I e> l^^o ttiat nny niinibr>r ^-xj. 
0 bas exHijt-iy um p rni -fi !.( ) . 



reciprocal 
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H? ^ {-:.. X 0 X ^ X oh'^ 
• l-Y 0 is 



ir u 



/ 5 cnen 



-t^' - 0, 'q • u, then £_ 



;j 0 



0^, then we ^iiUB^uCL. tliat" ti^ 



.i-i' j.p ' 0^ thon v/c L^Liijpect that 



0 

P • q ^ 0 

p * q - 0 

n - 0 

p = 0 



Wo know that it; M -: 0 or h U, ' ah ^- U, Ih ah - 0^ what can we 
alout a or h? Ite:nj f'J-V>;^ uucCGGt the holLowin^;, 

Tuaor'^m: tur real nujiiterj :i and h ^ If al^ 0 then 

a 0 . or h " 0. 

V" " 



hor aav nunii. or a, a 



a / ("") hut not 



li" a - 0, then ''a 0 or h O" 10 
an<i Ma^ theorern ii\ ;a^o\aai . 

li" a / then a hao a . 

/' I:t al - U 



/ ^^^^ 



{-'a)r 



U hy t;he :nu l.tipiication 
— ;a'0[^ei'ty oi' equality. 



ty tiir; aiiooaiat lA-e 
■ prayer t^y- anh niu L t;iy i.icat ion 
yI^3y^:l'ty/ e.t 0. 



y t i.iei'.ia 



nition oj 



lha:.: ^ ! I' a 



hy t hi; :na \':\\-\ h ait ion 
I I'opcrt ^^ fit I , 



\ u'^ i:: true 



' ht^va-ri ;o i-roveh . It - / 0^ t niu'it he anu 
■ y-'^r r i;.; ta-.tj anh ' h-.' theoruni J,; 



hoth 
tinae 

reeiprooai 



i(ab) - 0 



i 
a 



refjiprocal 



o 

ERIC 
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Look carefully at the wording of the theorem we have Just pre 
If ah = 0 then 6=0 or h = 0, 



05 
86 



87 



Wien is "n • 10 » 0" true? ftily if _ n = 

Similarly 5 • x = 0 only if x = 

xy = 0 only If x = 0 or y - 0. 
I 

And in fact^- we could' state the theorem this way; 
ah - 0 ^ a - 0 or h - 0, 



0^ 
0 



only it 



We already know the rnultlplfcation property of 0} that is^ that: 
ab - 0 If a ~ 0 or b - 0, 

We have proved 

ab - p only If a ^ 0 or h 0, 
4 A qli 1 c k way of c omh i n 1 ng th e s e ^ t wo s t a t erne nt s is: 

ab = 0 if and only if a ^ 0 or' b ^ 0. 



88 
89 

90 
91 



To be sure that ab 0 if and only if ^a = 0 
b 0 we had to know two things: 

if a ^ 0 or b 0 then . 

if ab - 0, then or 



In provlf^"*oui^ "If and only if'' statement we had to 



prove 



(how many) 
We have proved : ab ^ 0 
a - 0 or b - 0. 



ah - 0 



or b ^ 0 



tm 



if and only If 



The statement that - ab 0 only if a - 0 or b - 0 Iej useful in 
finding;: truth" sets of certain equationa. 



93 



The truth set of p • 0 is 

ilie truth set of 7(x ( ^5 )) ^ 0 is 

'l^ie tiTith set of 9 ' y * V{ ' \/i ^ 0 11 



10] 

[5} 

[0] 



3 



ERIC 
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95 
96 
97 

98 



Consider the equation + (-j))(x 7 (- )) ^- 0, 

The left sidp ol' this equation is a pro^ct. 

It is d Jj; and only if x + (-3) =^ 0 or x + 

The t.i*uth set. of ^ x + (-j) 0 is . 

Tlie truth Bet of x .+ (-8) ^- 0 is . 

Hence, the truth set of (x (-8))^ 0 

is the union of (j) and (B), or 



- 0. 



(^8) 

13} 
{8} 



99 
100 

101- 
102 



ITie open sentence (x + (-26))(x -+ (=100)) ^ cj has the 
truth set as the compounti juntence^ _ x t (=20) . 0 



T}ie truth set is 





Tt-ie 


open sentence (x + 6)(x-^9)^0 1 


5 equivalent 




to 


''x 6 0 or 






Tlie 


truth set is 







X + (-100) 0 
{20^1.00] 

X i 9 - 0 
{-6,-9) 





Find the tiuth set for each 


equation: Tlrrn to page x for the 




correct answers , 




103 . 


(x (^l))(x y (^2))(x ^ ( 


= 3)) = 0 ■ 


lOh . 


2(x ^ i)(x ^ (=2)) = 0 




1C5 . 


X(X 4- if) - 0 




106. 


x2(x . M))^ ^ 0 




:i 07 . 


9|x - (-6)1 - 0 




ice. 


x(x ^ x^ H 





109. Try to construct a prooi^ of the following theorem: 

If a, c are real numbers, and if ac = bc^ 

/ and c ^ 0, then - "b . 

Compaie your proof with the prooi' on page x, 



9-3 



y-3» ■-iQlutlon Qf Equations 



Uonaider the equation 

If thGre l£3 a number x Tor which .. ■ tnio, 
then, UDinc the rnuitipli-atiun propert:,^ equuli-/, 



'5 a true Tor the ^jame 



^' ' 7s>i - 10 and X 



are uluo tiiie lor the 



10 



The reanonlnt^ uned in Item^: 1 am :j ahov.. similar to that developed 

"^^^^^^^ ^^^^-^ ^^^^^^^ ^^-^^-i addition i^roperty or equaiity lo uoive 

aome equations . 

ilupuQ^e we ■onsider another exanple yhawin- In deia i ! th^ ;xteps in 
solving. the e qua t Ian, 

Find the truth Get oi' ' " 

ir h 



^.0 i:3 true tor Gome x, then 



4)>: - (|)('.o) 



true .[\:^r tiiat Game 



□ieeji: ir X iLj 2^., 

tn.; lert cide ii; ) 
ille rfrht fJMie J J rj). 



He nee, the ci-uth 



ei;;n: .-■v.- 



ai; the /^teja; in th* 
d h:wi n^- L (,ernn * 



=:-i d-', tn-L 



la nvdrirot tart, w.muia]^.:^- that th-re .u-e aan:eer 
X xu.d. '-.hat. the .^--r.-^.n^e ^x - P; tru-.;. 



60 



9=3 



Wr- want to oblain a simpler c^;ni€^noa in which the left 

nidc in V. Honcc, w^• -horx^e to muLtipIy both nicies 
oi' l;ho f;quati.on I'V ■ tor'aucG = in tho muiti = 

piiC'ttiv- _____ That L:;, 



:-ror or' 



r:i.i r::! vnM \c i 



Quj-k, I:' 



01" -yyw^Oj you oooolii ::hovr ai; tho alfi.: vicnaL stop:] 
you riooJ, oivi In :;;oi^- .iiyiUoyt i^roriomc thoro ma;/ d*: 



loo i';r:r: Lor^ showo -^ha'. a nofTilor I:- an o:o:nent 
of M-O'h om^^ tooii ^iO' !io:n[ or io ot- . 



il.- ior.o lar^ 



ii.-j [0-i^;:, :oa'' 



:;how ';hat ji^ L: 



iooo^ ioo.- no*; ) 



loiuw th^it tno only 



io.-0,.:ioo- on^) 
n'on": '-'2* ' La* -an I o ! 'ono . \rui;h rsoo in 



anvo ijoi" I:* a no:nL or L:; in r.he trurh cot 
, fo.on It la; a;o > La -ho 



5 

inverse 



assoclati.Ye 



rriu 1 1 Ip 1 i cat i on 



true 

60 
60 



does not 
tru.th set 



l8 



( Of G ou r g e J it i n ob v i ou s t ha t " 
element in the tinith eet of x 2k , 

Remember bo th pai't g 



the cmly 



( are ^ are not ) 



netjeSLjary . 



2k 



H O w V/ ou 1 d w ; r^. o 1 v t j 

Wc know that if !:heru In £^ome number x tiuch that £x + 7 - 13 in true, 
then perhaps we can obtain a simpler senlonee that ia true for the same 
number x. 

Let UG cDnylder the foLLowin^^ approach to this problem; 



2h 



i''ind the ti-uth set or 

Px 7 



15. 



By the addition property of equality we may add 
-7 to both sides to get 

7) + ( ) ^ 13 ^ 




have 



(the same, different) 



truth sets . 



Now, by the multiplication property of equality, we 
may multiply both sides of 2x 8 by {=) to get 



or K 

Tlius, if there is a number x such that 2x + 7 - 15, 

then the sentence x h is true for the same x, 

'Bie truth set of x - k is 



(2x + 7)4^(-T) 
15^ (-7) 

0 



the same 
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28 
29 
30 



Wg must check to be suro that if x is h then 
2x + 7 ^ 15 is. 

If X iB then the left side of 2x + h is 

g( ) t 7 or 15 . 

The right side is 



Hence^ th?B truth set of 7 ^ 15 



0(if) + ? 



15 



We have ust?d both the addition property of equality and the multipli- 
cation property of equality to find a simple sentence which has the same 
truth set as 2x 7 = 15, 

Suppose J instead of beginning by adding the opposite of 7^ we begin 
by multiplying by the re c i p roc a 1 o f 2 : ^ 



31 



33 



Find the tn^ith set of 



?x ^ 7 - 15 



By the multiplication property of equality we may 
multiply both sides to Ret 



=(2x + 7) 



This is true by the ____ property and the 
definition oi" reciprocal. 

By the addition jiroperty of equality we may add 
= X 't o both si d e a to r e t 



Usin^'; this method^ we afiain ,^^et the oentence 

X - -U. 

P^om the check shown in Itemn 27-30 we know that 
x^^ h and 2x 7 - 15 have the same truth set£ 
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distributive 



ERIC 



Clearly, both of these methods are correct, midh you nhouid use 
depends on the equation you wish to solve. A ''rule of thumb" that mi^ht 
be helpful vould be to try to keep the ^'ar^tJimetiu " as siniple as DOGsiljle. 



f 

In the courGe of finding the truth set of 






£x + 7 = 15 J w-e found a simpler equation 


which 




has t^i as its truth set. This simpler 






equation is ''x ^ k-\ 






Thus^ ajthout:h the equations 2x ^ 'i ^ 


,and 




X --■ Look lUite diii'crent, they have the 


same 




= — -""^^5 







tnith 



iJot^:.' ;Jiar ti:r-urhout tills d i G'Hujs i>:.n iiuve a;::q;::ied 'luit i 
or -die variarte Is Uie ;;:u;:e f:;r :.-Qth open sont^^nee:. . 

te^l'i,uiti ou. IVo 01 .jn .^enterr:^es vhi-i: have -nio ja:::e tia:th ;-e art 
-a.P, [ c^pilva! ^mU u:.e:; senteneos * In i:arMeuiar, tw.: 
oquations whP-li h^we th.,^ same rruth Gvt ar^ vuid-d 
equlva!-rt equahlorie. 



-iD:::ain 



'M': iri vh: -d. 

:^U-^^ai^:U^ - :irP. P.::;;: , 



u:^ :. 'X 



T U" u. :; 
- : ■ h- r.avi 



■•/r' Hi:. , ..y'' 

ne '-|ua^^en, V/e Mi'*; 



addition 



mu Itlp I J cation 



Hi^.ju^:h 'hain al' ^^tuv.^ wv Imvv ohov/n that ir 



I-^ X ^ in t ruo :;or ;;u. 
M'U* ' ror Liu; ;wuri-.; >; ■ i'-- . 

" t.r*;^j;, 'K'-ii wtj -^m ujo 



ic true 



2x - 8 

mu 1 1 i jj 1 i cat i Q n 

addition 

7 



, t.hOil M. In Ll-A- 



r.^-ht-r i^^iri^i^ ..ur oarl L^^i- :;t-.n::.: t,r,!fi uni I:^ u 
:.;^i::i-"r In t.;.t' truth j^M:. >r . Uu-n i i 



bruth set 



truth Get 
equivalent 



■< ^ Hen-- we .^ari to .r;r" th;il |U) 1;; th- tnith 

-i-n^- . ^ ' 1 ■ 'H;^ n?L\-^: tt.f: i^uw^ '.r^tli 



/t 1.1^ tho e']iia(,ion 
'-^i^ y=X ' '( - It- 



3 
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kB 
k9 



50 



53 
5^ 



^3b 



On the other hand^ to go from 

X ^ k 
to 2x - 8 

w© multiplied "both sides of x ^ k by 



We note that 
of each other, 



and 



rare multiplicative 



To go froiA 

2x + 7 ^ 15 

to 2x ^ 8 

^® ^^^^ ■( ) to both gldes of + 7 - 15 , " 

The corresponding step in the chain of equivalent 
equations 

X i+ 

2x = 8 
£x + 7 ^ 15 

is to ^ add to both sides of' 2x = 8. 

7 is the inverse of (=7). 



We c a n s u_mmar i z e . 

in the first case we " climbed down " j by steps involving 
the addition and multiplication properties of ^ 
from the equation Ex + 7 - 15 to the simpler 
equation , 

In the second case we.-, "climbed U£" from the simpler 
equation to the original one ^ by steps that were the 
revei'se of those in the first part. 



The reverse step to multiplying both sides of 
was both sides of x ^ h by 



^ 8 



-by i 



(-7) 



additive 



equality 
x ^ k 



multiplying^ g 



We could have saved the actual work of the last part by recoonislng at 
each step^ 'as we "climbed down" in the first part^ that the steps could be 
reversed. By reasonir^ alone., without going through the actual work^ we 
could have convinced ourselves that we could "climb" back f ronT the equation 
K ^ h to the equation 2x + 7 - 15 • 



3 : 



33'^ 
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= Let us^ summarize the kinds of (roverGiblo) steps ve used ini^^iiio from ' 
our first equation to x ^ Tlie major stops were adding the Game nuinber to 

both sides of the aquation and muitipiyino both oides of the equation hy the 
same (non-gero) number. Addinc the same number to both sides oV an equation 
can be reversed by adding the additive inverse of the number. Multipiyinu 
both sides by a non=sero Tiumber can be reversed by multiplying^ by the multi^ 
plicative inverse of the number. 

We also applied various properties of the real numbers which are true for 
aU^ real numbers, l^e application oV these properties is obviously reversible: 
For example, we can replace L -a by a or a by 1 - a whenever we like. 
For an^ real number a, we know that a and 1-a name the same number. 



5Y 



18 



llius, we euuld have concluded from our first :rteps 
alone that Px + 7 1.5 and. x - 4 have the same 
set * 



We cuulrt have concluded without checking that 
+ 7 15 and X ^ h are _ equations. 

Uir conclusion is based on the fact that each step 
used in obtaining x ---^ h from 2x *" 7 l'^ is 
revci^s Lble . 



truth 



equivalent 



Tlic forpKOine discussion was lone. Once you have understood the reasonino 
howe ve r , y ou can app ly 1 1 i c k L y . 

Kxample . Find the truth set of - 2y + (=lB). 

>y - py (-1O) ' . 

5y » (-Py) ^ Py ^ ( = 18) ^ (=Py) 

py ■ -lH 
y - =b 

The truth net is (-6) . 



60 
61 



in this oxamijlej we be^an by addin/- 
sides '0:t the efjuatlon. 



to bo til 



We tlien simpl.ifiod, ai)pLyini: properties wlLbdi hold l"or 
al l reai. numbers, and ubtained the oquation ]y =18. 
Wo multiplied both sldGS^of thio equation by , 
obtaining; the stil.l simpler equation 



3y? 



31 



> 



i 

3 

y ^ -6 



62 



6h 



Qlnoe our steps were all reversible, we are sure that 
all the e(|uatiDriG py - 2v (=10)^ 

+ (-?y) - 2y ^ (=lBj + (=ay), - -iB, and 
y are . 



Because they arr^ i: |:;ivalentj, thoir 
be the came. 



Jets mucL 



is gbviouai-;,' Lhu truth Jot ox' y - -L, 



it Id alDO the ti'uth ■L:et 01' the orLr;inai oqiuition. 

Wo can thu3 roaLioru v/_i^L£:girt j liin^hor ehecki ru :, that 
have" jVjuna liuj truth act iliia shouLa no t couvinju 
yuu that cliouhinu ic a wactu oV tiine. b'ooplo make 
nilrrtukcc in ar 1 thnieti.- . and a ^/heck L^j a c^ood v;ay to 
uatch cuc.;ii nilDtstkon . KgD]' on checkinr Vor ajeui'aoyl 



equivulent 
ti^uth 



■6) 



^ ~ v' 

ilie ohe.;'k Cor thu ijxaniidG Just eoi:i; letet:! is: 

ir y 1;: , tho ielt .uiuv '.-(-A) .^;0 and the 

rirht side in y(-u) (-Ici) ■ ^a), k. 



lieriunU ui'^ 

iVo or^en nun to rices are ni i va ! cm. it they havo the 
O . same . 

if" ve iruu'ijdy ua.di nit.io ^.u' an enu^i'.i'-u: \y [l\c name 
non-- numl=er\ 
wc out a in an ■ ^jquatitj:. , 

it we add tne nanio munkoi- i..: ir-x^Ai ni'Je ■ iI^uai i:v\Alioii, 
v<-r tain an \ '\ Ivia '^tui . 

i");^- roau'.ni Xi:; that toth L-i" an-no .u.etn ar^- rca--i-s i : i u . 



^i'une. W'"' have tlie ^^n sontani'- 
lis .-■'.krni.^e Sit 1 :uiu t^-'-U ali r-a! vniju 



1 



1 o( n s k] 

d 



/.u:n; 



truth set 

non-zero 
equivalent 

equaticjn 



0-0 
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% adding (-x) to both sides of our open 
sentence we obtain the sentence 0 ^ o. ' ' 

^^is is for all values of 

(true^falsel 

We shall never get into logicaj,. i neons Is tencies if 
we regard this as an open sentence whieh is true for 
all' values of x, ' 



Consider the equati 



on 



0-1 



Adding =x to both sides, ve havei 

71 
72 

Ik 

% 

^ometlmes we uce the termE rlghtT member and left member of an equatic 
Instead of right side and left aide. 



0 1 and X ^ I + X are Gqulvalent open sentences, 
ThQ truth set of 0 - 1 is 

— , 

111 Is may be thought of as an open sontence which 

is for all vaLueiL^ of x. 

(true J false) 

Tl'iQ truth set pf x - 1 + x is 



false 



75 



"The rl^^ht member of. an equation'* is another way of 
saying "the right of ^^i equation". 

11. e left nide oV an o-.iuation lu also called the 
l.eit ' , 



side 



member 
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In whMi 


of the 


I'oL i^owin^ are 
i 


tlio 


t:.WLi t-'tj-uatlonn riot, e'juival ent ? 


lAj 




;:) 'y, ind 








t ' 


>f :ind I - It 






ic] 






ari'i 


'c:-j, - 1 U 


[Dl 


nx V 


, and (f5x)0 


- (7 


)o ■ ' . 
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M'%L 'M 6x - 7 and {6x)0 ^ {t)0 

tod 0 doe^ , not hav^^ a reclpro<:Al--tii!i|!^-c|B^^ our 



78 


+ (-6) ^ 5y + (=6) and 0 - y ' 






equivalent* 


are J are not) 




79 


-3a - -6 and a = 2 


equivalent , 


are 




(ate J are not) 




80 


3m + 5 ^ + (-T>^'^'and 12 ^ -6m 




are 




equivalent , 


ire ^ are not) 






X = 3 and |x| ^ |3l 


equivalent * 


are 




( are ^ are not) 




82 


The truth set of x ^ 3 is 




(3} 


83 


The truth set of |x| - |3| is 













Find the truth set of 

6x + 12 ^ Sy (-8). 
There are several approaches to this. Here is one approach, 
.. 6y + 12 + (-12) ^ ^ + (-8) + (-12) 
6y - 2y + (-20) 
6y + (-2y) - 2y + (-20) + (^2y) 
ky = -20 
y - =5 . 

Check: If y ^ -5^ the left side is 6( -5 ) + 12 - -l8. 
The right side is 2( -5 ) + (-8) - =l8. 

Eememher that there are othei^ approaehes to this problem that are 
equally correct , 
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86 

m 

88 
89 
90 
91 



Ilnd the truth s«t of eaeh of the following equationfl: 

& + 5 = 17 . = 



Uy + 3 = 3y + 5 + y + -2 
(Collect temifl first) 



12x + (-6) = 7x + 24 
8x + (-3x) + a = Jx^^ 

6y + 9 + (-'*y) = 18 + 2y 

Ign + 5n + (-k) = 3n + (-!(.) + Sn 

15 » 6x + (-.8) + 17x 

5y + 8 = 7y + 3 + + 5 




Wm 



(it i:vM-:|f » 
the . ■ sil'' if lit 11 



92. 
93. 
9k. 



Find the truth eet of each of the following equations ^ 
toswers ara on page xl* 

-6a + + 2a ^ 3 + (-a) 



95. ^ + (-6) + 7y ^ 8 + (-9y) + (-10) + i8y 

96. (x + l)(x + S) - x(x + 2) + 3 



Equations ariee in the study of physics^ chemisti^j engineering^ etc, 
Aa you saw in Qiapter 5j nia^ everyday situations also give rise to open 
sentences* In that chapter we learned how to find the open sentence 
auggeated by a given word problem* Now we are able to find the truth set 
of the open sentence , 

Example . Thm perimeter of a triangle is kk inches . The length of 
the second side Is 3 inches more than twice the length of the 
third sidej and the first side is 5 inches longer than the 
third side^ Find the lengths of the three sides of this triangle, 



97 



If 

then 
and 



is the length of the third side in inches 

the length of the second side in Inches 
is the length of the first side in Inches i 



The open sentence suggested by ttiis problem is 
X + (2x + 3) + (x + 5) ^ 



ac + 3 



339 



3i 
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100 
101 



102 

103 



We' now find the truth set' of this equation. 
X + (2x + 3) + (x + 5) - hk 



36 




The truth set is 



l^ie solution of this equation correspoads to the 
length of the third side , 



If 9 is the length of the third slde^ then 
L J ^ is the leijgth of the s'econd side, 



Is the length of the first side. 



The lengths of the sides are 9 inehes^ . 21 inclies, 
and 1^ inches * 

Check: 9 + 2l + Ik ^ kk 

(Note that we go back to the original problem, not the 
equation, and check our solution with the conditions of 
the problem, ) Jv^. 



4x + 8 - kk 
C9) 



(2*9) + 3 

9 + 5 



You will find it much easier to do these problems if you use good form 
in setting up the problems and in your solutions. 

Now try your hand at solving some word problems. For each of the 
following problems, write your work carefully, using' the general form of 
the preceding Example. When you have finished, check your an^er with 
the one given. If your answer Is not correct, or if you are not sJre that 
you understand, complete the items below the problem. 



10^4 



riant 


A grows 


2 inc 


hes each week 


and it i 


'3 now 


20 in 


::hes tall 


riant 


B grows J 


i^phos 


2a ch week 


and it 


is * now 


^' inch 


es tall . How 


many wee 


\S from 


now wi 


_1 they be 


erjua 1 1 


y tall? 







In B weeks 



lot) 



Let X = niimber of weeks irom now until the 
plants are equally tall. 



In 



j'l.ant A 



grows 



inches * 



313 21.0 



106" 
107 

108 

T 

109 
110 



Plant B grows j inches . ' 

At the end of x weeks, plant- A is 
inches tail» 



Plant B U 



inehes tall , 



An open sentence which states that at the end of. 
X wepks the plants are equally ' tall' is ' = 

Thm truth set of this open sentence is 



3x 

ac + 20 

3x + 12 

2X+20 3x+ia' 
(8) 



111:^ 



If a counting number and its successor are added, the result is one 
more than twice the number, mat is the number? (Remember to specii'y 
the domain of the variable .in this^open senttsnce. The s^.at@ment 
of^the problem will usually Indicate the domain of tho variable j 



Any counting number* 



112 
113 

ill^ 
115 

ll6 



If n is a counting number, its 



successor n 



TYie number that is 1 more than'" ^n is 



An open sentance which fits the problem is 
n + (n --f l) , 



The domain of the variable is the set oT 
niunbers = 



Since n+ (n + l) = 2n + i true for all 

(Is, is not) 

nujnbers in the dom.ainj the number may be any 
counting niunber . 



n 1 
2n + 1 

n+(n+l)^2n+l 
counting 



117 The sum oV two consecutive odd inte^cers is 



V/liat are thu Inte^^f^ 



Tl'jj Bf-t of ralrn of consecutive odd intcfers 
pi'oli.ofn is tho nuLi set. 



lid 



? f} aro consecutive odd intcrcr: 

li" II stands for an odd integer ^j^he ncjil oi;. 
Integer is + 2, 
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s 119 

120 
^ 121 

^ 122 



An ope^ ientenet ^Ich f Ite the problem Is 5 
n (n + a) ^ 

^Die domain of the wrlahle is the set of Integera 

An open ientence equivalent to n + (n + 2) = 11 

is 2n ^ 

Thtn sentence haa truth set [ } ■ 

- V 

Since | is not an integer^ the t^th set of the 
open sentence^ n + (n + 2) ^ 11 is the 
set. ' , > 



123 



A radiator contains only water. Two quarts of alcohol 
are added. The mixture then contains 20 per cent 
alcohol, Hov many quarts of water were in 'the 
radiator? 



12U 



125 
126 



128 
129 



Let X ^ %he number of quarte ' of in 

the radiator. 

After the alcohol is addedj the radiator 
contains quarts of liquid* 

Of this J quarts is alcohol, 

P^e know that 20 per cent of the liquid is 
alcohol , 

We may find 20 per cent of the number x + 2 
by computing either .20(x + 2) or i(_ 



An open ^|^fence appropriate to this problem ii 
|(x + 2) 



An equivalent open sentence is: x + 2 



mll j or efifl|>ty iM 



Q quarts 

X + 2 
2 



X + a 

10 




9 



Turn to ^ge xl for the solutione. ^ ' 

130. Qtim number is 5 tlmae another and their sum is I5 more than ^4 
times the smaller* >^at is thl sinalier'^numher? ' ^ ' , 

131. A nuaber is IncrBased by it and the sum is raultlplled by 3. if 
the rBBUltlng product Ifl 192, what is th* number? 

A 

132. In an automobile race, one driver, stastlng with the first grotlp of 
cars, drove for 5 houri at a certain speed and was then 120 miles 
from the finish line. Another driver, ^'o sat out with a later heat, 
had traveled at the aame rate as the first drivftr for 3 hours, and." 
was 250 miles from the finish. How fast were these men driving? 

133. Four times a counting number ii 10 more 'than twice |ie successor 
of that number, Wiat is the number? 

31+. "Jake has $1.65 In his pocket, all in nickels, dimes and quarters. 
He has one mote quarter than he has dimes, and jhe number of nickels 
he has is one more than twice the punber of dimes. Bow many dimes 
has he?" 



9-'*-. Summry and geyiew 

Wo have defined multiplicative inverse as follows- 

For each real number c different from 0, there 
exists a real number d such that 
cd 1 and dc = 1 , 

We have proved that for each non-zero real nujnber c there is exactly 
one multipllcativB inverse. 

We have agreed to use the name reciprocal for the multiplicative inverse, 
and to represent the reciprocal of any number a by "i". 

We have also proved the following theorems: 

1. Thm number 0 has no reciprocal, 



31} 
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2* Thm reciprocal of the reeiprocsL of a non-zero real numter 
a le a, " " " 

3* For any:non-g©rp real numbers a and bj ^ 

' i i i ^ i 

i a b ab ' 

^, For any non-zero real number/ 

6' 

-a " a ' 

5« For real niMbers a and b^ ab - 0 if and only if 
d 0 or b . 0, 

i 

Bgvlew R'ob lems 

^e'answera to these review problems are on page xili. 

1. Find the truth set ^of each of the following equations: 

(a) U + 7 - 2a + 11 

(b) 8x + (^l8) - Jx + 17 

(c) 7x + 2 + (-5x) = 3 + 2x + (-l) 
-(d) |-2| + 2x ^ (-3) + 3x + 5 

(e) ^3x^ + (-2)x = x"^ + 2 -t- Hx^ 

2. Find the truth set of each of the foil owl ngi 

(a) (x)(x + l)(x + 6) - 0 

(b) (x + (-^))C2x + 3) - 0 

(c) (3x + (^5))(2x + (=1)) -0 



3* We have proved that the opposite of the sum is the sum of the opposit 
Tfiat is j for aay real nujnbers a and t^ - (a b ) = ( -a) + ( -b ) * I 
it triae that for rion=zero I'^eai niimbers a and the sum of the 

reciprocals is the reciprocal of the sum? 

¥qt what values of b does each of the following have no reciprocal i 

(a) 2b + 6 • 

(b) bCb - (=L)) 
(e) ^ 1 




_5.. For each of the folloving problems^ wi*e an open ^sentence, find Its 
truth set J and answer the question asked in the problem* 

(a) Jim and I plan to buy a baskatball* Jim is working, so he ^rees 
to pay, $2 more than I pay* If the basketbalL costs $11, holt 
much does Jim pay? 

(b) ^e sum of two consecutive odd integers Is ^0. V^at are the 
integers? 

(c) The lejigth of a rectangle- is 27 yards more than the width* The 
perimeter is 398 yards. Find the length and the width* 

(d) Mary and Jim mdded their grades on a test and found the sum to 
be 170* Nfary's grade was ikt points higher* than Jim's- What 
were their gmdes? 

, (e) A man worked ^ days on a job and his son worked half as long. 

1?ie son'a-^aily wage was ^ that of his father. If they earned 
a total of' $96, what were their daily wages? ' ^ 

(f) In a famer's yard were some pigs and chickens^ and no other 
creatures except the farmer himself. "Diere were^ in fact^ sixteen 
more chickens than pigs* Observing this fact^ and further 
observing that there were 7^ feet in the yard^ not counting 

his own^ the farmer exclaimed happily to himself^'-for^he was a 
mathematician as well as a fanner^ and was given to talking to 
himself "Now I can telL how many of each kind of creature 
there are in my yard." How many were there? (Hint^ Figs 
have k feet^ chickens 2 feet*) 

(g) At the target shooting booth at a f'alr> Montmorency was paid 
10^ I'or each time he hit the tar^jetj and was charged 5|: each 
time he m.issed* Ii" he ioct '^3^ at the booth and made ten 
more misses than hits^ how many hits did he make? 
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Chapter 10 
^^TOTIES OF OHM . *■ 

10-1. !nie Fimamantal ft-opertie's of Qr&Lmlt - 

We have used the concept of order to make certain statements about niunbers. 
In Chapter 3, when we were considering only niimhers of arithmetic, we used 
/'is less thitfi-' to mean "is to the left of" on the nraher line, 'in Chapter 6^ 
we extended this meaning to the set of real numhers. Ihe statement "a is 
; less than h" Is written in symbols as >"a < b". 

If we given a first numher a^ and a second number then the 

statement a < b is either tme or false* In this sense j "< " is called a 
relation In the set of real numbers. 

We have discovered two fimdamental properties of the relation "<", Let 
US review these properties. 





If 


a smd b are real numbers and if 


a < b is 




fall 


le^ then either 








a ^ b is true 




1 




or b is true* j 




2 


The 


above is a statement of the 


property. 



If a^ b^ c are real numbers and if a < b and 
b < c ^ then a 



The above is a statement of the 
relation "< " , 



property of the 



Recall "that we have called, this the "transitive property 
of order"* 



b < a 
a < e 

tranBitive 



5 


If X < ^6 


and =6 < 


which of 


tht? following relations is 


1 con- 






sequence of 


the tr.3iisltive 


property 


of order? 








[A] -5 < X 


' [ 


B] K < 


, [c] X . =5 







"If X < -6 and ^6 <'-5^ then x < -5" is a direct 
application of the traniitive property. Thus, [B] is correct. 



There is one other property of the relation "<" that we nhall develop 
in this section, 
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11 

12 



Ik 
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To find the truth set of 3 + x ^ 3, .-^ use the 
property of , equality ^to write : 



If (-3) + (3 + x), ^. (-3) + 3 is tFue for some x 
^h^^ . = Is true for the same ' x. 

Thus^ we determine that the truth set of 3 + x ^ 3 . 

is . - 

The sentences "5 + x - 3" and "x ^ 0" are equivalent 

sentences, since they have the^ same set. 



Now let us consider the open sentence 3 + x < 3. 

— ^ ^^-^ truth set of 3 + x < 3, since 

(is, is not) ' " . 

3 + (-1) < 3 is a true sentence^ 

In fact^ the truth set oi" 3 + x < 3 must include 

^11 real niimbei'S. 

{ n e g a t i V e j p o s 1 1 i V e ) 

in the truth set of 3 + x < 3, since 

(is^is notj 

3 + < ii3 a i'al.se sentence. 



In fact, no 

( negative .positive] 
truth set of 3 + x < > . 



reai nuinber is in the 



Is 0 in the truth set of ^ + x 



Hence, the truth set of 
negative real nuribeiuu 



+ X < 



(yes.noT 
ii^ the set of all 



A t;i:nple open i^entence havin^^ this ti^uth set ic x < 



Thn sentences 



+ X 3'' and ''>: < 0*' are 



cent^neo^ . _s In ^e they have the i:a;no trutii set. 



addition 



X ^ 0 



truth 



IS 



negative 
: ie not 

positive 



X < 0 
equivalent 



Porhaps you cusutH-t liie pi^opei^y ot^ " which we wl:;h to discuss. 
- nelprul to UL^e ti.e nimihcr line. Let uv. fix two poini- a and 
on th'.; numor iliuj with a h. 
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— —I — _ — . ^ 

On Ih^ niiniVer line aucvo-, 



W not. 



10 

1..' 



0 + C 



b+Q 



3S 



27 



^0 



31 



It true that 2 < 5. / 

ir h le added to 2 and aliio to 5^ -the resulting 
sentence will be 2 + 4 < + 14. or^ b < ^ 
which 1^ a 



( true ^ raise) 



sentence. 



^ain^ stai^ting with the true sentence 2 < '3, if 

in added to 2 and alco to 'j ^ the reoiiltine sentence 

will be 2 + i-k) < ^) + i-h) or < 1 / which 

is a sentence. 

{ti'ue^ false) 

Since (-7) < (.^) , ' ^ . 

then ( = 7) + 2 + 2,^ 

is to the left c/^^( = l). 

Sinoe (-7) < (^3), 

then (^7) + ^ (-^) + (^1), 



or 



6 < 9 
true 



-2 < 1 
true 



.5 



-^10 < (=6) 



We can now ntate another f undajnental pinDperty of order. 

Addition property of order : If a, b^ c are real 
iiujnbei^s and if a < b, then 



a 4^ e < b + 



eind c + a < c + b. 



Use the addition property of order to determine which 
Oi" ^i:e following sentencei: ai'e true and which are 
false. 



true 



true 



trijie 



false 



Hecall the addition property of equality; 

For ajiy real numbers a, b^ c^ if a b, 
then a + c -■ b +- c and c + a - c ^ b , 



350 



I 



39 



How would we write an addition property which combines the' addition ^ 
property of equality with the addition prpperty of ordjer? 

[A] \- If a s b or a < h, then a+p = b-+c or a+c<h + c* 

[B] if a s b or, a < b^ then a c - t + c anc 



a + c < h + c * 



[C] If^ a < bj then a + c < b + c. 



'Since a + G ^ b + c and a + c<b + c is alw^a false, 
. - -j^iB] Is IncDrrect, While either [A] or [C] is a correct choice,. 
/^[Cl is the more concise form. 



kO 
hi 



h3 



6B 65 ■. 
property of order to= decide, 

19 =' 19 ' 



6^ 
Now, 



11 



□ 



11 



Hencej we may concluUe tliat 
63 6^ 
" ( tnie ^ I al ce ) 



sen tenet . 



n 
19 

11 
15 



^rue 



U8 



Here^iy a hardei^ one. Let'n determirK? whether 
4^ + iG iecc than ^ + i^. 

Fii'st. 'we. eee Ihfit = X, 



woirld UGC th* 



ai'i".' iLrnurit oi' IteinG ^^0=^ ■ 



i.L 



iie'-'e J w a? 



propertj. 



Nov, 

We navo 



11 



uping the 



7 li^ . 

^ +i == ±;\ ii truo r^T-atemenl 

^. ^ ... 

pi'opei'ty oV order. 



W 



331 3 D 7 



addition 



fidd.1 1 ion p r op = 
erty of ordei 



ti^nLdtive 
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T/-t Ml- .■wvm'xri ['J' t.MP \hn,:o i^und ajnofila.] vvppvjrtici) oV which we are 

:umi fi" to in.' t r-ur. . 

, / 

Quuihur i : o;. Pvopt-v\ .y : Li -x and b '.irc^ vr^ai mmljovi) 
Ui"!! ':z:±':i\:/ our: o:' th- i'o riowlfi^; li: Iruc-i 

'X '-^ b J u h f b ' a , 

'^^^'-^'-'l}!^:^ t^'j'op^•^'ty uT ££(]££= If' a, c ai^o real nviriiberE and 

i !' -i ■■■ b arni b < t= J Uv.'U ^a < ^ 

iij-i- Rron;^^^ fjb Oniur: ir u, b, t- aro roai nujnberG and 
i b a ■- b . tfi'.Mi a + r '\ [.> + , 

\- 

'i^i'-"- 'J-^''-, or ^-i.t;-. ni.iv r f rt ■ rt Ic-- " 0!^ ui-^lcr. Tlior-c, however » can 
.::.ow![ 10 ^oiu' ■■ lu^ ri' 'o:- ob oiu' :'■'I^:^bi|^^■;;t,al uitJpcrt i or . Wo haVo alroad;/ 

i I h- i-r p;;gfr-rt v .a' cipptj.^ : 

' b ■! a!! ; b 'xr": i--al MUinbe.ia; and 
lb n b. ■ :..^n ^b < ^a. 

' liibA>i:: bs^^--M''"''bV , u-Mif- rb- addilion pr^Cper-t.y ob ordor. 



jro v;?/ r-\.i_'A-- 'Ai-- prs.ob, b t. u;; ;^co how wiM pro-'eod. We L;t'.L!^t with 
I'i'^ii-'V a ^ :■ M.;.-: a!.b 1o uiduMi an hi^-juabLty havinp =a to the 
-■ynbn . 'r-'\ b^;a.. /app^'.-t/ thai w^j adj ^a to both ride.- oT 



(b) 



(: ) 



( 



(■■^ ^ 

{■ ) aia; t 

{'•) 



r r-rtp . : 
: :'.a-ad-v . 
POT-^^'V .a 
prop'a'tp a! 



h ^ (^a) 



b + ( = a) 
0 + (^a) 



ordor 

acid, I lion, 
oppoartea 

addition 

zero 

addition . 
ad.dit ion_, zero 
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10=2. i'Xirtli^r PropGrli oT Order 

In B^'-tlon 1-1 beroi; o:.r filr.-K-uou o.f arJdltLon of reaJ limnbe:-. uy 
eonsidt^rl nc a:lJition In tor::i:- of il^e number ;.ln'>. We founl tlvxr ro id-i a 
^po^mv^ number, wc. rriove tii*' i^t^ on tiv"^ nunii^t^^r line. Tin-, trie dlo^:rc]jn 



may U? inxoi'pretetj a.; x ^ ;/ - i: anU y i.- Dcn^ulvo. 

Ponltion on the numLe:^ iLn,: rme been inte^^preted in terme ob omier. In 
our clla(^rain x 1^ to t.!:e let't ol ■ , or x - ■ : . 



Not b:e that we have two :;1 alemtait^ 

X anu y poei fivL 
aiei 



^I'he L'Ir5;L e taturrir-nl ; uy;: that ir a 
ndd'jd to X, W'j obtain , y. 



nuiiiber i . 



Ilie xec^ond :Vtatefnen t. : :■ ail or^dr^r --haterr- th-^-t 

r 

A ly 'him V. ^ 



b lb we knov/ Lh^Lt a f- 



ow tnat 



X + y i s 



X < s 

is Icon thaii 
a < "b 



.! I 1 iu.t.: 
K / 



Thoorn::: lO^ba. lb 



Proo 



a i V' 



j'^/'j ! en.::;;; 



a- e :e ! t bjn f:' -Im 
■e; I ' :.- ■ ptN sen' i e 



b7 



posit ba^^ ^ 
orde r 

0 



(.-! + -r) 



1 
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; true. 



3, 



To ' 
To 

1 . _L 



9i 

-0, -Ji ..; 1 .1(7 

1 

T) 
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Tiie precedini- examples -nhow that ror each two different nujnl)ers with 
whinh we started we fouiid a poyitive nuinber which added to the omaller yielded 
the larger, TJiIs iu what l^ieorem lO^gh ntaten we should be able to do, 

Tlieorems lO^Pa arid 10=2b taken together mcht be stated as rollows: 
X < z is true if and only if there Is a positive nujnber y such that 
X + y z. If we had chosen to do so^ we could have used this statement as 
a "definition" of i^iis would have been consistent with our knowledge of 

the numbers of arithmetic. Refer to our brief discussion in Section 4=5. Had 
we adopted this definition, we could have proved the cQmparison, transitive, 
and addition properties of 

Let us turn to another^theorem. In solvlna; equations such as 

3x 100 - 1000 ■ ^ 9 

we make use of^ what wo have referred to as tlie addition and ninJ tiplicat ion 
propei'ty of erjuaiity, 



37 



If Jake had $iOO more than three times the amount he 
now has, he would still have less tiian |;iOOO dollars. 
How much money does he now have? 

Triis situation leaus to the open seritence 

'< 1000 . 

All Cfnilvalent senter^-e is 



We 



;uess that Jal<*j now has 



J300. 



Is it true that if a / 0 theii "la: 



and 



•x < b(i 

a 



iNt, 



ai'u equiValen' opsri :;entoncesT 



(yeo,noj 



3x + 100 < 1000 

3x < 900 

less thns^300 



Were you surT^dscd hy "the answer f.r-, Hen; Uyl' - dir-over the reason 

I'or tnal 'u. .wer. 



i^O 



Cons leer the t.isi 



If ea:;h momter' ot liii. 
wc (:S( ) (S( 



.nesu-.L:it V 



Is this new sentence t.nie? 



T7«S 



";u.! ; ipli' 



b)i2) < (B)(2) 



3 



hi 
k2 



7 < 10 is true; (7)(6) < (10)(6) is also 



= 9 < h and ( = 9)(5) < (^0(5) are both , 

( tme. false) 

Given that ^ .^7 < ^2, If we multiply each memter of 
this inequality by 2, we get the inequality _ < 
whi'-:h is a true Dentence. 

Did you notice tliat in ^^ach exajnple we started with a 
true inequaiity and ^ both numbers by a positive 



number? 

ir a < b ic true, then ( a) ( 3 )<(b ) ( 3 ) is also 



It appears that If a < b and it c is positive^ 
then ac < b 



true 



(.T)(2)<(.2)(2} 
or ^1^^ < 



multiplied 



true 



ae < be 



itiii j the ani:wer Icj Item ;,3 was "no". Can you guess why? 



2 < 6 is Zi-UQ. V/li U'h of the i'ollowirs; numbers cannot be Inserted in 
th^; paronthv-ses so tnat. Lhr i-erultino seritence is true? 

(?)( ) < ) 

Ul 7^ ^ ;CI =& 

[B] 08 ^ [ D] Each wlilVnake the sentence true. 



< (6)(|) ajid (a)(68) < (6)(68) both true senttsncee, 

but (2)i-2) < (6)(^a) is false. [C] is the correct choice. 



ii8 
\"0 



c:? < J, is a true sentence. ijet ais wislte a true sentence 
usinn that shows the order of aiid jiC-^O- 



:;(-'0 



triu- sentence , 



is ^ true sen"tcn';e, Write u ti'U'- sruiten-u. 
'<'\ tint .;news tli-- idfe^nor and 



) (-s)(-l) ar-e both t.rue sertcnces. 



1:' we know tnat a '■" \ , v/hat r:;ay we >'onc!ude ahOMi tne 
"■sder at ^ Six -cifi =:^s? < 



8(=3) < (^1)(=3) 
0(^1J < (^5)(=1) 

-2b < ^aa 



359 r. . 




' :. - ) 
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10=3 



I':.!: iln- ti...- trutii r-'-ti: of 



no [Try a ^5? 



no [Tjy 



3i 
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If wt: a/;nurne tlio tinath of the propertion nttited Ln Items 1^3^ we could 
prouGGd to prove u umnbor ui tluvoremn about " Fortunately, this Is not 

real ly rla(•er.:^ary , 

When we are dealing wl tli two dlfTerent real nmnbert; it really does not 
matter whethnr we\uiL^ert^ for extunple, ^ < j^^ or ^ > We may move, 
with complete freeddm, from one or^cler- re I at ion to the other* 



0 
6 

7 
8 



10 
11 



In particula2^, we may :rtate the order property of 
opposite:; ai; follown: 

if a < then ^ > 



DimlXui^ly , IV a < b.^^and c is net^ative , 
then > 



and 



1.1 



ami ( = 



-X < 3 in equivalenf to x 



J 



m > be 
3 >>2 



Examine th*^ foi lowing; inefjuallt I e:: : 



^ P. y <b 



y > D 
n. =y > - 



Whlcdi two are equivalent open nenteneec? 

i^l P ^1'^^ ^ [BJ P and n [C] Q and R [ D] Q and 



The truth sets of these sentences are: 

the set of real Dwibers less thaii 5 

^he set of real numbers less than -^5 

B» the sat of real nml^ers greater thaii 5 

the set of t&bX niimhers less than 3 (if > -5 Is trusj 
it follows that y < 5 is true) 

Kie correct re^onsa ie [Bj* 



r 



J < 7 is true^ hence > is ai so true 

If K < y^ then > , ^ 

If >i < what the order of and 
if =x < then X . 



-5 > -7 

-5 < -x^ or 



3 
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Here is some 


practl 


ce in finding 


truth 


sets and in drawing graphs. 




Determine the 


truth 


set 


and ni'-aph 


each 


of the following open sentences. 




The answers ar^e on 


paee 


xvi,^ 








y < 3 








18. 


|y| < 3 [Recall that |y| means 




-y < 3 










t h e d i s t cm c e "b e t we e n 
0 and y. j 


16. 


y < -3 








l-n 


-|y! < J 


17. 


-y < -3 










-y| < --j 
-iy| < 





Here are some pi-actlce tjxeMlses 


ill f incline 


truth t-ets of Inequalities. 




Aiiswors are on pa^je xvii. 






22. 




. ^ . 5X > 


^ + /Px 


23. 


(-|) < ( = * 1 


26. (=3) 




2h. 


2x < (=5) + X 







The multiplication property of order caji be u.^ed to help rind .tioith sets 
of open sentences. We shall apply this property in the form which is the 
mo r e h e 1 p f u 1 * 



21 



Wliich uV the following paii^s oV :3entences aj'e eqiilvalent? 
[ Aj = > and x > 6 

[B] ^7x < =3 ^li X > 4 



If we multiply Ixoth sides of - > by we obtain the 

equivalent sentence x < 6. So [A] aoea not contain tm 
©qulva-lent sentences. obtain x ^ by niultip lying both 

sidBs of ^Tx < ^3 by hence [B] is the corrcGt choice, 

II" we use the addition and multiplication properti^-n oV order, we can 
find the tiaith set Of' an open sentonce such as the toJlowirif^: 

Ib^- ' ( — x) 4- L -t { = .,) < (^s) f- {J-v) (adcMd.on property of order) 

or (^x) < (,lO ' ' . ' 

benee ^=)(..v) >(=i)( = o) (muJ t i p ! ic at ion property 

ftnaHy ' x > 3/ ^^'^"^^ 



10- J 



op^i^ ;^onterver. riot :.-t- Xi-ii uX, ,u' the gpvi-i i oi.;- :u't- ruvor.^j i. "i . . 

or ^'ourr-c, Uk; orviGr in which ti-^u .-tr-[v.- nr.;, :.o ■■h-,..ro u i-V^r 



(-:::) 



•V) 



( - ) 



numbers grcai.ei- 
tnati 1 



/ 



i-i-i -I r, t 



The r-1 or all 



'hh- .^- i.. wr 



10^3 



3^ 
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hz'^-i-^Kf starting with 
first write 
then ^ 
finally. 



(-2x) + 1 < 5 
ax + (.1) > =5 

£x.> 

X > 



one might 



Perhaps, starting with i-2x) + 1 < 5 one rnleht 



first write 

then 

f inall:^, 



2x + (=1) > 

X > 



kO 
hi 



truth set of ( = 2) + 5 + ( = 3x) < kx + 7 + 
real numbers which ur^-: 



set of 



[A] Me OS than ^ 

[ B] greater than = = 



[C] lesL; tn^gl =1 

[ D] greater than 



Th^ proper choice is [B]. If you had dimGulty in 
the truth set, continue with Items 3T^i^l^ otharwlse 



If (^2) + J, + (.3x) < hx -H 7 ^ (^2x) 
tiien 3 + ( = 3x) < + 7 , 

3 < +7 



< X 



go to Item h2. 



2x + 7 
5k 7 



Find, the truth rjet of 2x < ^ + 



Find the truth net of -x + ( = 2) < (^b) ^ ^x. 
[An a fij-jt -tep yuii nii/jht wiM ? 3 < 2 



Fifiu the truth net or 



[A;i a fir^^t Jtep yun ml-ht. ther mu:i t Iply both 
^-■^■^i'l^ l^y ^ or 'tpply tru^ dijtrlbutlve property. 

Find the trutr! ^;e t or Lfx t i > - f- o. 



The s€t 
numbers 

than 

The set 
numhers 

than 
The aet 

than 



of aai 
less 

17 . 

T 

of all 
greatar 



of all 
greater 
11 



^ Be .-aref^u Li 



The set of ail 
numbers greater 
thari or equal 
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k6 
hi 



Let us construct an open eantence for the following 

problem: *° - 

Carol. has 16 ^ more books than Patrlcil* 
Together they have more than So book^. 
How many books does Patricia have? 

Open sentenced end x is a whole nimber. 



Find the truth set* 
'Patricia has at least 



Chow m^^L 



books? 



f 7,8,9,10, 
7 



If a number of flower bulbs of a certain type ^e 
planted^ itj is known^ that fewer tham ^ of them will 
grow. However^ with proper care^ mre than ^ of them 
will do well* If a careful gardener grows 15 of these 
bulbs ^ how TfBny did he probably plant? 

He must have planted more than and less than 



2k, kO 



If you did not see how to do the question above^ do Items 50-57. If the 
problem gave you no , trouble^ go on with Section 1*0-^4-, ^' 



f 0 
) 51 



53 



3h 



55 
57 



If the number he plitfited is represented by the 
variable b^ , . ^ 

then ^ of them can be represented by ^ 

3 - 

g I of themt^Can be represented by ' . 



and 



Since less than g- will grow^ arid we are told that 
15 do' grow j we can write the open eentence 



b 



Hie truth set.^ of this open sentence is the set of 
all numbers greater than 



Since with proper care more than 
write the open sentence 15 ^* 



?row, we can 



Thfe truth set of this is the set of all niunberE 
than ho. 



So we know that the gs^dener planted more thmi 
bulbs and fewer than 



I' 



15 < |"b 

l©se than 

Zk .' 
ho 



*10-l4-. Review 

Hero is a list of problems whloh will give you more practice In using 
the Ideas deValoped In this chapter. Aniwers are on paga xvll. 

1, for each pair of nxunters, determine their order. 

(a') .100, -99 (d) |, I 

(h) 0.2,-0.1 (e) 3W * (-k),^3(h + (.kj) 

( = ) |-3|, \'lC ' (f) + 1, 0 

-* ^- P % ^ n < determine which sentences true and which 

are false » ^ . ■ 

(a) If 5 > 3, then Jn < 3n, (d) If ^ (i)x > 1, . then x > n. 

" = n 

(b) If a > 0, then ap < 0. ^(e) If p > n, then i < i 

A ~ " p n 

(c) If 3x > X, then 3px > px, *(f) If i >1 and i > 0- then 

p X X ' 

p < X and X > 0^* 

3* Which of the following pairs of sentences are equivalent? 

(a) 3a > 2, (^3)a > ( = 2) 

(b) 3x > 2 + X, 2x > 2 ' ^ ' 

, (c) 3y + 5 - y + (-1), 2y -^(^6) „ I 

(d) -X < 3, X > (^3) ' ^. 

(e) + 5 < p + (^1) ^ 6 > ^ ' • = . . ^ 

"11 * *' 

(f ) ^ < ^ and m > 0, m < 9 

If p > 0 determine which represent positive numbers^ 

which represent negative nmnberE 



(^) -n. • ' (d) pn \ 

(b) n^^ ^ * ; ^ (e)'.f.p 4- (.n^^ 

(c) ' (f) |n| 

Solve each of_ the following inequalities. 

r 

(a) -X > 5 ' , ' (d) i^k) + <=x) > 3x + 8 

(b) ( = 1) + Sy < 3y^ (ej b + b + + 2b + 12 < :^6l 

(c) < 3 . ^ (f) x(x + 1) < X 
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6. Find the truth set of each of the»^^^^.ng sentences, 

(a) I and x > 0 (d^^)^ > 0 and x ^ 0 ^ 

, (b) I - I (e) 0 < 2x < 180 

(c) = < i and X < 0 (f) x^ + 1 ^0 

7. If the domain of the varlahla is the set of Integers^ find the truth 
^ sets of the following gentences. 

(a) 3x + 2x . 10 (d) 2(x + (^3^) - 5 

. . - M X ^ (^1) ^ Sx + 1 (e) 3x + 5 < ax + 3 

(e) 2x * 1 . ^3x ^ (^9) (f) (|) + (-x) > (-.i) + (.2x) 

.8. ■ Solve the following equations. " , ' 

(a) 3x - 5 (d) 7y + 3 - y + (-3) 

(b) 3 + X =. 5' ' (e) 3x = 7x + (-2)x 

(c^ 2n + n + (-El = 0 • (f) 3q + (-q) + .5 + q = (-2) 

9. Solve the following equations. 
U) 3(x + 5) = (x + 3) + X 
. ^b) 3) - (x + (-4 + 3) 

\cy |y + (-i) = l-^Y + (-|) 

(d) = a(a + l) ] * 

(e) (x + 2)(x + 3) = x(x + 5) + 6 

(f) 2q- + 2q'+ q2 ^ (3,^ + 1) 

♦ V 

ifc. The length of a rectangle is known to be greatei^ than or equal to 6 
units and less than ?■ units. Tlie width is^ known to be k units. 
Find the .^ea of the rectangle* 

11* Tlie length of a rectangle is known to be at least 6 units and less 
than 7 uplts. The width is known to be at least k units and less 
than units". Find the area of the rectangle, 

itl2. The length of a rectangle is known tb be greater than or equal to 6,15 
inches and les&= than 6-.^) inches. The width is known^to he greater 
than or equal to k,l^) inches anA-less than l4=.25 inches. Find the 
area of the rectangle. 



*:,3. ^(a) A certain variety of Iowa corn plant yields 2^0 seeds per 
plant. Not all the seeds will grow into new pla^s when 
planted. Between | emd | of the seeds will produce' new 
plants. Each new plant will also yield QkO seeds. From a 
single corn plant whose 'seeds are harvested In \96k how 
many seeds can be expected in 1965? 

(b) Suppose instead that a corn plant 'did not yield exactly 

2h0 seeds, but between 23O and 250 seeds. Under this . 
• ^ condition how many seeds can be ejected in 1965 from the 

' 2^0 seeds planted at the beginning of the season? 

Ik. Write open sentences and find the soliitlon to each of the questions 
which follow* 



( 



(a) A squai-e and an equilateral triangle have equal perimeters. 
A side of the triangle is 3,5 inches longer than a side of 
the square. What is the length of the side of the square^ 

(b) A boat tf^eling downstream goes 10 miles per hour fastp 
than the r^^^ofthe current. Its velocity downstreajn is 
not more^than 25 miles per hour. What is the rate of ' 
the current? 

(c) Mary has typing to do which wim take her at least 3 hours. 
If she starts at 1 P.M. and must fj.nish by 6 P.M. how 
much time can she expect to spend on the job? 

(d) Jim receives $1,75 -per hour for work which he does in his 
spare time, =and Is saving his money to buy a cai-. If the car 
will eont him at least , how many hours must he work? 



5 
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10-5 * Real NLfflbere ^ Suinniaiy 

Let us suramaj'lze the material of Qiapters 6-10. 

We= began by introducing the eet of negative nunherSj as su^eated by our 
knowledge of the nurabere of arithmetic and the number line. We called the 
union of the set of negative numbere and the set of numbers of arithmetic 
the get of real nuji^ers. 



Addition and multiplication of real numbers were then defined in such a 
^ray that 

(l) the usual meanings of addition and multiplication in the set of 
^ nvunbers of ^ithmetic were preserved, 
'and (2) many of the properties of these operations, which were true for the 
set of nimibers of ^ithmetiCj were also true in the set of real 
numbers^ ^ 
We discussed an order relation in the set of real numbers, ^ain based 
on our ideas of order in the set of ^ numbers of ^ithmetic * 

in the coujTse of this development we stated many properties of addition, 
nwltiplication, and order* 

Here, is a list of certain bafic properties '^ttch we considered^ 

For any real numbers a, b, c, 

1* a + b is a unique real number, i*, ab is a unique real number. 

a+h-b+a 2*. ab^ba 

3, (a + b) + c = a + (b + c) 3*, (ab)c ^ a(bc) 

There is a special reaf number hi,. There is a special real number 1 
0 such that a + 0 ^«^a and such that a * 1 - 1 and 1 • a = a* 

0 + a s a. 

5- For^ach a there is a unique ■ 5*. For each a, different from 0, 

Tf4l number (^a) such that there is a unique real number (-) 



+ (^a) ^ 0 and (^a) + a ^ 0. 



such that 



— ^ 1 and ^ 1. 

a a " 



6, a(b + c) s ab + ac 
(b + c)a ^ ba + ca 

7- For a and b, exactly one of the following is true: 

a<bj a=b, b<a. 

8* If a < b and b < C j then a < c. 

9. If a < bj then a + c < b + c. 
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These are by no m^m, all of the propertl.B w discovered, but ve will 
interrupt our llstlne at thlB-^olnt to make the following raaark. If we 
add Just one more ^ebIc property, we have a llet of basic propertleB that 
could be used to prXve ^eiythlnfi about the real numbera. Unfortunately, 
this additional pro^i^ would Involve us in mathematics beyond the scope 



of this course i 



ft-actically all the algebra of this courBe may be developed from the 
four^en properties listed above, l^t us nov list some of the more Inportant 
propertlaa^lch may be ^oved as consequences ^of the basic pr^erties. All 
Of these ha^ been discussed in the text. As you study more mathematics you 
will learn much more about the real numbers. 



For real numbers b^ 
then a ^ b. 



and 



if a+c=b+c^ 



2. For real numbers a, b, and c with c ^ 0, if 
ac ^ be J then a ^ b. 

3. For real numbers a and b, ab - 0 if ^d only if . 
a = 0 or b ^ 0, 

For ajiy real number a^ (-l)a ^ ^a. 

5, For any real numbers' a ^d b, -(a + b) ^ (^a) + (^b). 

6, For any real numbers a md b, (.a)b = .(ab) and 
(^a)(^b) m ab. 

7, The opposite of the opposite of a real riumber a is a. 

8, Thm reciprocal of the reciprocal of a non-^ero real 

number a is a. i 

r 

9- For any non^zero real numbers a and b i - 1 = i 

■ a b ab ' 

10, If a and b are real numbers, then a < b, if and only if 
there is a positive number e such that b ^ a 4^ c. 

11. For any real numbers a, .b^ and 

if a < b and 0 < then 

ac < be, # 

if a < b and c < 0, then 

be < ac . ^ ^ 
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12, 


For any 


real nmbers 


a Mid b^ if a < h, then 


13* 


If 0 < 


a < then 


b a 


Ik. 


If X ^ 


2 

Qj then X 


is positive. 


15* 


If 0 < 


a < then 


a < h * 



If we consider the set of real numbers together with the operations • 
and " • the relation "< " j and the basic properties tc may call this the 
real nimber system* 
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Chapter 11 
SUBTOACTION AMD DIViSION 

In the precedii^ chapters we have suaoeeded In extending' the order 
relation and the operations of addition and multiplication from the n^bera 
of arlthjnetio to the aet of all real numbers. We were then able to e€ate 
oertam fundamental propertiei of the real number system. 

However, in stating these fundamental properties we have never mentitnec 
subtraotlon and division. We remember from arithmetic that aubtraction i- 
closely related to" addition and that division is closely related to multipll. 
cation. It is therefore natural to define suhtraotlon of real numters in 
term of addition and to define division of real nu:„bers in tenns of multi- 
plication, " i > 



Definition of Subtraction 



Suppose you make a purchase which amounts to 83 cents, and give the 
cashier one dollar. How does she 00^ out your change? She might hand you 

"90"^ and one dime and say 



"85"^ one nickel and say 



H cents" and say 
"one dollar"* 

Bie clerk wantg to find the difference between 63 and 100. But in 
subtracting 83 from 100, she ha, found what she has to md to 83 to 
obtain 100. She has mentally changed the wording of the problem from ^ 
"One hundred eighty^three equals ^at?" to: '■Eighty ^three £lus what 

equals one hundi^ed?*' / 



The open sentence 100 - 83 - x 
has become + I lOQ^ 

RecaLl how we have so Ivy the cquatl 



luation 
+ X - 100. 

In order to find the t^th set, we add the opposite 
of to get 

(83 + x) (^83) LOO + (^8j), 

Using the properties ol' addition, we ,:^jt 

X 100 ( 



33 + X 100 



^83 
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^^UB, "100 - 83" and " + ( ) " are names 
for the same number*^ In this casej the number 



In the same way ^ 



and 8 + 



md 1 + 



27 - 8 ^ 19 
= 27 are both true sentences . 

6 - 1 - 



^ 6 are both true sentenceE 



IT 



19 
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In the set of numbers of arithmetic j ^ a^- b names the number n^ 

then b n ^ a. In the set of real numbers j we are able to solve the 

equation b + n ^ a no matter what number a and b represents We are 
led to state the following definitions 

In the set of real numbers j the sentence 
a = b s n 

means ^exactly the same thing as the sentence 
b + n ^ a. 

Given two real numbers ^ a and b^ we use the definition to find 
"a - ^b" by solving the equation b + n ~ a. 

If b * n ^ aj 

then b + n + ( -b ) s a + ( ) , 

and n - a + ( -b ) . 

Therefore^ "a - b" and "a + (=b)" n^e the same number- Further-^ 
more J the closure property of addition assures us that ''a + (=b)" najnes 
exactly one number. 



10 
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12 



"a - b " and "a_ + " name the same number . 

"a minus b" and "a plus the _ of b" have 

the seune meaning * 



In order to subtract a real number' j we' 
opposite * 

In order to subtract 2j we would add 



its 



add 
-2 



37a / 
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, 13 
Ik 

15 
16 
17 
l8 

20 



In order to subtract 0, we would add 
In order to gubtract -2^ we would add 



5 - 2 . 


5 + =3 




5 - 0 . 


r ■ 




5 - (-2) = 


\ 


y 


-5 - 2 - 






-5 - 0 = 






-5 ^ (=2) . 


+ = 
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How do we read the ep^resslon 5 - (-2)? 

We read this as 5 minus the ____ of 2. 

In the ej^ression 5 - (-S)^ the symbol " - " is 
used in two different ways » 

The first " - indicated the operation of 

indicates the of 2. 



■5 0 ^ 5 . 

5 ^ a. * T 

-5 + 0 m -5 



opposite 



To help keep these uses of the symbol clear, we make the followi 
it s ab^ut 

"a ='by 

between J t 



parallel statements ab^ut them 



'tands between) two numeral 
and indicates the operation of 
subtraction . We read the above 
as "a m.inus b" * 



In. "a + (-b)'', 
" - 'J; is part of one numeral 
and indicates the opposite of. 
We read the above as "a plus 
the opposite of b". 



Here is some more practice. The answers are on page xviii, 
_ .. 31. (-5000) - (^2000) ^ 



2k. 15 - (-8) . 

25^ (-T) - 2 - 

26. 0 - 5 - _ 

27. 3 - 0 - 



9^ 



-9 ^ (-7) - 



29. 8 - 




8 - 8 



33. . . _ 

3k. (-0.631) - (0.631; 

35. (-1.79) - (-1.22) 

36. 75 - (-85) - 
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Instead of saying "to subtraet add the opposite of b"^ we could 

say^ "to subtract t , ..Jd the additive inverse of "b". The language 
is somewhat awkward but Ik indicates why mathematicians sometimes speak of 
subtraction as beinij as o'leration which is the Inverse of the operation of 
addition. . ' ' 



To find the truth set of y - 7^' ^ 25 we might 
use our definition of subtraction to write 



The truth set is 
Golve: 
z - J. - 70 
+ H . =1.0 



+ 25 



7^ 
{750} 

{110] 
[-12] 
'(-|} 
{-16. If) 



T\m oi-'oration of subtrac^tion can be used to answer questions which may 



t - e n t a ted in s e v e r a 1 wa y g * 

/ 0 


j 








Ti-J^ question ''^l^iat nuinber is 


5 less 


than -3?'' is 






n^swered by vrritinn (-j) = 


'-^ - 




(-3) - 5 = ^8 




"How nuc:h ^;reater is 5 than 




is answered by 






yrrltlnr 5 - ( ) - 






5 b(-3) = 8 




iG how inU'^h rreater tlian 




We can find the 






answer ly vritln/;: ( ) - i 


) - 








The r;es"Gion.' """Kov much less than 


is -LO?" 






has as its answer o ^ ( )^ 


or 




a-(-io), 18 














Oubtract =Q fron i.5 , 15 = 




— ^ . 


23 




From -Cv^ subtract -If, 






-21 


51 


Wliat number is 6 Less th'in 






-15 
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-12 is how much greater than ^17?: 

52 ' (^12) - (=17) ^ 

53 How much greater is 8 than -5? 



s 

13 



11-2. Properties of SubtractftQn 

Tl 

Included in th© list ofi^properties for the rea/L number system were the 
commutative and assoclative^^jropertles for addition and multiplication. 

Is subtraetion commutative or associative? If we look at some 
examples we might find the answer to this question. 



Examine 



and (^3) - (-8) - 



us 



This one example is sufficient evidence to enable 

t o c o nc I u d e t ha t s uh t ra c t i 6 n c ommu t a 1 1 ve , 

( is^is" not ) 



Is not 



On. the other hand^ we must remembir that addition is commutative. 



X - y ^ K + i-yl 

- C - y ) + ( X ) 1 y t li Q c oimnu t a t i v e p r ope r t ;/ 

a - b may be written as -b ' . 
-7 X . 



In each ul" these examples wo made iisy ol' tlie 
_ property ol" . 




adaition 

[not subtraction] 



-b + a 
X - 1 
- X. - 3 



commutative^ 
addition 



9 
10 



la 



8 ^ (a ^ 7) - 8 ^ (»5) - 
and (8 ^ a) - 7 ^^6 - 7 



Again^ this one exajnple is enough to all©w us to 
assert that aubtraction 




Let us recall that addition is an operation involving two numbers. 
Hence, 8 + (2 + 7) and (8 +2) + 7 are both meaninrful^ expressions , 
Th© associative property of addition assures us that these numerals nane 
the same number * Hierefore^ we may omit the parentheses and write 8 + 2- + 7 
without confusion as to its meaning. 

Sine e^ubtract ion does not have some of the properties to which we have 
become, accustomed^ we need to be careful in handling ej^ressions involving 
subtraction. For example , since subtraction is an operation Involving 'two 
numbers, both 8 - (2 - 7) and (8^2)- 7 are meaningful. "8 - a - 7 
does not name a specif ic number^ hence is not a numeral. However, It is 
convenient to agree on 'a single meaning for this expression. 

We must, decide whether it is to mean 



7) - 13 
^ 7 - -1^ 



) . 



i 



The second of these is the meaning we decide upon. That is, we agree 
that, for any real numbers a, b. and a , 



- o means 



ERIC 



la 
13 

Ik 



By our agreem.entj 

a - b - c ^ (,a - b) - c 

= (a - b) M ) . 

- a + (=b) + (-c)^ since addition has the 
\ . property. 



(a - b) + (-.c) 



a - b - G means a + (-b) + (-c). Since addition is Commutative.^ we 
notice that a + (=c) + (^b), (-b)^a + (-^c), etc, all name the s^e 
number* 
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15 

17 
18' 

19 



20 
£1 
22 



Ea^reis each of the following in terms of addition 
and* taking of ojposites. " . 

s ■ I 



3x +^ky - 2 



X + 1 



aqpreas each of the following in terms of 

eub tract ion* 

a + (=b) ^ __ _ 



(-3x) + y + (-!+) = 



X + (-y) + (-a). : ;• 



a - b ' 
--3x + y * ir 



tliltlpllcatlon iB distributive over addition. We are able to write, 
for exMple, 3(x + 2) = 3x + 6 and ^ 5x + 3x = (5 + 3)x '=^x. ~^We now ask, 
is multiplication dlatributive over subtraction? Is jt true that 
3(x .;2) = 33*- 6 and that 5x - 3x = (5 - 3)x = 2x? " 



■A 



23 

25 ' 
26 



27/ 



3(?c * 2), may be written as 3 ( x + ) . 

3(x + (-2)) ^ 3x + 3(-2)^ by the distributive property 
^. of multiplication over - 



= 3x + (-6) 

= 3x - 



5x - 3x X may be written as ( )\ 

5x + (-3x) - 5x + (-3)x 

= (5 + (-3))x^ by the property of 



multiplication over 
addition. 



- 3)x 



3(x^ (-2)) 



^addition 
[not subtraction] 

•3x - 6 
5x.+ (-3x)# 



dia.tributiveJ 
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^ ^ 



since our method (in Items 23'27) li^entirely general, we are able to 



state : . = ' / 

If a, c are real .numbers, then 

~" i a(b»- ^) ^ al - ^ac t -» 

... ' and (b - e)a = ba - ca * 

. Riltiplication is distributive ov^r subtraction. Ihis is not a new 
^.basic property . It W a con^quence of our definition of subtraction in 
terty of a^dltiort and of the distributive property' of multiplication over^ 
addition* ■ ' 



29 

31 
3£ 
33 



3^ 
■35 
36 
37 

38 
39 



Apply the distributive property, ' 
5(x ^ 1) . / 

-5(x - 1) = -gx 

-7(-m + n) ^ 

-3(2x 5y) - ^ 



Hx- ^ 2x = 1) ^ 



Apply the distributive property* 
6x - 2x.^ 16 - 2)x - 

£x - 6x ^ ^ )x - -^x 

-7x - x"= ____ [Recall -x ^ (-i)x.] 
- 2x ^ 



sy = 3x 



5x - 5 



-5x + 5 



(2 - 6)x 

x(x - 3) or ■ 
(x - g)x' 

x(x - 1} 

tsinoe -X = (*l)x] 
3Cy - x) 



i 

33p 
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HO 
k2 



^3 



We already know that the opposite of a suiii of two 
real numbers equals the smn of the opposites: ' 
-(a + b) - (-a)^ + (^b). 

Using the notation of subtraction^ we see that 
-(a t) - pa 
^^Let us see how = t) might be written, 

a - b means a 

So -(a = .b) means - (a + 

Since =^a,+ (-b)^ is the opposite of a sum^ 



<a + C-b)) = C-a) + (-(=t)) 





-(x 


U5 


-(x 


ho ' 


= (b 


it? 


X - 


li-8 


1 - 



50 



(x ^ (x = 2) 

(x - ;) = (x = 2) 
3(x + i) - 2(x - J 



If you were sxl^ tc rcj^jon^i 
a £;reat Jeai wf ski I L in vrorkinr 
able to take many ste: nent-a L i 
ntop^ Can vcti ti^XL'J.ain each 



-a - b 



a + (-b) 



-a + b ' 

-X y 
+ 5 
-b + a 

& ^ _5 
-1 

2a + 3b - 4c 

^urh ;;ou shoul'i be 



3a 
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(x - 3) - (x - 2) = fx + (-3)).+ (-(x + (-4)) 

(x + (-3)) + a) 
' ' . = X + (-3) + (--x) + 

,= X + (-x) + (.3) + 2 
= 0 < -I-)' 
= -1- ■ 

If you wish to clieck your reasons, see page xix. ' 
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A simpler 


numeral for ' 


5x - 3y) - (2 + 5x) + ( 


iy - 2) 


Is 




[Al 


0 










[B] 


ICbc 










[c] 












m 


lOx - 6y - 14: 










[E] 


none of these 









5^ 

55 
56 
S7 
58 

59 
60 



a€ eQ«#at qhptce le [Ch you feel tiiat ysu ae«d pore 
praotlce, or If you reBpona©4 iffiorreatly^ aontlnue vith 
Item If yoyuhad no difficulty^ prdd#«d_ to |taa.6l* 



Simplify each of the following, 
(3x ^ 6) + (7 - ifx) ^ 

(3x - 6) + (6 ^ 3x) - 

(5a - 1Tb) - (i4^a = 6b) ^ ^ ^ 

-(^. - ^y) * . 

-(7 - x) - . 

(3a,^ 2b - 14^0) - (5a = 3b + c) ^ 

-(7x + 5) + ( -3 H- ax) ^ 



0 

^-7 ^ % 

■5x - a ' 



s 
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< I' 



70 

71 
72, 
73 



75 
76 

77 
78 



6i 


7x8 


62 




63 








65 


(■7x2 


66 


(7x2 


67 






What 


68 


frc^ 






69 


- 



i 

2 



- X + 1 ) + ( X + 3x » ) = 
(7x^'- 3x) + (i*x-^^^7x ^ 8) ^ 



J 



7c subtract 8a - 5b - i^^c 



isult of subtracting -3x + 5x - 7 
2? 



5a - a -\(5A l)a - 



'3(x - yy- (x - y) - 2^ _2 

-(x^^ 2x + l),-(_x^ + &c + l)^ -2( 
i^(x + y) - (x + y) ^ 3(x + y) - - ^ 



A eimpler expression for 3x(l - x) - x(x £) ii 

[A] ^i^x^ + X f 

[B] -Ifx^ + 5x 

[C] + 5x 
[d] 2x^ +"x ■ - 



0 ' 



Ih© correot respoase ie [l]* 2f you had diff iciaty cgstlnue 
Tirtth ItOT 75/ othar^iie go. to Item 79. 



3x(l - x) ^ 3> 



-x(x = 2) ^ (-x)Cx) 
3x(l - x) - xix - i 



^ 3^(1 - x) - 

- 3-x - 3x- - 



- (-3x^ - x^) + (3x + 2x) 
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3x - 3x 



-K + at 



3x-3x -x^&c 



«Ux^ + Jx 



1? 

Bo 

62 



; . ^ 

a(b - c - i) 2a(2l c ^ l) = 
-^(lix - y) + Bxi'X - y) - 



-3ab - ac + 3a 



Formerly, m writing open sentences we havg been careful to write, for 
example^ • ■ , . p ■ ■ ■ 

We -are nov able to write this ag 3x - ^ - 5 , 

CriT method of solving, of c^urse^ remains the same: we Udd the opposite 
of --^ to both Sides. Since -{-L) ^ k.^ we have 

'ix = - - 3 
3x = U ^ ^ ^ ■ ^ ^ 



The tnith set is ^{j; 




:enrth. Wl-at is itn len-ti; 1: 



:":s iorinoter is 



If "^"^ is suVtra:te:: fr:;::i a nunb-r, |in 1 -"he result 
I- ::it : ^"IL : ieq by ^ , ^tho; t rochi-t 103. Wlial is 

the nunlcrV 



{03 ^ 

set of numbers 
greater thsm - 

set of numbers 
greater than 3 



12 inches 



51 



90 



A teacher says ^ "If I had '3' times as many students 
in my eiass as I do have, I vould have less than 
ko more than I' now ha^e;" Wiat is the ,large,it 
number of students that he could have in his class? 



22 



If you had trouble finding an open sentence for any of these, you 
will find* suggestions on page xlx ^ 



11-3'^ Suptraetlon and Distance 

We already know how to illustrate the addition of two real numters 0 
the number line. "^^OTember that^ to add a positive number v to ^a real 



number x, we start at . x and move |y 

to add a negative number we move |yt units t.o tne iei't * tance^ 

subtraction is deilned, in terms of addition, we therefore know how ^o 
illustrate subtraction'. 



units to the right. Similarly 
units to the left,- .--'inos^ 



If 



0:— I— 



If 



1173 



^erefore^ ^ |a - b| = |b 



Whatever statement we make about 
apply to lb - a| , 



|a - b will also 



1*- a 



Next^ we recall that the absolute value of any real number represents 
a distance on the number line. 



3 
k 

5 



|a| represents the distance between a a 


nd 


The truth set of 


|x| - 3 is , 




and its graph is 






— 1 — 1 — I. 


L 1 I' I 4 




-4 -$ -t 




4. 


|x| does not seem 


to ^indicate subtraction 


y but we 


could write | x | - 


U - 0| = 1 - k\. 




That is J X - 0 


and |0 - x| each represent's the 


between x 


and 0. 











0 



^ 0 « 




Given any two real numbers ^ reasonable to mski 'may we interpret 

b| in terms of 4i^tance on the nujtiber line'? We start by examining 
particular pairs of numbers^ 



11 



3 " 1 



1 - 5 



On the number linej 



' ■ ■ 



4 -1 



1^ 



On the nuinber line^ 

? - (-1)1 = K-l) - 2| = 
On the ni^.ber line J 

^ (-3)1 - 1(^3) - ( 



H 8 1 1 I 4 • 



— I — ' ' ' ■ ■ I J= 

'1 "1 ^1 0 1 114 1 



.^l ' _ I J_ J » » i i 

-a ^a H d I 1 a 4 • 



^2 



On .the number line, i i i i ^ i — 4 1 

'^a ^1 H 8 I a a 4 i 



11-3 



12 

1-3 

1^ 
15 

16 

18 
19 

20 
21 



Qir exai^lee lead u^b to the general atatemeht: 

If a and b are any real numbers ^ then 
the distance be'tween a and b is given 
by |a - b| , (Of course, |a-^ b| ^ lb - a| J 



The distance between 5 and 1 is 
15 - l| 

The distp-nce between 7 and^ 0 is 
|7 = 0| - 

The distance between -3 and 5 is 

"Hie distance between 6 and^ -2 is 
|6 - (-2)1 = 

The distance between -1 and =3 is 

hi - (-3)i:= 



k 

7 

? 

8 
8 

8 
8 

2 
o 



For any real number x, the' distance between 2 and x may be 
written, either ]2 - x| or | - 2| , We usually ..prefer the. form |x - Si 





The dis 


tanee between 






22 


X 


and 


^ may be written as 






23 


g 


and 


y may be written as 


1 X 


1- 




X 




-2 may be written as 




|. 




0 


and 


X may be witten as 








1 ^ 


- 1| 


may be interpreted as 


the 


distance between 


26 


X 


and 










Ix 


* i\ 


may be interpreted as 


the 


distance between 


27 


X 


and ' 









|x-(^2)|, or jx+a| 
|x - 0\j or 



-1 



^ We have seen that "distance between" is - related to subtract ion and' 
absolute value* An understanding of this relationship will help give us - one 
way of finding tnith sets equations such as |x = 1^1 - 1, 



3& 



. 11-3 



28 



29 



31 



J2 



3^ 

35 

36 
( 

37 



The expressidn Jx^^-^^l may be interpreted as -"^he 



between x and • k " 



The sentence 



^ 1", therefore, 



interpreted as the distanca betweeh x 
is ■ ' . 



nay ,be 



^ 4 t 6 



distance between U and each 'of the points 
Lcated hy- heavy dots on the nuiii^er line is _ 



The distance between 3 and hj and" between 
and U is,, "i* . . .i| 



llie truth set of the sentence i x - U | . = 1 is 

i -A- 



\x - b| - 8 may be interpreted as, "the distane^ 
between x and 6 is *' . 

» i t L- I t t I i I t I I t I ^ 1 I A 

*4 -1 -1 -I O I 114 S • 7 ■ t ID II It m rt 

Th^ distance between o and caoii oi" the points 
indicated on the number line is 

^ ~. / ■ 

Tlie distance between - ^ ^ - . 

and t is . j 

The truth set of Ix - 6 1 



,y.nd u, and between 



is 



|10 - a| -2 may be interpreted as, ythfe distance 
let ween . and is . 



Tlie distance between arui lU .: 

diGtance between and '0 is 



al.r^i? the 




and 



and 



^ arid ^ince 
we are certain 



are niembern of the tr'.tth set 'or 



C3.5) 



8* 



-2^ Ik 

10 and a 

g 

{8,12) 
l-aL|-e| 



3 J J 



11-3 > 



the graph of 10 * a 



^3 



In graphing |x| < 3 it may be convenient to think 
©f^ |x| < 3 as |x - o| < 3* 

This may be interfreted as:/"the distance betwean 
and 0 is less than 3"*^ ^ 

Since the distance between x and 0 is less, than 
3 J the graph of [x[ < 3 Includes all points to 
the right of -3 and to the nf 

Graph the truth pm%,^€^ \x\ < 3 . 



T • • K> tf it m:/ 



^left. 



V^hich Of the following sentences is not equivalent to the othet three.? 
■ [A] |x| < 3 ^ " [C] -3 < X ^ or X < 3 

[B] -3 < X and x < 3 - [D] -3 < x < 3 



. teie trutH E©ts of [A]^ (bI and [d] are all the aame: the 
liet of rtal numbers between -3 aa4 3* tte truth set of 
[C] Is th^ set of all real numbers. Thiia^ - [c] is the 



*i correct choioi 



^7 







Graph the truth set of" 


|x|>3. 


(Tl-iis may he rea^, ''the 


distance between x anci 


0 is greater than or e 


nual j 


Graph the truth set of 


X < = j or x > 3 . 


> 








Tim graphs of ''|x| > j 


J and ul X or x > i' 


are . ' ■ 

( the G aiTie J d i f f er e n 





H O f 1 



i *i -l b 



the smm 



I X - h I - I nia;;/ 1 e i n t e rp- r e t d as " t li e d i o tan c e 
betwe^sn x and h is less than " . 

Draw the ^raph of the truth sot of jx = K\< 1. 



nraDh rhe truth set of 



and X < J * 



389 



t 4 i 



11-3 



53 



3h 



.4> 



3 "and x < 5" Is usiially ^wr^itti 



en "3 < X < 5*^^ ^ 



toaph the truth set of 3 < x < 5, 

da graph of the truth set of ]x - < 1^ is the 
same as tfie ^aph of the truth get of < x 

— T= ^ f 



6s 
63 

" 65 

66 
67 



"|y ^ 8 1 < may be read: 
'"The distance Uetwfen and 
Is less than 



CQie truth set of Jy - 
such tha^ < y. < 

Graph |y - 8| < 



<h\ is .all real numbers y 





ti^ith ^et of 1 X - it ]> 1 


is tbeSset of all 


55 


numbers .x> such that the distance bet^ea^ x apd ' 


56 


Is. greater than- \ 












Graph the truth set x '< 3. . 




58 


Qraph the truth set of x > 5 , 


c 


59 


Graph the t^th set of x < 3 


or X > 5 t 
■I 


60 


Graph the tnith set of |x - ^| 


>.-l. ' 

% 


I 


Notice that the truth set of x 


K 3 ^or X > 5 is the 


61 


same as the truth set of 





*'|x - (-9)1 ^ 3" may be read^ ''The distance between 
X and -9 is 



The truth set of ]x - (-9) 
Graph |x - (-9)1 3 * 



3 IS 



3 < X <«3 



3C and k 

I 

' 1 1 # « • 

t » 4 •♦^ 

■^iii'iiiiji ,1, .s.iur » 

^ i " < 4 i i* 



y and^ 
k 

If < y < IS ' ■ 

■H i'i'l ' t'ii' 



( : . 



11-3 



69 
70 
71 
72 

73 



y + 5 (/ = 9 oa^he vrlttag ,|y - (-5)1 9. ^ 
Vfrltten In thli form It is' now easy to see that the 

a. 

distance between y and la 9. 



The tmth eet of (-5)| ^ 9 Is 

Thfe truth set of [x + 3| ^ 5 ig ^ 
Graph the truth set of jx - 3, 

Graph |x| > -3. (Be careful I ) 




Here a^e some more exercises on finding truth sets and their graphs,'^ If 
you need m^e practice^ work these exercises. If you have had no trouble 
(With this sectionj'go to Section 11^^.^ or to starred Item 82. 



76, 



^Find^he truth set of each of the following ^ Graph each of these 
sets'^ Answirs will he found on ^aee xix , 



7k, y + \^6\ ^ 10 
Ts/lyl 



11^ |x - 3 



^' 1£ 
+ 12 



13 



78. 

79. 
% 

80. 
81. 



|x + ^1 ^3 

\^ - i\ < 5 



X - 



> 3 



|x + 3I < ^ 



— — . . ' 

* In later mathematics courses you will encounter absolute value in k 
"v^ariety of situation^* By ex^^ning.-aome special cases ^ perhaps you can 
dlscoyer''a result which is useful in more advanced mathematics. 



^82 
*83 



We shall compare the absolute value of a sum of two 
numbers and the sum of the absolute value of the 
two numbers . 



17 + 51 
h7 + 5| 



|7 + (^5)1 - 
1=7 + (-5)1 ^ 



|7| + |5l = _ 
hTl + |5| - . 
|7| + 1-51 = _ 



12, -12 
a, 12' 

2, 12' 

12, la 



391 



' III, 



yor' 'ur: roa 1 iiumbei^; 
la - bl - 



if:i V. 



Ia+b|<j4i|b 







Q:nei-/hai. ■ 1 e:;n 


Inn"Ta't 








may 






= b! 


with ■ aj ^ 




^ Hi// 


iv ^ 






= |-;| 






■ -^^yO 


.Iv ^ 


/ 




= l=b 






' ' V 1 ' 








1 ti'^l 














1 = l-b 








^Ajr con^j i.us ion; 














U - 


H |a| 


= iU 








IQU -TI 


_ay vlnh to. voril"^ 


for Jt'ource ! 


i' T.hat 


it in also 






true 


that 

la ^ 


H - IH = 1 








In I'a 


ct, aiiioe a - 


t| -and |l 


1 ^ |al 


are 






^ and since 


!a - [■ is 


rreater 


than or 






equa I 


to botii or these 


we have 












la - 


e > |[a| 























2, 2 
12, 2 



!Tiav le int.nr: rot;e4 an: "ah.; cilstareiu 1 ctveeu any tv;., real niunbers a and h 
/is al: lea:it as ereat- ai- nhe diE^tance between their Vi: ^:o 1 uto values." Tlils is 
apparent it you recal i^ that |a| and |l;J are totli numboj- ot arittoetie, 
while one of a or I may be to the rlniit ut 0, the ui htn^ i,a the i ett . 



U^^. Division 



i 



Xi. ari Ifirnotic ^ we oi'ten = reJ'er to f:he four "fuiidainQntal" ODeratioiiG ol' 
additjon^ mi; L tip! i js^tlon^ sul "ractlon, and division. Wo have developed a 
^oz pi: r:i-or;ertict; oi' addltioi^ and :nu i t ird Icat ion , Having: tho^e La^o|.er t iec, 
we then dorinea subtraction in tenns 'ji' addition. Hu reall^^ "new" properties 
were needed^ Ginoe oiu- deilnition allowed us to apply all the provloualy 
developed propertioo ol' addition, * ^ . =^ ' 

It woi;Ld 000"^! I'oaj^onaVie that we eould .ierino the"' fourth operation^ 
divL:::i-n, in tenrvo ot no i t.ipl 1 -ation , " : 

a = L rv a ' ( -1 ) imp lies I "i^o rnilti^aot moaris to add the oppooite" or 
"to suttrao't mean5 to add the additive inverse." ' - _ 

i^t no ouvelop' the dei'ini.tion >':t divlolon In a parallel manner. 

First el aj 1 . :.et us a^oree to ^^ite "a divided ly 1:"' as = ^ rather = 
than us a ^ 1 or t JoT . 




10 



ises-: examt.eSj tanen id^on our Knowiod^.^e ut ari thiJT:eLic^ illustrate the 
relationship l^^tveen divlsie.n an 1 nuiltip 1 1 ■ ■atJ.on = We are led to slate Ihe 
iV^ ; L .jwinn u-:' tin 1 ; on: 

in si.e set 'M^-* reaJ. '•nNriii-ers ^ li' 1 / 0^ Li.o sentience 

a 
L 



t V/-'; s i;.ar ^ 
-h-- sO!:s >;r isisi-ju 



lliinp as the son;:enoe 
a - nh. 

n'S;o ejn: a ano ;■, (l^~/^o)^ we riiay tind 

■:.d\-lni- t.he '^Muatlon a - nl . Llinorj t / 0^ 



ll-k 



l^erefore and "a * name ^ the samg number. Fui^themore , the 

elosuro property of multiplication assures us that^ 'a(i)" names^ exactly • 
one number j rememberin/_^ that b ^ 0, ' ■ \ 



Y 

8 



10 



and a 



namu tlie L^cime number, 



"a lividcd by b" and "a muLtiplied by tht 
of b" have the name meaning. 



In ordtT to divide by a real non-zero number we 

- ■ i -. 

_____ by its reciprocal. 

In order to divide by 5^, we would multiply by 
In DiMer to divide by we would multiply by 



In order to divide by =3 we would multiply by 

1 



In order to divide by 



We would multiply by 



reciprocal, 
multiplici 
inversa 



multiply 
1 

5 C-f^- 5] 



or 



3 -3 



-3 



11 



Iri the statement of the 


definitiQn of division 


it is 


Important to 


recognize that division 


is not defined for all 


X^alrs 


of numb ex" s 


a and b . 


X 

= is not defined if, 
y " ' 






[A*] X is 0. 


[Bj y is 0. 


■'[c] 


either x or y is 0. 



To determine ve multiply "'x tiroes the reciproeal of yV, 

Sinae 0 has no reciprocal^ y Garinot be zero. On the other 

0 1 
handi for exainplej means 0 ' ^ whicK is the name for a 

^ . *1 ' ^ 



' - ^ 0. Thus [B] is Gorraet. 

/ 

As in arithmetic J ^i/e shall call "a'^ the numerator and 
denominator . W>ien ^t^'re is no possibility of conrusion we shall call th'e 
number named by the numerator ,j and the number named by '*b*' the 

denominator . 



/ 



13 . 
Ill 



16 



IT* 



In an inciicated qi\otient^ the 
name for the number 0. 

6 ^ 

In ,^ J "bh^ denominator is 

and the numerator is 



muat not he a 



If ^ 



then dues nut naine a numher . 



2j ^provided 



^ for any nujnber x , 



6 . . . . ' 

y - 0 
X ^ 0 



Write the cymmun nam€i for each indicated quotient* Answers are on 
page. ^xx. 



l8. 



19* 



12 



S70 ^ 
570 

25 00 
1 



2k. 



21, 



-30 
5 

12 - 

-■5 



= (-30)(i) = 
(30)(= i) = 



27. 



-3 



iVo special cases of division are immediate 
consequences of oui' definition: 

X 



For any rea> number 



hiince X. - x • 1 . 



JO Fur liny noQ=zero real numbei" x^ 
3 1 nc e X = 1 * X ^ ^ ^ 



It yuu nt-Hd more practice^ complete Items 31=3-7^ C)t her wise j go to 
Item 38. * 

395 



"5 



S 



: >; 



. (y / 0) 



. (X / 0) 



uoti.:c than, ;un:-e divici'-ni ly a real numVor 1g 
aeiMnc:i an :nul 1:1. f ■"! i ca Li jn ry \ho. red i;ro-;£ii o:^ that 



nuniber the I'ecui-t Is 



it a Tio^^ahi^ nir-:iber is ttlvideci V;.- a, roGitiVD 
uiiintor the reiu.Lt is 



It a no/;;Htivc numlcr In divider ty a rHjyat j.v?.^ 
nijnitor -die i^/CilLl . ? - 



^9x 



9y ^ 



36x ■ 



negative 



positive 



Irijtead oi' sayinr 

*'to divide ly l^^ nai t ti: i.y iy th. 
wn ,u :.d nay 

"tu divyio ry iiiiiltJiiy ly ti-R :;iu ! M t d 1 jativ^;^ 

inverr:^^ at d", 

Ac van th-i cane tor GiU-d;rae t lon^ thifi \anr\iart in avd:vard lut-it Iiidi.jatec 
v/hy divlnion in retorr-d to an an Oj.orati;'i; whi>d^an yhL- liwor:ia OLoratlna 
■jf mu 1 1 i rlipation, ? 



4 > 



= * IJo-Xi-' iart^aular:y that "divide hy l'^ :j:;:;iUv il' i. hac 

a re-fir--a:, IiXrcry roa. :;u::;Ler ox.-, ha. a r-. ^I-v^a:. haj jv; 

ro:'i:rocai^ hoii^^e ilvi.a.:. ly 



^)U '':i a;5 



iM .1^ 
arc:'-- ::ha^ M.- ' 



1:. '11.. ,;[vi-jicri 



Wo },av-^? i\q]v--ic o r.;n- x-r^ =:u -a a..: 
ty taj i;/-. ;ai.yli.-u\: a /ray-r'ty ,r ■.• i m : J ',y . 

(7)'-:/ - (^^^::. 

Wg !:.ay navr nolV'; nu-: Qa:,atica5 Ly a: ; ;yiny aur der.laition a:' 'il vie ion 
■T^ ^ ■ ■ ; -■ I. = . . ^. a. . 



.'jV :T:-ah .ai^ v/- O']. taia thr; i;riMj 



if]. 



:.a': tr-;^h :<c-a a:^L 



[-73 
07) 
(7} 

fi) 

fioo) 

(75) 

(12) 

(0} 






j*'lnd the ti^th se. 


'T- of: 






^1 










52 










53 


X + nsyv. ^ 6.50 








5!+ 


n + (ri + 2) = 58 








55 













Solve; 






56 




X / 0 


- 3 implies 1 = jx] 


57 




y / 0 




58 


f 


, X / 0 




59 


5 a 


, a / 0 





60. 

61. 
62. 

63. 

65. 



If six times a number is decreased by 5,j the result 
is -37^ Fi nd t h e n ujnh e r , 

If two = thirds of a nijinher Is added to 32/ the result 
is 38. What is the numher? 

Find two consecutive even integers whose' sum is ^4-6. 

Find two consecutive odd positive Integers whose sum 
is less than or equaJ to B3 < 

On a 20% discount sale^ a chair cost $30. What was 
the price of the chair before the sale? 

Mary bought 17 f our = cent stamps and some five = cent 
stamps. She paid $1.66. Was she charged the correct 
amount ? 

A syrup manufacturer made I6O ggaions of syruip worth 
^608 by mixing maple symp worth $2 per quart with corn 
syrup worth 60 cents l^^er quart . How many galJ-Q_ns of 
maple syrup did he use? , , ^ 



(-9} 
{16'} 

(5) 

rp8) 
118] 



16 

T 



Any two positive 
confiacutive odd 
numbers less 
timn k2 , 

$37.50 



66. maple syrup did he use? , ^0 gallons 

In case you had difficulty solving any of the problems in Items. 60-66 
you will find open sentences and suggestions on page xx . 



11-5 • Siiinmary and Re view 
b tract ion 

— ==,=^__ ^ 

Fcr real numbers n 

a = b ^ n has the same meaning as b + n = a, 

To subtract a xeal number b from a real number a^ 

we add the opposite of b to a. • , 

We agree that a = b - c = a + ( -b ) + ( =e ) . 

|a = b| = G may be interpreted on the number line as 

"the distance between points with coordinates a and b is c units' 



m J 



Division 



For real nu_mbers 



, b, n, (b ^ 0) 

a - nb , 



^ ^ n has the saine m_eaning a 

To divide a I'eal number a by a no n= zero real number 
we multiply a by the reciprocal of b. 



Review Fl*oblems 



Answers are on page xxi-- 



Whlch nf the I'ollowing name real niimbers? 



(a) ^(6 -6)^7 

(b) 4 

(c) 



(d) 



m 

u 



Find the value of the phrase b^ - ^ae if 

(a) a = 2^ b - =lj c ^ 5 

(b) a ^ 1, b - ^3, c ^ =2 



r 



6. 



vl 



.Uol^ve the fulluwing open sentence 

(a) 7x + ii - X ^ 3x - 8 

(b) 2a - 3 < a + i+ 



(c) 3|x| < 6 



40 



399 



U-5 • C . 

"00 ^(x =■ ;,) 
(U --2(w = :) 

- ;^(^\:.;) . ' 

(aj Y - aiy ) 

M I ' ■,■( ) 

(■') - i'v =v( ) 

('1) - Ihy , -7( ) 1 

IJr.: ji-ijifjr ..Hi. r-:;.; Ion;; .i\'r i:--.'-, .:r ni:,' r.j M ar , 

(a) (:■: - y.j .(;■:•;.) 

(I) (x - 1.) - (-a = 
( ■) a ax - 2) - -(:a-: ^ !) 

(a) - -{'-.a - ?) - a(- = w;) 

7i Graph the trut:h aaa oia 
. (a) |x - al . 

(a) ia - a! y- -, ' 
(o) la ^ Li : . ■ ■ 

- ix = r i a. , 

d . An alrpiiiriG whi';h I'lie:^ at an avora^r: z^qq^a ol^ 'di<j (whei^ no wind 

i;; nLOwinc) hold la-k by a i.-a'.i wLnc ana t.ahej -.t^ hoar:^ to iMy 
n:D niilej. V/haf. the avera^^-- s|.<jeai ai^ tiie v/Ind? 

y, A V a..t jpr- ranro ovncr jo.lfi two /aUrt^^ VoT ^a-T^ aaa-h. On thfi i^i rc t 

^ % ^nil on thy L:o.'ona hn aalnod oh the cont. 

ii'jv; ::.n :h -Hi] i.-j :_:a i a nr lonn, or ah-i no i roah t-vua n the tv;o .ai;oDt 

to. Ihie temi.eraturo In a .■ortai n oiannoH nato j i t to koLt aithin a 

ranre ".odd than hh"^ troiT; rh Write an ore a oentonooj uoiny 

absolute valuen , hind the trath net. 



hOO 

4U, 




1 J — ' » < 1 i I I I 
0ia34i678 9 



2%4 

\ 4 f\ —4— — ~m 

< I * ' * ! I i > I 

0 I a 3 4 5 6 7 8 9 



3X9 



8 9 10 II 



\ \ I \ 



12 13 14 15 16 



^18. 



x4 



ERIC 



•in 

I ■ I j_ 



I rt H - 
i ■ 



2. 
S 



Answers for Chapter ROTKALa AND VA|^IA_BLE'S 

Section 2-h ^ 

5^^' 1B5 n^. 16 56, ^60 57. 99^- 58, 1080 

59' J ^jO. 6 61. ^ ■ .5 or i 



Answers Cor Cl-iapter 3 BENTMCE£i 
Section 3^g 

25. c ^ ^(86 = 32); truth set Is [3O]; temperature Is 3O degreits ^ Centigrade ; 

26. 120.:^ <1000)( .O^f )t; truth set is (j); time is. 3 years. 

27. (l^)(600) - (75)Vi truth set is { 120) j volume 1g 120 cubic units. 

28. 20 ^- i(B + h)ih)i' truth set is (6); missing base has a length of 6 units, 
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Answers, for Chapter k '■ PROPffilL'IES OF OPmATIONS 



SictlDn k^l 



■rj. 1^3.1 0.3) ^■h)=l(h ^ h ) 



^19,. 0 - =(2)) t 17 - (I - 4) *'17 



= 0 by the multiplication property of zero 
0 + 1? 



^ . ' s 17 by the addition property of seiw 

21. ((^'- ;06$(528r^ = ((|)(3))(5a8o; 



(l)(528o) . • ■ 
(5e8o)(i) - ' 

5280 by the multipll cation property of one 



Section U^h, 

116. (y 2)(y + 9) - (y + S)y + (y + £)9' 
- _ ^ ^ - + 2y + 9y + 18 

^ ^ ^ y^ + (2 + 9)y + 18 

. + lly + 18 

117. i'x + l)(x + 5) ^ (x + l)x + (x + 1)5 

x~ + X + 5x + 5 

= "+ ( 1 + 5 )x + 3 

o 

^ X" .+ 6'x + 5 

118. ^ (£x + a)(x + a)- ('2x + a)x + (gx + a) a 

o o 
^ 2x^ + ax + 2ax + a~ 

- 2x~ + (a + 2a) X + a*^ 

n p 
s 2x" + ((1 + S)a)x + a"^ 

- 2x^1 + 3ax + a^ 

119. (3x -f^ ^)(^x + 3) ^ (3x + k)kx + (3x + U)3 

^_ l£x" + l6x + 9x + 12 
^ 12x" + (16^ + 9)x + 12 
' ^ l£x^' + 25x + 12 

120. (x + y>(x + y) = (x + y)x + (x + y)y 

2 2 
, = , - X + xy ^ xy + y 

o ■ o 

^ x^" + (1 + l)xy + y" 

2 ^2 

- X + ^xy + y 



/ 



tlon k^6 ^ Revlev - Ctepters 1=U 

(a) is the set of odd Integere greater than 19 ,and less than 51^, 
' or the set c^f ^dd integers from 21 ' to ^9 inclusive* ^ ' 

(b) H is a subset 'of A, - - ' 

(/t) Set H is finite. Set A is infinite. -■ ' 

Since '| is ^ and. | is the coordinate of one point between 

the two is irfere are infinitely many poirrts between | and S. 

'/ : ^ k ~ 6 

(a) Set T is closed under addition, since the sum of two elements 
gives an integral rmiltiple of 3* 

f s - ( 

{h) Set T IB not closed under "sveraging" since the average of two 

elements (such as 3 and 6) is not riecessarily an integer 
■ 3 -fc 6 _ 9 " V -----e - 

(a) 

(b) n, are in the domain of the variable t. 

3 11 /- • ■ 

2? ar^ not in the dom.aln of the variable t. . i 



In (c), 



(a) (IS) (c) {k] (e) C2] 

(b) {6] (d) [3] , (f) [1] 

If m is a number of arithmetic, the truth .sets are 

(a) [l] . (c) [0] 

(b) the set of all (d) 0 
.numbers of arithmetic 

If the domain of m is the set of counting numbers^ the truth sets 

(a) (1) (c) 0 

(b) ,the set of all . (d) 0 ^» 

counting numbers 

(a) 3 is an. element of T. 
(b') 2 is an elem.ent of T. 

(c) 0 is a subset of T. (Note: 0 is a subset of every set.) 



. 0 I i 3 4 ^5 ' 

11. (a) 0 ^ {0] (e) The set fconilstlng of 0/ 

. ' and alj^- nuinbers 

^ V . 1 - 

between 0 and ^* 

12. (a) The sentence Is true. 

(b) Ul that is needed is to note that (8 + l). and ¥ 5) are names 
the ^same number.- = \ ^ = 

13. (a) true (d) true . ' ' ■ 

(b) false , true ' ^ 

(c) true : ^ (f ) true ^ / ■ ' 



■3 2 1 + i 

(I ^ |)(6o) 

36 + ko 
= k3 
16 
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3x -f y + 2x + ^ { jx + k'x) + (y.+ By) tsy the associ^tiYe ant^ conputative' 

. ' properties of additlo^n .' ■ . , ^ 

(;; + 2)x + (1 + 3)y by the distributive property 

_ _ * ^ 

bince the asiioclative j commutative ^ and distributive properties are true . - 

I'or all numbers, y + 2x + ^ly ^ f^x + y' is ti'ue for all numbers = 



16,. ' (x + l)(x + 1) - (x +^)x + (x + 1)1 distributive property 



x~ + K + X + 1 distributive property 

+ (1 + l)x + 1 distributive propei^ty 



= X + 2x + 1 
(b) ('X/;+ 2)(7^ + kO - x"*+ Ux + h as above 
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17^ 5 + 53C 

|a(3 + 2). or a(| + |) 
^^j^. 3(ai) + 15(11 J- (3 + 15)11 

" - (i8)(ii) 



or 



, . 11(18) 
pd,^- + 2)c or Jc/" 

i 1 
^ ^ + 3y 

22. ■ xy + X 

23. x(y + 1) , 



■ (5 + y + e)y or (7 + y)y 

26r (1 + 3«)b or t(l + 3a) 
27,-, 2a^ + 2a^ + Sac 



+ 11(1^;)^ 11(3 + 15)^ \ 28, (u + 2v)(u+v) ^ u^ + 2uy+uv + 



2 ' - 2 
- u " + 3uv + ^ 

29, ((a + l)a+ (a + r)l = a^ + la + la + 1 

2 - 
; ; ^ a + 2a + 1 ^ 



30. 17x + X ^ (17 + l)x ' ' ' . 

- l8x 

31* 2x + y + 3x + y ^ 2x + 3x + ly + ly 

- (2 + 3)x + (1 + l)y 

■ - 5x + 2y 

32. 3(x + a) + 7 ^ 3x + 3 + 2x + 7 

3x + 2x + 3 + 7 
m (3% 2)x + 10 ^ 5x + 10 

33* 1.6a + .7 + .^a + .3b - 1,6a + + .7 + ,3b 

= (1.6 + .if)a + .7 + .3b 
- 2.0a + *7 + p3b 

3^. by + 2by = (1 + 2)by 

- 3by 

35* 9x + 3 + X + 2 + llx ^ 9x + Ix + llx +3 + 2 
; = (9 + 1 + ll)x + 5 s 21x + 5 
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37. 



Since 2+3 + 5 + 7 is not divisible by -9^ we cwinot use the dis- 
tributive prop^ty fto vrite 2357 as' the product, of 5 and a whole 
number^ so we find that 2357 is not divisible by 9. ' 

358n ^ 3(10,000) + 5(lOdO) t 8(100) + 7(10) + k(l) 

- 3(9999^+ 1) + 5(999 + 1) + 8(99> 1) + 7(9^1)'+ ^(iR; 

- 3(9999) + 3(1) + 5(999) + 5(1) + 8(99) + 8(1) + 7(9) + 7(1) + U(l)' ' 

- <3(9999) + 5(999) + 8(99) +'7(9)) + 3(l) + 5(1) + 8(1) + 7(1) + Hi) 

- (3(1111).^+ 5(111) + 8(11) + 7(l))9 +(3+5+8+7 + ^) 

- (3333 +>55 +*88 + 7)9 + (27) 
(3333 +'555 ■+ 88 + 7+3)9 



Hen 




1587^^ ' is 'divisible by 9. 



The ri^le which becomes apparent is that H* the siijli bf the digits of a 
number is divisible by 9j the number is divisible by 9* , 

distributive property] distributive property] associative property of 
addition; commutative property of multiplication and distributive property^ 

15 X lU ^ (15 + k)lO + 20 910 ^ ' > ' 

13 X 17 = (13 + 7)10 + 21 = 221 

11 12 ^ (11 + 2)10 + 2 ^ 132 ,^ • 



Answers for Chapter 5 
Section 5^1 



ENGLISH AND MATIffiHATICAL SOTENCES 



C^en Phrase 


Meaning Of Variable 


English Phrase 


3x + 25 


t ■*- ...... iWm' ^ 

X is nuiaber of cents Tom 
earns in one hour. 


The number- of cents Tom 
earned in thrie houri if he 
gets a bonus of £5 cents. 


n + 7 


n is John-s age now. In 
years. 


UBTy^B age in o^ars if she 
is seven years older than 
John; or John*s age in 
years seven yBBrs from now. 


n ^ 7 ' - 


n is Joan's original 
weight in pounds*. 


Joan's weight in pounds 
after she lost seven pounds. 


y 

2 


y is the niambey of dollea'S . 
Laa^ry earned in two. weeks. 


Larry's wages in dollars 
for one week. 


2r + 5 


Tjt^ is the cost in cents of 
_Dae b_unch of rhubarb* 


5 more than the cost in 
cents of 2 bunches of rhubarb. 


a + b 


a is my age i n year s and 
b is my sister's age in 
years* 


the combined age in years of 
my sister and me 



3k 

35 

36 
37 
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Section 5^2 



hS, If I bought n bracelets^ and the Bsme number of necklaces^ then the 
hraae is: Kie total cost in dollars if I bov^ht braGaleta at 

1 ea6h and the seme , number of nec^aces at ^7 each* ' * 

h9. tf there ^e r paper clips in each-box^ then the phrase is: The 
.number of paper clips ^ I now ha:ve' if I had two boxes of them ani ttqt 
rqoranate too'k away f^ve' paper clips and then brought back seven. 

50. If the first side of a triajigle is x inches long^ then the phrase is: 
The number of inches in the perimeter of a triaj^le if the second side 
is three times the fir-^t one and the third side is one inch longer than 
twice the first side* * 



51^ 



If is the number of people in each of the new families^ then the 
phrase is: The population of a village which originally had 5^Qpa people 
after four more families move in, ^/ 

^'{if y is the number of dollars I put in the bank^ then the phrase isi 
The number of dollars In the bank after simple interest for one year at 
k percent, has been added. 



If d rectangular Watlonal 
Forest is x miles widej 
then the phrase isi* ^e 
number of square miles Irl 
the area of the forest if 
it is 3 miles longer than 
it is wide. 



X + 3 miles 




*5it. If the altitude of a trlanple . 
is y inches> then the q 
ts: The number of squ e ii es 
in the area of the tri-: 
its base is 5 inches lor^ than 
its altitude, 

y + 5 inches , ^ 

55, If the first side of a triangle is 5 Inches long, then the phrase iE 
5 + 3. 

56^ if a people bought tickets^ then the phrase is Sa. 
57. r + 12 . 



If X ' is the niimber of dollars in the inheritance ^ then the phrase is. 

/ \ 1 X 
{ a ) or 



B^"50 or ^.50 ^ . 

(c) X - gx Mix ^ 50^ or X = d - 

(d) X, Of course, you might wite (ix) + (^x + 50) =h^x - ^ix + (^x +5C 

You might find it interesting to show that this .phrase represents 
the sajne number as x. 



3l. 

60. 
*6l* 




(a) -(x + y) • 

(b) X ^+ y + |(x + y) 

, . ^ y Inches . , = 

If the plant grows g inches per veek^ then the. height in 5 weki 
Is 20 + 5g. . " , 

If t is the numher of minutes after his sjmB are immersed, and 
t > lOj then the ptoase is t - 10* ^ 



Section 



Opm Sentence 


Meaning of Variable 


Siglish Sentence 


'# ■ 

ix ,- 2 - 781* 


■ f 

X ^ is the niimber of books 
in the llbr^y. 


The number of books in the 
library is tripled* Two 
books ^e lost. There are 
iSh books left* 


n + 7 - 82 ^ 


'Jonathan ^Ighs n pounds. 


Samiy^ who is 7 pounds 
heavier th|in Jonathan^ 
weighs 82 ^pwfltt* (Or a 
similst sentence*) 




c is the number of stu- 
dentB Jn the class which 
consists of the same niam- 
t^r of- boys as girls* 


A class that has the same 
number of boys as girls 
has IJ... boys (girls). 



8 



11. In ■'Order to buy 5OO envelopes j I had to buy two boxes of envelopes* 

12. I have three pieces of'*ehain. Th% seaond^ piece has twice as many links 
as the first and the third piece hfis three times as many links as- the 
first. I get a single chain with the" seine number of links whether I 
fasten the second and third pieces together and then fasten them to the 
first ^ or whether I fasten the first and second pieces together and then 
fasten the third to them* 

13. J^es bought some 5 cent staji^s and the same nuinber of 8 cent staji^s, 
^e total cost was 65 cents. 

1^* The perimeter of a square is 100 feet. 

15. I have to travel just as far whether T go from here to Fairwood and then 
the five miles to Middlebury_j or whether I go first from Middlebui-y to 
Fairwood and then back here, 



16. 



Wg ^^ceived 6 gallons of milk, some in quart bottles and some in half- 
gfLllon bottles* 
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Section 

83. If the number is n^, then |n + in O 26. 

8^. If a side* of the square is 
X inches long^ then a^slde 
of the triangle is x + 5 
inches long* 

Qpmn gentencef kx ^ 3(x + 5) 




^85. If his score on the third test is t^ then 

» • 

' - , 7g + 8g + t gg 

7g ,+ 82 + 100 2^7 □ 2 

=^ ^ 

' ^- ' ^75 +82 +0 157^ -a 



Section ^j-'^- 



*62. ^ ^.(a) T^e smallest .gjnount C3f change the man could have is 
(h) Ttie laj-gert; possll^e amount of change is $1.6s. 
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Section 6-1, ^ THE REAL NUOTERS 
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1 1 ^ A 1 1 ^ 
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68, 


3 is to the right of 


a 


3 














69. 


5 is to the right of 
















70, 


"2 is to tha right of 


















71. 


1 is to the right of 


















72. 


0 is to the right of 


(1) 
















73, 


(2) and " (^) are names 


for 


the 


sajne number 


and so 


name 


the ; 


Biune 



/ 



• on the mjmber line* 
7^* 3 is to the right of 0 
75* /§■ is to the right' of ^k. 



ro* IS to the right of (^) (-^ x |) ^ (^) and (— x ^) ^ (~ 

^(S) is to the right of 
77- I is to the right of ^(i) ^ 

78. '2 is an integer, a rational number^ a real niimher* It is not a whole 
number , 



79. "('^) 1^ a rationia nuB4>er and a real number* It is nether a vhole 
nmber nor an integer - 

80. "Vi is a real number, It is neither a whole nuinber^ nor an integer^ 
nor a rational nxmber, > , ' , 



Section 6^2 
37- y < S 

38. u ^ 3^ 



39,' V > ^(|) 



kO. r ^ ^2 

Ul. X ^ 3 or 

i+2, c < 2 ^d 

kk. d < "1 or 

i+5 • a < 6 and 
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c > ^2 
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-| 


0 


! 


a 


3 


1 a > ^3 
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d > 2 
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truth 


set 


in 


this 


case 


is the i 



pty set^ 0^ and ^ 

hence has no-^raph* You should observe that there is no niiinher both 
less than *3 and greater than 2. , . ^ 

a©2, and *103. ' ^ ^ ' 

Under the ordering "-4", 3 +^'3 and ^3 ^ 3, Since 3 ^ ^3' see that 
the con^arison property does not hold. Clearly the transitive property is 
true for the real numbers, Kiis would not be a ub& :. extension of order 
although in the set of nmribers of arithmetic, " ujid " <" actually do 
have the same meaning. 
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Section 6.3 

^ ' ^ 7 . . ■ • . ' 

58. -jt < ^ , . ■ . 

^ ^'-y (^^^ ^^^^^^^ of TT, to 1+. deeimal places, is 3.1kl6.l ^ 
©0. 3^^-^ 2) < ^(20 + 8) . 

61, -2:1 < (iii) _ ^ / 

62. -f(5 4- 0)3) <-|,; + 17)0) . 

I 

John's score, the open sentence is 

fl. If n if the nujnber representing my financial condition in dollars th^ 
open sentence is , n < 0 md n > -200 or -gOO < n < 0. " 



1. Senxences (b)/ (d), (e), (f) are true. ' 

2. SentencfSE (a), (ri). (f) are false. 



i h 



- Z ' 0 I 2 3 -3 -2 -I 0, 1 2 fT^ 

(a) 0 (Ilo nuiniars are in the InterEection of the truth setn of v . 
anL-i ;,• .u , ) ' — 

^''i ^"^1 ''eal numbers. (=|u| < 2 is the same an |„| ^ .0 

i^^i IS always non=neGatlve, jul in always greater than ..2,' 
-et or all real niunberE c^'eater than -3 ' and le = s than 2. 

^'^^ ^1 all non.porltive numbers. (Look at the santenr-e k! ^ - 

ix| la.always non-nerative. "-x" is read/the opposite o^ x'' 
w;mt IS tnu net of nujiiners whose opposltes ai-e positive?) 

(^■) 0 (!."! never necative.) 

(;■) Tiie ^et of all r-cal numbers, 

^^>-^ — I — i — I — i — 6(c) I r I i — i_i ^ 



J J _L 
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6, If we let "t" represent the nijinber degrees of the teniperature on Sunday, 
emd If we interpret "within" to mean a variation up to 6® "but not including 
6°^ then the open sentence can he written^ t>-ll and t<ljOr -ll<t<l. 

You migh^ look at the nuinher line. It' you go 6 to the lei't^ you are at 
-11 and if you go 6 to the right, you are at 1* 

7* (a)^ (h)^ snd (e) are true statements. 

8- ^ ^ i ^ i ^ ' ' ' L~l 1 I A — I 1 L — U 

^7 -5 -4 -3 -I -I 0 I I S 4 a S 7 S 

an= element of this set. |-8| - B and 8 is greater than 3- 

n is the integei^^ n + 1 is its successor and n + (n + l)^ n + 1* 

Tlie truth set of this sentence Is (0), - • . 

10. (a) If s is the number of units in the side of this square^ s is . 

positive^ hs is the perimeter of the squai'e^ -A sentence foi" this is 
s > 0 and i^s < 10, . ' 

1 6 \ I 1— 

a I 2 3 4 2 

(h) If A is the number of units in th© area of the square, then^^ A - s / 

where s 0 and ks < 10, as in pai't (a). Sinc^ A is s", aiid 

s is a number from the set of numbers between 0 ajid 2,5 j ^he 

truth set of A is the set ol' numbers between (O)- and (£.5)'^ or 

between 0 and 6,25. 




4o— L 



^1 O I 2 3 4 5 6 7 



0 
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Section 7^1 



P 



Coluflui 1 
Buaineea 



Mon,; ^dfit of $7 
Tueg,: Profit of $5 



Wed, : ft^of It of M 
Thura.: Loss of . 
(Tire trouble) 



Fri, : Loss Of ^7 
(Another tire) 
Sat,: Profit of 



Sun. : Day of rest 
Hon. I Lois of ^3 
(cold day) 



Tues, : Lo^s of 

(colder) 
^ed* : Lose of ^6 
(gave up) 



raOPEHTIES OF ADDITI^' 



EAMEL 7-1 
Column 2 
Wet income 
(by arlttaetlc) 



7+5-12 



6 + i^k) a 



Net Income 
(nMber lin 



(-?) + 4 . .3 I ^ I 



-7 



0 + (.3) . .3 _J 



;^u) + (.6) . .10 



'3 



l < 3 



6_ 



-10 



-4 



Section 7-2 

109. false 
J-10, true 
111. true 



112, true 
113' false 
11^. false 



115* false 
116, true 
117 i true 



some X, 



Section 2^ 

h6,. 'If * y + s i-j 

^ ^ -5 " 13 is true for 

^ then (x + .5) + .(,5) ^ (^5^ 

^ ® "^^^ i'o^^ the same 

• Check: If X is 8, in the original question 
the left side is: 8+5 

and: 8 + 5 ^ 13 
the right side is: 11 ' 

Hence, the truth set is f8l 



kf. If (-6) + 7 « (-8) + X is true for bom 

then . . 1 - (-8) + X 

8 + 1 ^ 8 + ((•8) + x) . 

9 - X is true for the sajoe :x* 



Cheek: if x is 9j ; ' . ^ 

, the left side is: (-6) + 7 

«id (^6) +1=1 

the right side is^ (-8) + 9^ 

' . ^ and (-8) +9-1 ' " 

^ Henea^ the tmth set Is (9]. v 

J^Cc^ ^ % ^ ff) , 

^ ^^^^ / - f% ^{-;)) 

^.^-.^ ^ \ C-Of-^^f-M) 

UnacQeptable: 

i+9. If (x + 2) + X = (-3) +: X ' is true for s%i^ x, 

then ((x + 2) + + (-x) = ((.3) + x) + (-x) 

X + 2 = .3 
(x + S) +.(=2) = (=3) + 

X =^ -5 is true for the same x, 

Checkr If x is -5 
/ the left side is: ((-5) + 2) + (^5) 

' ^ and ((.5) + s) + (-5) - -8 ' - 

the right side ia: (-3) + (-5) " . ' 

' (^3) + (-5) - -8 . . . • 

Hence ^ the truth set is [-5], 



Gectlon 7=6 

I. '(a) 6 (a) 1 

(b) ■ 3 . (e) 15 

(^) 0 (r) 30 

P.* AJl t}ie nentenccc ai'o triie except I'or P(c), 
3* 11 le left mmieraa ic 

3 ^'f^ " f ^ = 7), Corrmiutative property of addition 

" ^ ^ ' ^^noelative property of addition 

^ f A idltion property of opponites 

- AilifLtion pi'opei'ty ol' 0 

flic richt niuneral 1.^ al::o 7; henco, i sentence i^j true. 

'3^) (f) l-i l^ij (d) ^ ■ 

(a) Set of tUl nuiiifyr;; ex:^ept 0 (b) | 0) (v) 0 

(a) Either both a.re negative; or one ii: n--ative arid tiie other i:^ either 

positive or 0, and tlio necat i vm _ luiinber hac the ttreater absolute f^alue, 
ib) Ore i>. the oppoGitt: or the ot\iei% 

(r) Kitiior luin arc- poritive: or onr i:: ro.;lt;vo -ul the other i r; pitLr 
noi^atLvo or U, and t}ie. lo.dtive runu er ha.; tiio. rrealoi^ abDolute %4lue, 



3. 



ij 



L-:: the rur:.ber of doiJar., In th.. w./e!;^: .:a!-r, ^50 f .O^x ■ Ho, 
(a) If X i..: to^ lonrth of trio rourth .d.de^ x 



0 < X < , ^ - - " ^ ^^'^ 



o 

(a) Jm^ \- ai^ 
(h) fab * fa^ b 
(^0 ;,(a > b) 
( i) bx(i ^ fa) 

10. (a) Yu.:, th6 /cd i 



10 




.^ei an ier 1 ne upt:ration of ''oppo:;!!* 



^^■^ ^^^'^ ■Mu/ed uadr.r t;p- aporatloa ■jV ''ae^ujluto value'f 

( ^ '--^^ Mo.ed vaiier '*Oppo.:ito'' It [ r. -Mo.^ed luicjer '^abnoJube 

' ^^i^'i'^i^ iia::::.,r or 11. on].j/ite 1.; thu abroirte valuP 

^ a I ]\\]::\[ vi^ ^ 

(^-0 Y-.^ , : h^' ( ! bj 
(^■) h-.-, t!a- :^d f- not 



( ■) 



■^■d uado!' tii- >4-a-at luu nV "-op.- = 



■ ' ji). h -r "ai^.aiitu vaiUe.-"^ ii u; nut htMaaiiaaM.ly 

' I"-"''- '' '-'{/a ^-i^'-", /id "- uvun If -tilt; a^oolula valuf uf a iiiunber 
- bpo/itt/ tai::;tior li.uy not be. 



•1' 



o'. ( = ;)(=M-'-(--)(v) 
•0. + y) ( 

(-::)( = -.) -» Y 
■0:.. -- (==i)( = .2) 



) (-:::)(;>) 



0 -H 7 - 

J, 1 L 



-4-3-2-1 0 I 2 3 4 



I.- t[-rli 



4 -3 -2 



2 3 4 



(- ) 

:(-:) (-). ii^ 



4 -3 -2 



J I 4 1 L 



2 3 4 



(;)(- ^ 



)(=: '1 (.- 



(= ■•) 



-4 -3 -2 -I 




1-1 - - I- - 



XXL ;f 
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ERIC 



Bection'8=2 



*^eurem. For al]^ i^eal niiintejs a and ab - ba. 

Proof. By. Theoreni 3^^^ for all real niuribere a and b, " ^ 

|ab| |a| |b| and |ba| - |bj ]a| . 

|a| |b| and Ibl |a| ai^d equal because the commutative property of multiplica^ 
tlon holds for non^negative nuinbers. Conrequently^ ab and bk have the 
same absolute value. r^Dreover, ab ajid ba are both po.sitive if a " and b 
are ^oth positive or both negative. 

A1.S0, if one Of the numbers a and b is positive and the other negative, 
then both ab aiid ba are necative ^-the definition of multiplication of ; 
real numbers* 

And if .one or both of the numbers a and b are sero, ab and ba are 
both 0, 

In short, if' a and b ai^e any real numbers, ab and ba have the 
^ame absolute value and they ai^e either both positive', both neBatlve, or 



both 0, Hence J 

Seetlon 3^3 
Proof. (=a)(^b) 



ab 



((^l)a)^^l)b; 
(M)(^l^ (ab; 



Kal) 
ab 



J 



Theoi-em 8=3, 

Associative aiid commutative property 
o 1 ' niu 1 1 i p 1 i e at 1 o n 

Definition of multiplication " of two 
negative nurnbei'S 

Multiplication property of 1 



" Section . 

107, 3y^ + i-lhy) f 3 

103, h (^6m) + / 

10-, ab t ( = bc) f al f i^cil) 

1.10* ir f ::'ab f b'' 

111* 3a^ -f a i^p) 

113^ c'^ + ifc + (=13), or 
{'![;) 2e + c^ 



11^^' 2y- -f- ( = 7y) + 6 or 6 + ( = 7y) + 
11-^ ^ (-I3n) ^f- 5n^ 



il8* U>y- 
li =6x^y 



= llxy) -f- yx' 



4 

xxil 



Heetlon 3-^ 

1. (a) 3a^' i-- i-bo.) ' (d) + (-10m) + 25 
(b) + 7x + 6 (e) 2x^ + (.5x) + (=12) 
(e) 'a^+ i^o") 

2. (u) 2a(x + y) ' (u) (u b)(,.x + y) 

(b) cia + (.1) + 1) (d> Ij^;/ N ( = 3x) + ( = 1^ 

3. (a) i^a + jb (c) (..ja) + U.6 ' ' 
(b) Ux + (-21) (d) |x! ^ j-x| , or 2ix| 

h, TiAQ decLlor ;nario p, or. the tl'aiujautionc , 

15(3P) + 20( = D) +_ (=M)(i) + (.7)(-2) h:, + (-'^0) + (-15) + Ih = h. 

Noti -e that ; ;/ tlio 'ormiitativc and acsoc latlvo properties of addition arid 
by tho diati-lbiitlve property, 

^ (p H {^:^))(^) . (PO ( = 7))(,2) 
- 10(3) ^^13(-^) 

500(i) 300(^4) ^ - :300(i) ),oo(.|) + 175 (|) 

- v^oo(jJ . |) + jooiri) ^ (12^ r5)(i) i^oo(.|) 
..: noo(i) + jOO(^|) + 300(^) hOOir^) 

- 500 300^^ |) ^) (^350) 

- P)0. 



If the rate ot pay Vov ont^ hoin''n work Ic dollars ^ then =2x Ib i 

nuiriber oi" dollai'u I'or .one houi^'s work at the overtlirie rate* ^ Since 



the 

houi^'s work at the overtlirie rate* ^ Since he 
worked " '^8 houi'Cj he wai^ paif> at the noi'mal rate Vor hO .houro and. at 
overtime rate I'ov' ^3' tioiii^B* 



4 Ox H '^{^x) - \6CJiO 
or :- luoJm. 



aectlon 9=2 






103* 


11.2, 3) 




■ IOC. {0^,1] ■ ■ * 


lOU* 










[0,1^1 






.109. 


Iheorcmi 


ir a, I, 


are real niinibei'i: , and If ac . - be .and c / 






then a - v.* 








ac he 










hill t ip 1 1 c at 1 on p rop ei't y o V e qual i ty 




11 i c 


.i) . L,(e.i) 


AcGoelative property 






ti'l - b.] 





xxiii . 

4 j ^ 



t- ['■■) + :':'U 



( = a) 
(-a) 



Tl." L'glution net i; 



0.' 



■y - ' V,-) 



0. 



■.(:•: • -V) 



i 



ERIC 



+ :.::0 l:: t^- -totul .U^.j-th or tli'; .;o;;r. 
.^1- r;;-0 i.^ ':i;=ct:\^'r o:';i..rc:^:- Icl :'jr xli^j tot a: .U^v.rXi 



t:;'V ■.'01*2'; 



(•■ ) 



4 



n 



ERIC 



Section 9-1 



(a) (2) (d) (0) 

M (7) (e) (M)' 

(c) rjet Of all real numbei-c 

(a) (-6,, -1,0] 
(t) [- |, h] 

i b ^ -^^^ non^sero real nmnbei'r: £i and b. For exan^le, 

ir a - a and b . 

1 



1 1 



3 



Remember that if a statement Id falcG in a -Inrle inntaiice, it is not 
a true :^tatement for all niii:;berG. ^ — = 

(a) b ^.=3 • ' .. 

(b) b . 0, c ^ 1 } 

(<■) 1 never equal to 0 ainoe 0 for all non^zero 

values of aims, b^ -i- 1 always hac a reciprocal, 

5^ (^) I- X is the nurnber of dollai^s I pay, 

then X + y ic the nuinber of dollaj's Jim pays, 

X + (x -f- 2) ^ 11 

The truth set is ^ (hi), Jim pays $6.50. 

I;^^ is the first odd interer, 

then X + 2 is tlie next odd intecer/^ 

X (x + 2) ^ ho 

The ti^ith set is [Vj] , 

The intei^ers are lO arid Pl, 

(^) w is the wifit/i of tiie ro-tiinrlci in yardc, 

ther: V 27 i;: the length o:' the rec tai-iclo in yards. 
2w 4- 2(w 4- £7) . 

Tlie truth set is [3c), llie ruetancie is 36 y^-ds vide and 
il3 yaixis lon^% 

i^O II X is Jini^s rrade, 

then X + Ih is Mai-y^; t^rade. 

X -Mx 4- 11) 170 

llie truth set is (76), Jim^s ^;rade was 7^, and Mai-y'n tirade ^^as 92, 



9 



XX vi 



5# (continue 4) | 

(e) If X is the father's wage in dollars per day, 

Q _ _ _ 

then is the son's w^e in dollars per day. 

V 

4- 2(px) = 96. 

The tin.ith set is (20). The father eaxned ^i20 per day ajid the son 

eai^ned per d.ay, 

(f) If X is the nu2Tiber of pigs^ 
then X + 16 is the niiiTiher of chickens* 

kx + 2(x + 16) =7^ 

The truth set is [?] , Ttiere were 7 pig-' and 23 chickens* 

(g) If X is the nuinber of hits^ 
then X + 10 is the number of niisses, 

lOx + (-5)(x + 10) ^ ^25 

The truth set is (5). He made 5 hits. 
f 

Section 10-1 

65. X + 5 < =1 * 
(x + 5) + (-5) < -1 + (-5) 

X < =6 . ' ■ 

Truth set; the set of aJLl numbers less than =^6* 

66. Truth set: set of nimbers less than =1. 

67. Truth set: set of nuinbei^s less than 1.2, 
68 » IVuth set: set of numbers greater than ^! * 

69. 3x < 5 - ^ 

3x + [^2k) < b ^ 2x) 4- ^( = 2x) 
! X < 5 

Truth set: set of all nurnbers less than 5. 
70* (^|) 4- 2x < I 4- X 



PI' 



Since each of the steps is 
.J. (-x) < (= + x) + (^x) reversible^ we conclude that 

the timth set of the original 
i) +- X < ^ sentence is the set=of all 

^ numherB less than i. Can you ' 

3 C^"" 3 ^ ^ 3 explain which properties you 

. 7 used in each step? 

X < — 



i 



xxvli 



430 



then 



71, Ti-ut}] -et: the net of all muaberg lees than 1, 

72, avuth set: the zmt of all nimibers lesG than 2. 

73, I'lnith Get: the set of uU niinbers nreater ihaii ^k, 
7'J. l^n;th set: the set o:' aJl mjinbers greater than K, 

Section 10- 2 

Theory 10^. If x mil^ , ai^e two real n^ber. su.h tiatt x<,, t 
t:;ere is a positive real nimibej- y such that x + y'r. s. 

"^''^ - be two real nimiber. such that x<z, a. Isnr^unwi 
^^^^ -ate:sent of t!;. theoren:. We tnen ixiist show "Lhat tiier. i^Ta"' 
rua. -m-i.ev y. wnich satisfies two conditions, nmsely^ ^ 

( 1 ) :■: y ^ z " 
and (2) y is positive. 

1 -'^ "-oo-^ y - - ( = x) in order to lead ue towaj^d mir ^jnal^ dhen 
^ y IS a real nusiber by the closure property of addition/ and " 

\ -^'^ - X z H (.v) the way we liave chosen y, 

^ " " (^^0 by the coruiiutytlve property of addition^ 

"'(^^^ "'^ (^"^ - ''0^ the associative property of addition 

^ '"^ ^ "^^'^ the aadltion property of oppo^lter; 

Ine addition property of zero; anci 
y:^ ., indeed, the firct condition is satisried.- 

fl) i'drtner, of course, x < is acsuitied, thus 

^^■-^ < :i - ( = oy the addition property of order 

) i'V the addition property of opaosites. 



X + 



0 < z 



Recall, however, that y - s (o:); thus, we have 0 < y. nr in 
otn-r words, y is positive, - ^- 



iince 0 a < b, we >now thot both a and b ai^e positive. 

Froi:i a < b, we liave uf < ab (nmltlplyin^ by a) ■ 

a:ui also' as < b^ (n:ultlplyinr by b) 

"^^t^' "^'^ ab<h^, we nay con.lu.ie tkiat a^ < b^ unir^^ 
^ne transitive proper bv oi' order. " ' 

*67. Given' a / 0, b / 0, .arjd a < 1. 

- * ^ ^J^^^ ' '^"^ either l;oth positive or both necative, uhen 

t b ^"^^^^ positive or both nenative. In either event, 

j^*f I:: positive . f^ince a<b, v/ehave a(i * i) bfi * 1) 

" ' a b- ' 'a b'^ 

anri the conclusion i;. ± jL. 

' a' 

' xxvlii 



*67. (continued) 

" ^ « negative, b positive, then |.i i. negative. 

V^' -^h'^^* ^(i-i)<4-# ana. the conclusion 
- i b- 

not.:. Ic it possible tl,at a Ic positive, b negative? ' Why not? 
Section io-^ 



'dmtenca ^uth Set 



rapn 



See note:: below 
'et niunberG len:^ ^-\ \ _i__l__[__L 



tnaji X -3 -^2 -j 5 j 2 "1 4 



than -3 ^ -2 -I 0 | k i i > 



Get or nujnters less 1 I i | j i . 

tn,su. =j -3 -2 -I 0 ll 3 4 



17. -y < -3 
iS. |yi < 5 
15. \yl < -3 



Set of imnhers tetween ^ I J i j i i . i 

3 and y -3-2-1 0 I 2 Y4 

Set of a.11 refU. niunter,';. -^BiMMb^i^^B^^^^J^^^ 



-3 -^i -I O j g 5 4 



^l^'l ^3 Cet (or nmnber:: lest: thnn ' I i i | 

-3 or ereater than 3 -\ 0 { 2 



Fotes for Ite:n I5 
Item 17 
Item 19 



ry < 3 may be vritten L either -3 < y or at y > -3, 
= y < -3 may be wrltteil ac y > 3. 

= |y| < 3 may be written, an |y| > .3. since lyl > Q 
lOT all reai^ nunibers y^ ourely |y| > ig trui " . 

lor all real* niLniterB y."--, 

Item 20: |y| cannot be negative* / 

Item 21: .|y| < .3 ^ay be written |y| > ^, CnrrmarP th^ 
Eraph of |y| < 3 in Item Ip, - - - 



22. The set of all numbers greater than -1, 

23, Thm set of all niimbers less than =2* 
2^* The set of all niiinbers less than -5* 

k 

25* The' set of all niamhers greater than 

26, The* set of all numbers less than or equal to -1, 



Section 10- U 



1, 


(a) 


-100 < -99 






(d) 


6 5 

7 8 




(h) 


n p - n 1 






(e) 


0 ^ 
+ 1 > 0 






|-3| 1-7 1 






■ (f) 


C- « 


(a) 


true 






(d) 


false 




(b) 


false 






*(e) 


false 




(c) 


true 






*(f) 


true 




(a) 


not equivalent 






W 


equivalent 




M 


equivalent 






(e) 


not equivalent 




(c) 


equivalent 






(f) 


not equivalent 


k. 


(a) 


positive 






(d) 


negative 




(b) 


positive 








positive^ or 0 if n = ^p 






negative 






(f) 


positive 




(a) 


ThB set of all 


numbers 


less 


than 


(-5) 




(b) 


The set of all 


numbers 


greater than (=l) 




(c) 


The set of all 


numbers 


greater than (-6) 




(d) 


T^ie set of all 


niiinber s 


less 


than 


(-3) 




(e) 


The set of all 


numbers 


less 


than 


or equal to 91 



(a) The set of all numbers greater thari 2 

(b) (2) 

(c) Hie set of all negative real numbers 

(d) The set of all real niimbers except zero 

(e) ^e set of all non-negative numbers less than 90 

(a) {2} (d_) 0 

(^j) [^1] (e) The set of integers less then -2 

(c) {^2] (f) The set of integers greater than -1 



_4 J J 



(a) 


^5 


(d) 


(-1) 


(b) 


{2} 


(e) 


(0) 


(c) 


n 

C|) 


(r) 




(a) 


[.12] 


(d) 


{0]-, 


(t.) 


(-33 


(e) 


The set 


(=) 


[0] 


(f) 


(=1) 



. 10. If A is the number of square unitB In the area, 2k < A < 28. 
11. If A is the number oT square units In the areaj 2k < A < 35. 
*ia. If A is the number of square units In the area, ' ^.gSE^ < A < 26.562^. 
^■''^ P " "™t>er of plants at the beginning of the^seoond year^ 

> ^{2k0) and p < |(240)j that is, 180 < p < 200. 



P 

If n 



' Hf^r'^ns"^^- seeds at the end of the second year, 
n .> (180) (21^0) .and n < (200) (240) j that is, 43,200 <n<M, 000. 

f is the number of seeds at the end of the second year 
s > (180) (230) a^id s < (200)(2^,0)j that Isi 4l,400 < a < 30,000. 

14, (a) If the side of a square is x inches long, then the side of the 

of'SfM^' -? ^v,^-^ incrfie^ long, and 4x =3(x + 3.5). ihe length 
01 the side of the square is 10. 5 inches. 

(b) If the rate of the current is x miles per hour, then the rate of 
thm boat downstreaiTi is x + 10 miles per hour and x + 10 ^' ' 
The rate of the current is equal to or less than I5 ' miles^pe^'hour. 
If X is the number of hours spent on the Job^ then 3 < x 5 
Mary can expect to spend from 3 to 5 hours on the Job/ ~ , 

" f^^^ hours Jim must work, I.75X > 75. Jim mst 

work at least 4j hours, to the near-est hour. " . 



(c) 
(d) 



Sectio n 11=1 
26, ^5 

a?* 3 

28, 

'^9. 16 
10. 0 



31. -3000 

33. I 

3^. -1*262 

35* -0.57 

36, 160 



4 



xxxl 



Section 11=2 



'.ictlnition of rubti^action 

Mini 



(x = 3) - (x = S) . (;< ^ i-l)) +.,(1(:< + , 

- fx + ( = 3)) + (t=-^0 '-^ ^ J oppo;.= ite or yiun equai 

-.• X -r ( = 3) i- L; , y.."-:^Oi: ' alive- pi-opCi=ty o i" 

addition 

- X + (-x) + (-3) + ^ } ^•o^rmli alive propyi'ly of 

au(.iiliO!i 

- 0'+ (-1) , , add 11 ion pi'operly oi' oppoKites 
t7 =1 , ^ aduition pi'opert;,- oT 0. 

(\ 

86. IV the len^^th of tiio I'eclaiinie 1- y irielie;:;^ Iho width i ^: y - Inohe:^* • 

y -f (y = \) Ui an oppn pli.rar:c Vov one^hali' oV iri: perirnelor^ IP the 
peiumeter ip 3^ intiieL/j cjji op^ii netvlonce Cor the pi'obltin i y iy-[:) ■■ 

li' the niunbo:' is an opea ::;enten>^o l^oi^ tlie prohleni Ic^ ;,{n^JY) ^ lt)2. 

yO. It X 11: Iho nujTibGr ot =;ludent:i in Iho ^vlan.; novi ^ an open centon^^e loi^ 
the pi'Oblcm in .^.x < x ■^ 'a:. 



Section 11=3 



Ih, truth i^cti [h\ ^ Grapli: 



75. 



Truth cot: 



^1.1] 



UiaLph ; 



Truth .^'-1: 0 
77. Truti: :;et: il,y 



Gr-i;jh 



7^. 



ChHiPh 



ill ' 'I 



-3 



•1 of a. 11 I'co-l nurnl'er;' .Tiiih ti.ut 



-2-1 0 I 



4 J / 



80. Truth set: The cet 
Grap 



t o:' ai,l- real nuinbers less than ^1 or creater than 5, . 



_ I I I I i — ^ ^ ^ 

-1-10 13 3 4 5 6 7 8 



31. {x + 3 



1^-uth :;et: 



Inu :;t?t ui' all roal iiiuiibei'n ouch tliat 



? -8 -7 ^6 -5 ^4 - 



U 



3 -=1 0 I 2 



:.u^:'er odd 



''Or. - \o 



ERIC 



1. 




(b), (d), (f) 




2. 


(•) 


(.1)2 ->(2)(5) - • 






(b) 


^('3)^ - ltd) (=8) = 


17 




(c) 


\6f - lt(-9)(-l) = 


0 


3.. 


(«) 


C-lt} 






(to) 


Set of real nmnben 








lesa than 7 





(c) If 3|x| < 6 is true for some x, 

then |x| < 2 la irue for the sane x. 

Truth set: Bet^^ real nm^mrm con si sting of -2, 2^ and the real 
niMff^rs between *2 and 2* 

(i) [0,2] 

(e). If |x + 2| < 3 is true for some 

/ theh |x-(-2)| < 3 is true for the same x. 

Truth set: set of real numhers between -5 wid 1, 

(a) - 15 (c) 

(b) =2b + S ' (d) ab - ac 



1 1 



(a) 
(b) 

(a) 
(a) 



7(1 + 2y) 
7(1 = 2y) 



-X + 



(c) =7(1 - 2y) 

(d) -7(1 + 2y) 

(c) 5x - 8 

(d) ^x ^ 5 or ^(x + 5: 



No graphs =E^e truth sfe^,,^ 0 since no matter what number x 
representee jx - 2| is non- negative. 



(b) 1 I I I 



The truth set is the set of all real 
numbers. 



(c) 
(d) 



J L 



■3 "^2 



-3 -a -I 



J L 



' I I i 
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8. If w represents the arerage ^nd ipeed, then 200 - v repreienti the 
average aliplane ^eed. An open sentenea Is representi the 

|(200 - v) - 630 

200 ^ w ^ 180 

^ ^20 

V = 20 / 
The -fflrarage wind ^eed Is 20 n^h. 

9. If the flrat shirt cost x dollars, then x = ^ 3.75 

X ^ 5,00 

If the second shirt coat y doll^e^ then y + ,g5y\ 3.75 

y - 3*00 

1*^^-^^=°^^ ^hi^ cost ^,00. Since he sold it for $3.75 he 
gained $,75 on it, ^j^^Js 



(-l.m) + .75 



,50, 



ThUB^ he lost ^,50 on, the two sales. 



10, |t - 70| < 15^ where t is the teii^erature in degrees. 
T^th set I me set of real numbers between 55 and 85. 
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Index, Part I . ' = 

abeolute value 2^^2lk, 2l6, 385-392 
addition 

definition 226-232, 261 

identity element 99^ 252, 31I 

of real numbers 219-2^/261 

on the number line 23-2C, 219-325 \ 

properties of 235^2^2^ 262 ' "~ = ' 

addition property 

of equality 242-^1, 26& 

of oppfcaltes 238, 062 
. of order 350, 352, 354 

of zero 99, 130, 239, 262 
additive Identity 99^ 252, 3II 
additive inverse 252-260, 3II 

uniqueness of 25^4-255^ 311 
associative property 

of addition ii^l-i+2, IIO-II3, I30, 237, 262 

of rmltiplicatlon ^^-^5, 113-lli+, 130, 289^292, 3^ 
binary operation kO^ 117-120 
clause 87-91 

closure property 26-3O, 1^^109 
under addition 1^-107^ 130 
under multiplication 108-109, I3O 
collecting terms 304-3^ 
common name 31^ 38^ II3 
conmitative pi^operty 

of addition U3, 112-113, 130, 236, 262 
of multiplication U5-U6, 113-llif, 130, 281-S83, 308 
con^arison property 191-192, 215, 3^7, 35^ 
confound sentence 

with connective and 87-89^ 97 
with connective or 89-90., 97 
coordinate 13= 17 " 
correspondence 9 
counting numbers 2 
denominator 11 ^ 39U 
difference 23O, 373 
direction 22k 
dist^ce 208^ 224, 38^5- 392 

distributive property i+7-^j8, 120-120, 295=^297, 308 . 379^380 
division 11, 117-113, 131 - . - - - 

del'inition 393-3S^8, 399 , 

by zero 11, I3I, 39!,, 397 
domain 62-63, 83, 16"^ ^166] 187 
equality 

addition property of 242=2'il, 252 

mul t i p 1 i c at 1 o n p r op e r ty o f " 3 1 6 - 3 1 8 
equal sign 67 
equation 84, 2hh 

equivaQ-ent yentence::^ 332, 3^:^3, 362 
formula 77=78, I50 
fraction 11 

fundamental properties of real numbers 370-372 
graphs 17=20, 91=96, 97 

ol" compound open Lientenf:e;j 91 = *;)6 

of sets of nuinbery 17 

of tnith sets ijJtSO 
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ireat#r than Blj' I87 

greater than or efual to 93* , 

idMtlty eleMnt 99-105 ^ " ' , 

for addition 99^ 3II 

for wultfpllcatlon 312 
If fflid only if 326^ ^8 

indioattd product 30, 53-55j 121-123^ 303, 32^* 

in^Gated quotient 3^ 

indicated sum 32^ 53-55, 121-123, 303 

iaeguality 8l-86^ 353^ 361-366 

integer i 178 

interaectlon 19 

iavtrs# ^ 

additive 252-260^ 3!* 

multiplicative 311-318^ 31^3 
irrational numbers 182^ 215 
l#ast common multiple 103 
less than 8l^ 18?, 3^7 
less than or equal to 93^ iM 
mathematieal Imgu^e 137=1^^ 
mathematical proof ^^-260 
multiple^ least cofflEUDn IO3 
multiplication 

definition 273, 308 

identity elament 100^ 312 

of real numbers 267^279 

of a real nmnber by "^l" 293, 297 

on the numbar line 26-27 
multiplication property 

of equality 316-318 

of one 100^ lOl/ 103-104/ I30, Baif^286, 3O8 . 
of order 360 av, 

of zero 101^ 130, 287, 308 ^ •/ 

multiplicative inverse 311-318^ 3I2, 3^3 ' 
names for "l" 102 . - .j^ 

natural numbers 3 ' 
negative integers 178 
negative real numbers 182^ 215 

number ^ 
counting 2 

irrational 182, iBi^-, 215 
negative 200, 215 
negative real 182 
of ^ithmetic 17, 73, 190 
natural 3 
^iVive 200 / 
lonal 12,' 180, iSk 
fml 177-21^^, 1B2, lBi+, 215 
whole 3, 29 ) 
number line 9-23, 177 
numbers of ^ithmetic 16, 73 
numerals 31^38 
numerical phrase 31^38 
numerical sentence 35-37 ^ 68^ 88-90 
numerator 11, 39^ 

one^ multiplication property of 100, 101, IO3-IOU, 28i4==286, 308 

one-to-one 20-21 

open phrase JOj lUo=^l55 

open sentence 67-74, 97 

involving inequalities 83-B6 
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^poslte 197-20it, 216 

mMliion prapmrty of ' 238, £62 

Orter property of qpposltea SOl-lol* ^54 ^62 
ordtr relation 186-196^ 3^7 ^ 

properties of 3^+7-372 , - 

: pyeBthage^^^ ^ - - ^ . _. . ^ =„ ^_ 

phraae \ 

mimerieal 31=38 

open 62^ 10 lUO-155 
Pi I83»l8lf ^ -^^ 
point -8 ^ 
positive Integers I78 
positive number 200 

-^proof 237, m-m, 260, 286 

proper subset 21 ^ 
property of an ^etmtlon kl 
rational numbers 12^ l80^ iBk 
real number 177' SlU, l82, l8i*, 215 

addition of 219-225^ 261 

multiplication of 2fi7-279 
real number eystem 370-372 
reciprocals 318-327^ 3I+3 
reversible steps 336/353 
relation ^kl 
sentence , 

coii5>ound 87-96 

numerical 68^ 88-90 f 

open 67=7^^ 96 
sat 1-8 / 

enpty 3 # 

element of l 

finite k 

infinite k 

member of 1 

null 3, 76 

solution 2k6 

truth 7^-8q^ 9J, 2k6 
solutions 

of equations 246=?^1, 328,31+3, 384, 397 
of inequalities S ^ - 

solution set 2^+6 

solve 2U6 

square of a nmnber 73 
square root 

approximation of 1^ jk- 183 
subset 6^ 21 
subtraction 25, 131 

definition 373-377, 399 

on the n-umber line ^ 

properties of 377-385 
successor 22^ IU5 ~ . 

, sums of elements 27 
symbols 

absolute value 207 

dlvisJ,on 393 

empt^ set 3 

Intel-spe^ion 19 

imilt^lication 33 
null set 3 " " 

set 1 ^ ^ 

union 5 ^ 



theorem ' * * 

trwiiitiye property 193»19^, 2l6, 3^7^ 35^ 

truth number 71-73 

truth set 7^-80, 97, 2^+6 , 353 . 363-366 

graphvQf 79=80 
imion 5 • ..^ 

\mlque 318 

value 6I-62 ' ^ ' , 

vis^iable .58-65, 70^ 77, #111 

domain of 62-63, 165=166, 1S7 • 

value of 61^62, 70, 71 
whole number 3, 29 
word. problems 137^175 

with inequalities 15^-155, 16^^-166 
zero ^3 

additian property of 99> 130, 239, 26 
division by 11, 131>. 39^/ 397 
has no reciprocal 319 
iiwtltiplication property of 101, 130^ 

SIMOLS 

( ) braces-vindicating a set 

0 the empty set, the null set 

= equals, names the s^e number as 
^ does not equal J is different fpom 
> is greater than 
< is less than 

is greater than or %qual to 
Is less than or equal to 
Is not greater than 
^ is not less than 
IJ union 
n intersection 
and so forth 
( ) parenthescG 

1 ] absolute value 
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